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Časopfs pro pěstování matemmtiky, гoř. 108 (1983), Praha 

LOCALLY TREE-LIKE GRAPHS 

BOHDAN ZELINKA, Liberec 

(Received March 31, 1982) 

1. INTRODUCTION 

If v is a vertex of an undirected graph G, then the set of all vertices adjacent to v 
in G is called the neighbourhood of v in G and is denoted by NG(v) or simply by N(v). 
If an undirected graph G (without loops and multiple edges) has the property that 
for each vertex v of G the neighbourhood N(v) of v induces a connected subgraph 
of G, then G is called locally connected. In the papers [1], [2], [3], [4] these graphs 
were studied. Here we shall study a special case if locally connected graphs, namely, 
the locally tree-like graphs. (They were also studied in [1], not being thus called.) 

An undirected graph G is called locally tree-like, if for each vertex v of G the sub
graph of G induced by the neighbourhood N(v) is a tree. (A graph consisting of one 
vertex is also considered a tree.) 

For the investigation of locally tree-like graphs we shall use some results concerning 
hypergraphs. All graphs and hypergraphs are considered finite (with the unique 
exception at the end of the paper). 

2. PREPARATORY CONSIDERATIONS ON HYPERGRAPHS 

We shall prove some assertions On r-uniform hypergraphs. A hypergraph is 
called r-uniform, if all of its edges have the same cardinality equal to r. (For r = 2 
it is a graph in the usual sense.) The vertex set and the edge set of a hypergraph H 
will be denoted by V(H) and E(H), respectively. We introduce notation for some pro
perties of r-uniform hypergraphs. In the sequel r always denotes an integer greater 
than or equal to 2.. 

An r-uniform hypergraph H is said to have the property Pl9 if for any two edges 
El9 E2 of H there exists a finite sequence F09 Fl9..., Fk of edges of H such that F0 = 
= Eu Fk = E2 and \F{ n Fi+i\ = r - 1 for i = 0, 1,..., k - 1. If v is a vertex 
of H9 then by H(v) we denote the subhypergraph of H whose edge set consists of all 
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edges containing the vertex v and whose vertex set consists of all vertices which are 
contained in these edges. If H(v) has the property Pt for each vertex v of if, we say 
that H has the property P2. If there exists a finite sequence £ 1 , . . . , Ek of edges of H 
such that fc = 4 and |£4 n Ei + l\ =- r - 1 for i = 1,. . . , fc - 1, |£fc n E-J = r - 1 
a n d , | £ i n £ i + 2 | = r - 2 for i = 1, . . . , f c - 2, \Ek_1 n £ t | = r - 2, |E* n £ 2 | ^ 
^ r - 2, we say that H has the property P3. If there exists a finite sequence El9 ...9Ek 

of edges of H such that fc ^ 3, |£, n £ j + 1 | = r - l f o r i = 1, ...,fc - 1, [^ o JEjj = 

= r - 1 and | f) Et\ = r - 2, the hypergraph H is said to have the property P4. 
i -= 1 

The following theorems are generalizations of well-known results for graphs (i.e. 
for r = 2). 

Lemma 2.1. Let H be an r-uniform hypergraph with the property Pt and with 
at least 2 edges. Then there exists an edge £ of H with the property that the hyper
graph obtained from H by deleting £ has the property Px. 

Proof. Let G be the graph whose vertices are the edges of H and in which two 
vertices are adjacent if and only if their intersection (as of sets) has cardinality r — 1. 
Evidently H has the property Px if and only if G is connected. It is well-known that 
in any connected graph there is a vertex whose deleting does not violate the con
nectedness of this graph. The edge of H corresponding to such a vertex of G is the 
required edge. 

Theorem2.1. Let H bean r-uniform hypergraph without isolated vertices and with 
the property Px. Let the number of vertices of H be n. Then H has at least n — r + 1 
edges. 

Proof. The assertion can be expressed in other words so that if H has m edges, 
then it has at most m + r — 1 vertices. We shall proceed by induction on m. For 
m = 1 the assertion is evidently true. Let m0 be an integer, m0' ^ 2, and suppose 
that the assertion is true for m = m0 — 1. Let H be an r-uniform hypergraph with 
the property Pl9 with m0 edges and without isolated vertices. Let £ be an edge of H 
with the property that the hypergraph obtained from H by deleting £ has the proper
ty Px. If the mentioned hypergraph has isolated vertices, we delete them and denote 
the hypergraph thus obtained by H'. According to the induction hypothesis the 
hypergraph H' has at most m0 + r — 2 vertices. As H has the property Pl9 the edge £ 
has r — 1 common vertices with some edge of H' and thus it contains at most one 
vertex not belonging to Hf. As H has no isolated vertices, any one of its vertices 
belongs to H' or to £ and thus the number of vertices of H is at most m0 + r — 1. 

Theorem 2.2. Let H be an r-uniform hypergraph without isolated vertices9 with 
the property Pu with n vertices and with n — r + 1 edges. Then H has not the 
properties P3 and P4. 
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Proof. Let # be an r-uniform hypergraph without isolated vertices, with the pro
perty Pt and with n vertices, and suppose that # has the property P3. Let El9 ...9Ek 

be the edges of # fulfilling the condition from the definition of P3. Let ff0 be the 
subhypergraph pf # formed by these edges and by all vertices contained in them. 
As \EX n E2\ = \E2 n £3 | = r — 1, \EX n £3 | g r - 2, any vertex of E2 belongs 
either to El9 or to E3. The hypergraph # 0 obtained from # 0 by deleting E2 has the 
same number of vertices as # 0 . On the other hand, # 0 has the property Pl9 therefore 
it has at most fc + r — 2 vertices. If # = # 0 , then n ^ fc + r — 2 and the number 
of edges o f # i s f c _ n - r + 2 > n - r + l . If # #= # 0 , let / be the number of 
edges belonging to # and not belonging to # 0 . We may use the induction ac
cording to / analogously as in the proof of Theorem 2.1 to prove the assertion that 
n g: m + r, where m is the number of edges of # . This implies our assertion on P3. 
Now let again # be r-uniform without isolated vertices, with the property Px and 
with n vertices. Suppose that # has the property P4. Let El9 ...9Ek be the edges of # 
fulfilling the condition from the definition of P4. If # 0 is defined analogously to the 
preceding case, then evidently # 0 has fc + r — 2 vertices. The rest of the proof is the 
same as in the preceding case. 

Theorem 2.3. Let H be an r-uniform hypergraph with n vertices, n — r + 1 
edges, without isolated vertices and with the property Px. Then H has the pro
perty P2. 

Proof. Let # fulfil the conditions of the theorem. Suppose that # has not the 
property P2. Then there exists a vertex v of # such that the subhypergraph H(v) 
of # consisting of all edges of # which contain v and all vertices which are con
tained in these edges has not the property Pj. Let G be the graph whose vertices are 
edges of H(v) and in which two vertices are adjacent if and only if their intersection 
has cardinality r — 1. As H(v) has not the property Pl9 the graph G is disconnected. 
Let #i(t/),..., Hk(v) be its connected components; we have fc = 2. We delete the 
vertex v from # and add fc new vertices vl9..., vk. Each edge of Ht(v) (i = 1,..., fc) 
will contain vt instead of v. The hypergraph H' thus obtained has the property Pl9 

its number of vertices is n + fc — 1 and its number of edges is n — r + 1. But 
according to Theorem 2.1 it should have at least n + fc — r edges, thus we have 
a contradiction. 

Lemma 2.2. Let H be an r-uniform hypergraph with n ^ r + 1 vertices and 
n — r + 1 edges, without isolated vertices and with the property Px. Then there 
exist at least two vertices of # , each of which is contained only in one edge of H. 

Proof. Let # fulfil the conditions. Choose an edge Ex in # and construct a se
quence El9 El9... of edges of # with the property that \Et h Ei+1\ = r — 1 and 
[JEj n Ei+2\ g r — 2 for each i. No edges can be repeated in this sequence, because 
according to Theorem 1.2 the hypergraph # has not the property P3. As # is finite, 
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our sequence must be also finite and thus there exists an edge Ek which is the last one. 
The set Ek — Ek_x contains exactly one element v. Consider the hypergraph H(v) 
used in the proof of Theorem 2.3. One edge of H(v) is Ek; if H(v) contains more than 
one edge, it must contain an edge E* such that \E* n Ek\ = r — 1, because ac
cording to Theorem 1.3 it has the property Px. If \E* n Ek_x\ = r — 1, then \Ek„x n 
nEknE*\ — r — 2 and H has the property P4, which is a contradiction. If 
\E* n Ek„x\ S r — 2, then E* can be added to our sequence as Ek+U which is a con
tradiction with the assumption that Ek

 :s the last term of this sequence. Thus v is 
contained only in the edge Ek. Now we can construct a new sequence Fi, E'2i... with 
the described properties, taking E\ = Ek. As n ^ r + 1, the number of edges of H is 
greater than 1 and our sequence has more than one term (because of Pt); the last 
term E[ of this sequence is other than Ek and the vertex w e E\ — E\_x is another 
vertex with the required properties. 

Theorem 2.4. Let %r be the class of all finite r-uniform hypergraphs H without 
isolated vertices, with the property Px and such that |V(H)| — \^(H)\ = r — 1. 
The class Zr can be described in the following way: 

(i) An r-uniform hypergraph with r vertices and one edge belongs to Zr. 

(ii) Let H0 e Zr. Let H be a hypergraph obtained from H0 by adding one vertex 
and one edge containing the new vertex and arbitrary r — 1 vertices which all 
belong to some edge of H0. Then H e Zr. 

(iii) The class Zr contains no hypergraphs except those described in (i) and (ii). 

Proof, (i) This is evident. 

(ii) As the difference between the number of vertices and the number of edges 
of H0 is equal to r — 1, evidently the same holds for H. For any two edges of H0 

there exists a sequence from the definition of Px and it is also in H. Let E be the edge 
of H not belonging to H0, let E' be the edge of H0 which contains r — 1 vertices 
of E. The required sequence for E and an arbitrary edge E" of H0 is obtained by con
structing such a sequence for E' and E" and adding E before its first term. Thus H 
has also the property Px. 

(iii) Let H e Zr. If H has only one edge, then it is the hypergraph from (i). If H 
has more than one edge, then according to Lemma 2.2 there exists a vertex v of H 
which belongs only to one edge E. Let H0 be the hypergraph obtained from H by 
deleting the vertex v and the edge E. As the difference between the number of vertices 
and the number of edges of H is equal to r — 1, the same holds for H0. In any 
sequence from the definition of Px the edge E can be evidently only the first term or 
the last one, therefore after deleting E all these sequences for pairs of edges different 
preserved and H0 has the property Pt. Hence H was obtained from H0 according 
to (ii). 
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3. ASSERTIONS ON LOCALLY TREE-LIKE GRAPHS 

Now we show interrelations of the results from the preceding section with locally 
tree-like graphs. In the preceding section we have considered r-uniform hypergraphs 
generally for r = 3. Here we shall apply the particular case r — 3. 

Let if be a 3-uniform hypergraph. By G(H) we denote the graph whose vertex set 
is that of H and in which two vertices are adjacent if and only if there exists an edge 
of H containing both of them. 

The symbol K2 denotes the complete graph with 2 vertices. 

Theorem 3.1. A connected undirected graph G is locally connected if and only if 
either G ^ K2, or G ^ G(H)for some 3-uniform hypergraph H with the properties 
P t and P2 and without isolated vertices. 

Proof. The case G ^ K2 is trivial. Let G be connected and locally connected with 
more than two vertices. Let e be an edge of G, let w, v be its end vertices. If w has the 
degree 1, then w is an isolated vertex in the graph induced by N(v); this is possible only 
if N(v) has only one vertex and the degree of v is also 1. As G is connected, we have 
G ^ K2 and this is a contradiction with the assumption that G has more than two 
vertices. If w has a degree greater than 1, then the subgraph induced by N(w) has more 
than one vertex and, as it is connected, there exists a vertex w of this graph which is 
adjacent to v; the vertices w, v, w form a triangle containing the edge e. We have 
proved that each edge of G is contained in a triangle. Let H be the 3-uniform hyper
graph whose vertex set is that of G and in which any three vertices form an edge if 
and only if they form a triangle in G; then evidently G £. G(H) and H has no isolated 
vertices. It remains to prove that H has the properties P t and P2. Let El9 E2 be two 
edges of H such that E1 n E2 #= 0, let ue Ex n E2. Let vil9 v12 (or v2U v22) be the 
vertices of El (or E2, respectively) distinct from w. Then in G there are edges e± — 
== 1̂1̂ 12* e2 — v2iv22- As the subgraph of G induced by N(w) is connected, there 
exists a sequencef0,fi, • ..-A °f edges of this graph such thatf0 = el9fk — e2 and 
fi,fi+1 have a common end vertex for i = 0, 1,..., fc — 1. For each i = 0, 1,..., k 
the edgef£ and the edges joining its end vertices with w form a triangle; let Ft be the 
edge of H corresponding to it. Then F0, Fl9..., Fk form a sequence from the defini
tion of Pj. The subhypergraph of H consisting of edges containing w and of vertices 
contained in them has the property Px; as w was chosen arbitrarily, H has the pro
perty P2. Now let Ei9 E2 be arbitrary two edges of H. If £x n E2 # 0, we have 
already proved that for them there exists a sequence of edges with the required pro
perties. Thus let Et n E2 = 0. As G is connected, there exists a simple path P in G 
connecting a vertex u1eE1 with a vertex w2 e E2 and such that no inner vertex of P 
belongs to Et u E2. Let the edges of P be e'l9..., e'k9 let e\ be incident with ut and 
e'k with w2. For i = 1,..., k let E\ be an arbitrary edge of H containing both the 
end vertices of e\. Further, put E'Q = Eu Ek+1 = E2. We have E\ nE'i+l 4= 0 for 
i = 0 ,1 , . . . , k9 thus the required sequence set exists for £J and E\+v

 W e t a k e t h e 
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sequence formed by writing subsequently £f09 ¥l9..., Sfk\ this is evidently the re
quired sequence for E1 and E2 and H has the property P1% 

Now let If be a 3-uniform hypergraph with the properties P t and P2 and without 
isolated vertices. Consider the graph G(H). Let v be a vertex of H. Let H(v) be the 
subhypergraph of H formed by all edges containing v and all vertices contained in 
them. Let ul9 u2 be two vertices of H(v). Let Ex (or E2) be an edge of H(v) con
taining u1 (or u2, respectively). As II has the property P2, there exists a sequence of 
edges F0, Fl9 ...9 Fk of H(v) such that F0 = El9 Fk = E2 and \F{ n Fi+1| = 2 for 
i = 0 , 1,..., k — 1. Letf,- be the edge of G(H) joining the vertices of Ft distinct from v 
for i = 0 ,1 , . . . , k. Thenff andff+x have a common end vertex for i = 0 ,1 , . . . , k — 1 
and there exists a path connecting u1 with w2 in the subgraph of G(H) induced by 
N(v). As v9ul9u2 were chosen arbitrarily, G(H) is locally connected. The con
nectedness of G(H) can be analogously derived from the property P1 of H. 

Theorem 3.2. A connected undirected graph G is locally tree-like if and only if 
either G =" K2, or G ^ G(H)for some 3-uniform hypergraph H with the properties 
Pl9 P2, without the property P4 and without isolated vertices. 

Proof. The case G ^ K2 is trivial. Let G be a connected locally tree-like graph 
with more than two vertices. Then it is locally connected and according to Theorem 
3.1, G ^ G(H) for some 3-uniform hypergraph II with the properties Pl9 P2 and 
without isolated vertices. This hypergraph H is constructed in the same way as in 
the proof of Theorem 3.1. It remains to prove that H has not the property P4. Sup
pose that II has the property P4. Then there exists a finite sequence El9 ...9 Ek of 
edges of H such that k = 3, \Et n Ei+1\ = 2 for i = 1,..., k - 1, \Ek n Ex\ = 2 

k 

and J 0 Et\ = 1- Thus there exists a vertex v contained in all edges El9..., Ek. For 

i = 1,..., fe let efbe the edge of G joining the vertices of Et distinct from v. The edges 
ei9 ei+1 for i = 1,..., k — 1 have a common end vertex and so have ek9 el9 therefore 
there exists a closed trail and thus also a circuit in the subgraph of G induced by N(v). 
Hence this subgraph is not a tree and G is not locally tree-like, which is a contradic
tion. 

Now let H be a 3-uniform hypergraph with the properties Pl9 P2, without the pro
perty P4 and without isolated vertices. The graph G(H) is connected and locally 
connected according to Theorem 3.1. Suppose that it is not tree-like. Then there 
exists a vertex v of G such that the subgraph of G induced by N(v) is not a tree. As 
it is connected, it contains a circuit with the vertices ul9..., uk and edges UiUi+1 for 
i = 1,..., k — 1 and ukuu Then for i = 1,..., k — 1 the hypergraph H contains 
the edge Et = {ui9 ui+l9 v} and the edge Ek = {uk9 ul9 v}. We have \Et n £ i + 1 | = 2 

for i = 1,..., k - 1 and \Ek n 22,| = 2, | f) £,| = 1, which is a contradiction with 
f a s l 

the assumption that H has not the property P4. 
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Theorem 3.3. Let G be a locally tree-like graph with n vertices. Let m be the 
number of edges of G and t the number of triangles in G. Then 

t = (2m - n)/3 . 

Proof. Let v be a vertex of G. The subgraph of G induced by N(v) is a tree with 5(v) 
vertices, where 8(v) is the degree of v in G. Thus it has d(v) — 1 edges. Each triangle 
containing v contains exactly one edge of this tree and each edge of this tree is con
tained in exactly one such triangle; therefore the number of trinagles in G which 
contains v is 8(v) — 1. As each triangle contains three vertices, we compute the number 
of triangles in G by taking the sum of the numbers of triangles containing v for all 
v e V(G) and dividing it by 3. Hence 

< = i l ( < 5 ( « 0 - 0 = i l K<>)-i«• 
veV(G) veV(G) 

On the other hand, it is well-known that 

m = i £ S(v). 
veV(G) 

From these two equations we obtain 

t = (2m - n)/3 . 

Theorem 3.4. The least number of edges of a connected locally connected graph G 
with n vertices is In — 3. If G is a finite connected locally connected graph with n 
vertices and 2n — 3 edges, then G is locally tree-like and G ^ K2 or G £ G(H), 
where H e %3. 

Proof. Let G be a finite connected locally connected graph. The case G ^ K2 is 
trivial. Let G have at least three vertices and construct the 3-uniform hypergraph H 
such that G £ G(H) (this construction is described in the proof of Theorem 3.1). 
According to Theorem 2.1 the hypergraph H has at least n — 2 edges, therefore G 
for the number t of triangles of G we have t ^ n — 2. From Theorem 3.3 we obtain 
that for the number m of edges of G we have 

m = (Зí - . n)/2 = 2n - 3 , 

We also see that G has 2n — 3 edges if and only if it has n — 2 triangles and H has 
n — 2 edges, which means H e I 3 . Thus suppose that G has n vertices and 2n — 3 
edges. According to Theorem 2.2 the hypergraph H has not the property P4 and 
according to Theorem 2.3 it has the property P2. Then according to Theorem 3.2 the 
graph G is locally tree-like. 

Theorem 3.5. Let U be the class of all connected locally tree-like graphs such that 
m = 2n — 3, where m is the number of edges and n is the number of vertices. The 
class U can be described in the following way: 
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(i) K2 e U. 
(ii) Let G0 e U. Let G be a graph obtained from G by adding one vertex and 

joining it with two adjacent vertices of G0. Then GeU. 
(iii) The class U contains no graphs except those described in (i) and (ii). 

This is an immediate consequence of Theorems 2.4 and 3.4. 
Thus we have a lower bound for the number of edges of a finite connected locally 

tree-like graph in the form of a linear function of its number of vertices. A question 
may be posed, whether an analogous upper bound can be found. The negative answer 
is given by the next theorem. 

Theorem 3.6. For any positive integer q there exists a connected locally tree-like 
graph in which the minimal degree of a vertex is greater than q. 

Proof. Let q be a positive integer, let p be such an integer that p > q and there 
exists a finite projective geometry PG(p) in which each line is incident with p + 1 
points and each point is incident with p + 1 lines. Now we construct the fan graph F 
in such a way that we take a path P of the length 2p + 1 and a vertex v not belonging 
to P and join each vertex of P with v by an edge. Let the vertices of P be ul9..., u2p+2 

and edges UiUi+1 for i = 1,..., 2p + 1. By M(F) we denote the set of all edges u{ui+1 

where i is odd; evidently |M(£)| = p + 1. Now we take p2 + p + 1 pairwise disjoint 
copies Ft (i = 1,..., p2 + p + 1) of F and choose a one-to-one correspondence 
between them and the lines of PG(p). For each copy Ft of F we choose a one-to-one 
correspondence between the edges of M(F() and the points which are incident with 
the line corresponding to Ft. Then for each point of PG(p) there are p + 1 edges 
corresponding to it. We identify all of them. (To identify two edges means to identify 
an arbitrary end vertex of one of them with an arbitrary end vertex of the other and 
then to identify the remaining end vertices.) If we do this for each point of PG(p), 
we obtain a graph G. The reader may verify himself that this graph is connected and 
locally tree-like and the degrees of all of its vertices exceed p. 

We see that the number of edges of G is greater than \qn and q was chosen arbitra
rily. Hence there exists no upper bound for the number of edges of a locally tree-like 
graph in the form of a linear function of its number of vertices. 

Problem. Find an upper bound for the number m of edges of a finite connected 
locally tree-like graph with n vertices in the form of a quadratic function of n. 

Such an upper bound certainly exists, because the number of edges of a complete 
graph is a quadratic function of its number of vertices. 

If we take an infinite fan graph (obtained from a two-way infinite path by adding 
one vertex and joining it with all vertices of this path) and a countably infinite pro
jective geometry, we obtain a locally tree-like graph in which all vertices have infinite 
degrees. 
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