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ON AN INTEGRAL FORMULA

Avois Svec, Olomouc

(Received January 13, 1977)

One of the main tools used in the global differential geometry is the integral formula
(1.14.1) of [1] for the so-called Codazzi-tensors. In the following paper, I present
a more (possibly the most) general integral formula; the above mentioned formula
appears then as its simple corollary.

Given a Riemannian manifold (M, g), dim M = n. Let V be its associated Eucli-
dean connection. In each coordinate neighborhood U of M, we may choose ortho-
normal sections {v; ... v,} of T(U) such that V is given by

(1) Vm = o'v;, Vo,=ol;; ol+wj=0

and we have

(2) do'=0o Ao dol=of Ao - R0 A @', Rl + Rl =0.
The curvature tensor (at m e U)

%) R : Tp(M) x Tp(M) x Tp(M) - T(M),

R(y'v;, z'v;) (x'v;) = Rix'y*z'v;
satisfies (2;) and

@) Rl + Rju =0, Rly =Ry, Rlu+ Riy+Riz=0,
ie.,
%) R(y,z)x + R(z, y)x =0, g(x,R(z,t) y) + g(y, R(z, t) x) = 0,
9(v, R(z, 1) x) = g(t, R(x, y) 2),
9(y, R(z, t) x) + g(z, R(t, y) x) + g(t, R(y, z) x) = O

for x, y, z, t e T,(M).
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Let (E, g*), dimE = n + N be a Euclidean vector bundle over M; on E, let
a metric connection V* satisfying

(6) ’ Vig*(& ) = g*(Vi& m) + g*(& Van)

for each x € T,,(M), m € M and local sections &, n : M — E defined in a neighborhood
of m be given. Suppose that E is trivial over U, and let w,:U — E(«, 8, ... = 1, ..., N)
be orthonormal sections; V* is then given by

) V*w¢=t£w,,, ?+1=0.

We have

8 . dd = A d - 1S0,0' A @, SE;+ S =0,

the curvature tensor of V* being

©) S:T,M) x T,(M) x E, > E,,
S(x'vi, y'o;) (E*w,) = Sz, yIwy .

Evidently,

(10) _ Saij + Spiy =0,

i.e., S satisfies

(11)  S(x, )&+ S(r,x)E=0, g*¢& S(x,¥)n) + g*(n. S(x,¥) &) =0

for each &, n € E,; x, y € T,(M).
For each m € M, let a p-linear mapping

(12) F: x?T,(M)—E,
be given. The mappings
(13) FV: xP*1T (M) > E,, F®:x?P*2T,(M)-E,
let be introduced by
(14) FO (1, ooy Xy %) = VEF(X{1), - 0» X(py) —
—'=EPIF(x“), coes Xr=1) VaX(rys X(r 135 «-> X(p)) »
FO = ( F‘”)‘"’ ,

where x1), ..., X(p)» X € To(M) and X3y, ..., X(, are local sections of T(M) such that
’ ’ —
xX(1)(m) = Xays -+ X)) = Xep).
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Lemma. The mappings F") and F® are well defined, i.e., they do not depend
on the choice of the sections Xy, ..., X(p). Further,

(15) FO (3 oe X %) = FO(xety o X %, 9) =
d

Z F(X(1), s X190 R(6 §) X Xt 130 -+ 00 Xp) = 8%, ¥) F(xays 00 X)) -

=1
Proof. Let us write, in U,

(16) F(x(y0i, s Xpp0s) = Fi,i,X(3) o XGyWa -

The components F;,_; ; let be introduced by

(17) den Jdp T ZFu vip—tiip 1., l,w + Ff, . T; = F?l...i,iwi .
Then it is easy to see that

1)( i i
(18) FO(xy04, .y X{pyvi x'0;) = F3, . ,p,x(l) cxExo, .

The exterior differentiation of (17) yields
(19) (dF?!.-.'.pi - 11 lj Z igeedr—1Jir+1.. l,,l l + Fu l,itﬂ) A wi =

14
= %(Z Fgl...i,-_lki”.l.. lPRirJt - Ffj l,,Sin) wl A w

r=1

L

The components F;_; ;; let be defined by
. p : .

(20) dF; igenipi T il...i,jw{ - ZIF?,..J,_,ji,u...i,,iwf, + Ffl...i,itp = F:;...i,ijwl .
Clearly,
(21) F(z)(x:nvi, cesy Xfp)v,-, Xivi, yivi) = F?,...i,ijxa) x:;)xiija s
and (19) implies
(22) "zlu-ipji - F?[...l‘pi] Z Fdx dp—gkipyg.. lpRi,-U Fgl...‘pS;l'] ’
i.e., (15). QED.

Let us introduce the following notation. For H : x? T,(M) - Ra q-lmear mameg,
q22,1=4q; <q, £ q, write

(23) H(x(”, vy x(qi_l), A, x(‘“.’.l), .ooy x(qz—l)’ A, X(qz+ 1) o x(q)) =
=i§1H(x(1)’ <o X(u=1)» Vis Xgy+ 1) =+ X(@a=1)> Ui X(gz1)s -+ X@) »
where {vy, ..., v,} is an arbitrary orthonormal basis of T,(M); (23) is well defined.
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Theorem. Let (M, g), (E, g*, V*) be as above. At each m € M, let p-linear map-
pings F, G : x? T,(M) — E,, be given. On M, consider the 1-form

(24) (P(x) = g‘(F(Al, ceey Ap'-l’ x), G(l)(Al, coey Ap—l’ B, B)) -
- g*(F(Al, CRRTY Ap—l’ B), G(‘)(Al, ooy Ap-l’ x, B)) .

Let OM be the boundary of M and * the Hodge operator. Then
(25) j Q= -[ {g*(F™(4,, ..., Ap—y, B, B), G"(4,,...,4,-,,C,C)) —
g*(FV(4,, ..., Ap,-y, B,C), G4, ..., 4,_,,C, B)) +
+ g*(F(A;, ..., Ap-y, B), Z G(Ay,...,A,_1. R(B.C)A,, A4y, ..., A,_1, C) +

+ G(Ay, ..., A,_,, R(B, C) C) — S(B, C) G(4,, ..., 4,_,, C))} do,
do being the volume element on M.
Proof. On U we get
(260) @ = Sop0" 0t ... 8 e Gl gt = ity kGhiiyo i) @
Hence
(27) dro= 5«;‘5"]' . Blr-ile- l‘SM‘S”( i1ennip- ,qu,...;,,_.u - i....i,_,ijgx...J,-lu +
+ H,...l,,-,:GJ,...j,_,ku - F?....i,,_lkG;,...j,_nu) do =
= 5aﬁ‘s“h 5"“]'-'5“5”{57,...1,_,qu,...j,-,u - Ffl...:,-,uG';’,...;,-,u +

+ Fhytp sl Gyttt = Ghigpoi)} do s
using (22) for G, we get (25). QED.

Corollary. Let (M, g) be a Riemannian manifold. Let T(x, y) be a symmetric
tensor on M, and let there be a function t: dM — R such that T(x, y) = 1g(x, y)
on M. Further, let T(x, y) have, at m € M, orthonormal eigen-vectors {vl, e p,,}
with the corresponding eigen-values k,, ..., k,, and let K;; be the sectional curvature
corresponding to the 2-direction {v;, v;}. Then

) j {T(4, B, B) T(4, C, C) — T4, B, C) T®(4, C, B) —
M .

- Z Ku(ki bl kj)z} do=0.
15i<
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Proof. Set E = M x R, F(x, y) = G(x, y) = T(x, y). Then
o(x) = T(4, x) T4, B, B) — T(4, B) T'"(4, x, B) =
‘ = 60" T Ty imx’ — 6™ T} Tumx' .
At m e OM we have T;; = t§;; and

9(x) = T8"(Typm — Tiym) 5 = 0.

Further, at me M,
T(A, B) {T(R(B, C) 4, C) + T(4, R(B, C) C)} =
= §'m3/P5MT, T, ,RE . + 6*%6/P6™T, TR}

mpgq mpg =

mpq

= :Zk o'msiPohak ke, RY -+ ;k p™5"5™k ke RY, ,, =

= g‘kikkR’i‘ik + zéquizR:nlq = gkikkKik - ‘zj:kiszi = - Z (k‘ - kj)z KU .

1si<jsn

Inserting these into (25), we get (28). QED.
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