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Casopis pro pest ovarii matematiky, roc. I l l (1986), Praha 

O CYmECTBOBAHHH flBYCTOPOHHHX PEIUEHHH JIHHEHHBIX 
HHTErPOAHO^EPEHLlHAJIbHBIX YPABHEHHH THIIA 

BOJ1BTEPPA C HOCJIEflEHCTBHEM 

K). A. PilBOB, MocKBa 

IIoceftufaemcM npocfieccopy Hpocjiaey KypijeeuAio no cAynaio eao wecmudecRmujiemun 

(riocTyrrajio B peAaKqnio 26.IV. 1985 r.) 

1. PaccMaTpHBaeTCH cHCTeMa HHTerpo£H(j)4)epeHijHajibHbix ypaBHeHHH 

dx r 
(1) — = Ax + e R(t - s) x(s) ds , 

& J -co 
r^e x — rc-BeKTop, A — nocTOflHHaa n x n-MaTpHii;a, £ — noJio^KHTejibHbm Ma-
jibiH napaMeTp, R(t — s)-MaTpHu;a, Ha3biBaeMaa jmpOM CHCTeMbi, HHTerpaji 
B npaBoii nacTH pHMaHOB. IlpHMeM, HTO MaTpHu,a R(t) HenpepbiBHa npH t > 0 
H y#oBjieTBop5ieT oijeHKe 

(2) \\R(t)\\^ce-^, 

iyje c, 7, a — noJio»CHTejibHbie nocTOAHHbie, 0 < a ^ 1. IlocTOiiHHyio c „o6T>e,zm-
H H M " C £ H IIOJI05KHM C = 1. M o ) K H O T p a K T O B a T b ( 1 ) KaK CHCTeMy C 6eCKOHeHHO 

AaneKHM nocjieAeiiCTBHeM HJIH C 6ecKOHenHO 6ojibuiHM pacnpe#ejieHHbiM 3ana3flbi-
BaHHeM B apryMeHTe. 

OGbiHHan nocTaHOBKa samara KOUIH AJIJI ^HcJx^epeHiiiHajibHbix ypaBHeHHH c 3a-

na3AWBaiOHi;HM apryMeHTOM BKjnonaeT B ce6a 3a#aHHe Tax Ha3biBaeMoii HanajibHOH 
(jtyHKIJHH [1] , [2 ] . ECJIH t = 0 — HaHaJIbHblH MOMeHT, TO AJI5I CHCTeMbi (1) Hanajib-

Haa (J)yHKii;H5i cp{t) 3a#aeTC5i Ha JICBOH nonyocH — oo < t ^ 0, TO ecTb npHHHMaeTca, 
HTO x — (p(i), —oo<t^0. ELpH ycJioBHH CXOOTMOCTH HHTerpana 

(3) J R(t - s) (p(s) ds f 
K HenpepMBHOH npH t ^ 0 (J>yHKij;HH MM HMeeM Tor,zja RJUL HCKOMOH <f>yHKii;HH x(t) 
npH t > 0 ypaBHeHHe 

(4) — = Ax + £ R(t - s) x(s) ds + £ R(t - s) (p(s) ds 
& Jo J-oo 

H Ha^ajibHoe ycjioBHe x(0) = (p(0). TaKoe HHTerpoAH(j)<J)epeHn;HajibHoe ypaBHeHHe 
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oGjia^aex [3] cuHHCXBeHHMM peuieHHeM, onpe^ejieHHtiM Ha npaBOH noJiyocH 0 ^ 
<̂  t < oo. 3xo peuieHHe Ha3MBaiox B xeopHH ypaBHemffl c 3ana3AMBaHHeM O^HOCXO-

pOHHHM. 
M M paccMOxpHM B AaHHoii cxaxbe Bonpoc o cymecxBOBaHHH ABycxopOHHHx 

peuieHHH CHCxeMbi (1), xo ecxb peuieHHH, oxBenaiomHx 3a^aBaeMMM HanajibHbiM 
BexxopaM 

(5) ^1^ = 0 = xo 

H onpeAejieHHLix Ha Bceii OCH t. KpoMe xoxo, ox HCKOMWX ABycxopoHHHx peuieHHH 
noxpeGyeM, HXOGLI OHH 6MJIH HenpepbiBHMMH no e npn a = 0, xo ecxb, HXO6M OHH 

CXpeMHJIHCb n p H £ - > 0 K COOXBeXCXByiOIHHM peUieHHHM X = X°(t) BbipO^KAeHHOH 

CHCXeMbI 

(6) — = Ax . 
} dt 

2. CHxyainxK) c HHrepecyioiiniMH Hac ABycxopomnxMH peiueHHHMH cncxeMbi (1) MM 
npoHJijnocxpHpyeM Ha npHMepe cicajinpHoxo ypaBHeHHH 

(7) — = c f e"^-s )x(s)ds. 
dt2 J-oo 

Ilycxb x = x(t, e) — flBycxopoHHee peuieHHe 3xoxo ypaBHeHHH. IIoACxaBHB x(t, e) 
B (7), nojiyHHM xo>igxecxBo. nocne #H(|)(])epeHHHpoBaHHH sxoxo xô KAecxBa (HHxexpaji 
cnpaBa xaKOB, HXO OH zjonycicaex #H(|)(])epeHHHpoBaHHe noA 3HaK0M HHxexpajia) 
H HCKjnoHeHM HHxexpajibHoxo HJieHa npH^eM K cjie^yiomeMy /ni(j)<J)epeHiiHajibHOMy 
ypaBHeHHio oxHocnxejibHo x(t, e): 

/o\ d3x d2x 
(8) — + y — - ex = 0 . 

d*3 dt2 

TaKHM o6pa30M, ecjin cjryHKHHH x(t, s) ecxb ^BycxopOHHee peuieHHe HHxexpoAH(J)-
(J)epeHH,HajibHoxo ypaBHeHHH (7), xo 3xa (JtyHKUHH yflOBJiexBopnex #H(j)(j)epeHHHajxb-
HOMy ypaBHeHHio (8). Oxcio^a cjie,ayex, HXO Bee ABycxopoHHHe peuieHHH ypaBHeHHH 
(7) coAepacaxcH B MHoacecxBe peuieHHH ypaBHeHHH (8). IToaxoMy MO^CHO HCKaxb 
nacxHbie jiHHeiiHo He3aBHCHMbie peuieHHH ypaBHeHHH (7) B XOM »ce BH,zje, B KaKOM MM 
HCKajiH 6M peuieHHH ypaBHeHHH (8), xo ecxb B BH#e 

(9) x = ext, 

r#e X — nocxoHHHan. rio^cxaBHB (9) B (7), nojiyHHM 

(10) JL2eXt = e f e-y(t~s)eXsds. 
J — 00 

HeoGxoflHMo flonojiHHxejibHO noxpe6oBaxb, HTO6H HHxexpaji B npaBOH nacxn (10) 
CXOAHJICH (HHane <})yHKH,HH (9) He HBJIHCXCH peuieHHeM ypaBHeHHH (7)), xo ecxb HTO6H 

BbinojiHHJiocb ycJioBHe 
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(11) y + R e A > 0 . 

Tor.ua (10) nepenmueTca B BHae aJire6paHHecKoro ypaBHeroia 

(12) X 
y + X 

3KBHBajieHTHoro xapaKTepHCTiraecKOMy ypaBHeHHio jym AH<f><|)epeHijHajibHoro ypaB-
HeHHfl (8). JIioGbie KopHH AaiOT HaM peiueHHH BH^a (9) ypaBHeHna (8), HO TOJIKKO 

Te KopHH, KOToptie yAOBjieTBopaiOT ycJioBHK) (11), flaioT HaM peuieHHH (9) HCXOA-
Horo ypaBHeHHfl (7). 

KpoMe Toro, MM TpeGyeM, HTO6M peuieHHe x(f, e) ypaBHeHHfl (7) CTpeMHJiocb 
npH e -* 0 K peuiemiio BbipoameHHoro ypaBHeHH* 

d2x 

(.3) if-o. 
OTCio^a BHTeKaeT, HTO HCKOMBIM pemeHHHM x(t, e) cooTBeTCTByiOT Jinuib Te KopHH 
X(e) ypaBHeHHH (12), KOTopbie yflOBjieTBopaiOT He TOJIBKO ycjioBHio (11), HO H ycjio-
BHK) lim X(s) = 0. OcTajibHwe KopHH ypaBHeHHfl (12) H cooTBeTCTByioupie pemeHHa 

BH^a (9) Ha30BeM ,,JIHHIHHMH". 

HccjieAOBaHHe ypaBHeHM (12) npHBo^HT K cjiejxyiomeMy: 

1. ECJIH e < 4y3/27, TO ypaBHeHHe (12) HMeeT TpH pa3JiHHHbix fleiiCTBHTejibHbix 
KopHH Xl9 X2, X3 B HHTerpanax (0, |y), ( — §y, 0), ( — y, ~§y) cooTBeTCTBeHHo, npnneM 
Xt -» 0,X2 -> 0,X3 -• — ynpH8 -* OHXl -• %y,X2 -• — fy,X3 -» — fynpH e -> 4y3/27. 
KopeHb A3 HBjiHeTca ,,JIHHIHHM". 

2. ECJIH 4y3/27 < a < 2y3, TO ypaBHeHHe (12) HMeeT OAHH AeHCTBHTejibHbiii 

KopeHb Ax BHHTepBane (^y, y) H flBa KOMnjieKCHbix A2, A3, npnneM Re A2 = Re A3 = 
= —i(Ax + y) ^ —y. Ilpn e = 2y3 HMeeM Xx = y, Re X2 = Re A3 = —y H KOPHH 

X29 X3 CTaHOBHTCH ,,JIHIHHHMH". 

3. ECJIH e > 2y3, TO ypaBHeHHe (12) Taicace HMeeT OOTH /jeHCTBHTejibHbiH KopeHb 

Xx > 0 H flBa KOMnjiexcHbix X2, X3, HO Re X2 = Re X3 < — y, TaK HTO KOPHH X2, X3 

„JIHIHHHe". 

H3 3Toro aHajiH3a KopHeii ypaBHeHHe (12) BbrreicaeT, HTO 
a) npH e ^ 4y3/27 nexoflfroe HHTerpoflHc^epeHijHajibHoe ypaBHeHHe (7) HMeeT 

flBa JiHHeiiHo He3aBHCHMbie flByeropoHHHe peuieHHfl, CTpeMflmnecfl K peiuemiflM 
Bbipo^c^eHHoro ypaBHeHra (13) npn E - ^ 0 H HMeeT, cjie^oBaTejibHo, eAHHCTBeHHoe 
^BycTopoHHee peuieHHe x(t, e) npn JHO6MX HanajibHbix ycjioBHHX x(0) = x0, x(0) 
= *o> 

6) npn 4y3/27 < a < 2y3 ypaBHeHHe (7) HMeeT TpH JIHHCHHO He3aBHCHMbie pe-
nieHHfl H, cjie^oBaTejibHo, oflHOMepHoe MHOECCCTBO ABycTopoHHHx peuieHHH npn 
jiio6bix HanajibHbix ycjioBHax x(0) = x0, x(0) = x0; 
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B) npH e ^ 2y3 ypaBHeHHe (7) HMeex xojibKO OAHO JIHHCHHO He3aBHCHMoe peuieHHe 
^BycxopoHHee peuieHHe H, cjieflOBaxejibHO, npH HanajibHbix ycjioBHflx, He yflOBJie-
xBopjuomnx paBeHcxBy x0 = Xtx0, ypaBHeHHe (7) He HMeex flBycxopoHHHx peuieHHH. 

Hauie HHacecjieflyioinee HccjieflOBaHHe cncxeMbi (1) OXHOCHXCH K cjiynaio a), 
xo ecxb K xoMy, Kor#a cncxeMa (1) HMeex cmmcxBeHHoe #BycxopoHHee peuieHHe 
npn JIIOGOM 3a,zjaHH0M HanajibHOM BeKxope, npHHeM xaxoe, Koxopoe cxpeMHXoi 
npH £ - > 0 K peuieHHio BbipoameHHOH cncxeMbi (6) c xeM ace HanajibHbiM BeKxopoM. 

3. Ha30BeM flBycxopomieH 4>yHAaMeHxajibHOH MaxpHuen cncxeMbi (1) xaxyio 
n x n Maxpnny X(t, e), cxoJi6ubi Koxopoii HBJIHIOXCH JIHHCHHO He3aBHCHMbiMH 
OTyCXOpOHHHMH peUieHHHMH CHCXCMbl (1), npHHCM 

(14) lim X(t, e) = X0(t) , 
£ - 0 

r^e X0(t) — 4>yHAaMeHxajibHaH Maxpnua BbipoacflCHHoii CHCXCMM (6). CnpaBeAJima 
cjie^yiomafl 

TeopeMa 1. ECJIU ndpo R{t) cucmeMU (1) ydoeAemeopnem oiiewe (2), a codcmeen-
Hbie 3HcmeHun A1?..., Xn Mampuijbi A ydoejiemeopnwm ycjioeuw 

(15) min Re Xj > —y9 

j 

mo cucmeMa (1) npu 3HcmeHURX s, ne npeebiiuawu^ux neKomopou epaHuijbi, o6nadaem 

deycmopoHueu (fiyHdaMewnaAbHOu Mampuijeu euda 

06) X(t,e) = cDt, 

ede D = D(e) — nocmonmian Mampuija mamH, umo D(e) -* A npu s -> 0. 
floKa3axejibcxBo. PaccMoxpHM BMecxo (1) cooxBexcxByioiuee MaxpHHHoe HH-

xerpo,zm<j)(j>epeHijHajibHoe ypaBHeHHe 

(17) — = AX + e f R(t - s) X(s) ds . 
& J -00 

IIoACxaBHB (16) B (17) H nojioacHB D = A 4- Q, nojiyHHM MaxpHHHoe HejiHHeiiHoe 
ypaBHeHHe 

(18) = s rR(e)e-<A+Q)0dO. 

AHajiH3 3xoro ypaBHeHHa npoBe^eM flajiee cjie^yioiHHM o6pa30M. 
BBH^y ycjioBHH (15) cnpaBeflJiHBa onemca [3] 

(19) | | e -^ | ^ he'1", 0^0, kZ 1, 

r#e it — xaicaa nocxoaHHaa, HXO — y < \i < min Re Xj9 a k — nocxoflHHaa, 3aBHca-
j 

maa ox ft. By^eM paccMaxpHBaxb xenepb ypaBHeHHe (18) B o6jiacxn 
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(20) l l Q « < ^ -
k 

MaxpHiry e~(A+G)0
 MOECHO pa3Jio5KHXb B pan 

(21) Q-(A+Q)e = e-A6 + Zi+Z2 + ... 
B KOXOpOM MaXpHIJbl Zm = Zm(09 Q) yAOBJieXBOp5IK)X OHeHKaM 

nm 
(22) ||Zm|| ^ / c w + 1 | | e | | m - e - ^ , m = l , 2 , . . . . 

m! 

Pnjl (21) cxcwixcfl npn JIK)6OH KOHCHHOH Maxpnue Q. BbinoJiHJra B npaBOH nacxn 
ypaBHeHHH (18) noHJieHHoe HHxexpnpoBaHHe B cooxBexcxBHe c (21), nepennuieM axo 
ypaBHemie B BH ê 

00 

(23) Q = s £ 5m(g), 
m = 0 

rae 

50 = R(d)e~Aede, Bt = R{6)Zl{Q,Q)de,... 
0 

C noMombio (2), (22) nojiyTOM oijeHicy 

(24) W s ^ | e , i M . H.o.i.2.... 
ra! (y + fif m 

x^e T(a + m) — xaMMa-t̂ yHKipifl 3njiepa, CBHAexejibCXByiomyio o XOM, HXO AJM 2 
B o6jiacxH (20) pafl B npaBoii nacxn (23) CXOAHXCJI H, cjie^oBaxejiBHo, BbinojmeHHoe 
noHJieHHoe HHxerpHpoBaHHe cnpaBezuiHBo. 3xa oijeHica no3BOJiaex xaicace nocxponxb 
ypaBHeHHe 

(25) w = e ) - um , 
V ' m = o m! (y + ,u)a+m 

Koxopoe HBjinexca MaacopnpyiomHM B CMbicjie JLmyHOBa no oxHouieHHio K Maxpnn-
HOMy ypaBHeHHK) (18) B XOH o6jiacxn, x^e ypaBHeHHe (18) Moacex 6bixb 3anncaHo 
B BH ê (23). 

Pm B npaBOH nacxH (25) QXO^HXCH, ecjiH 

(26) u<l±» 

H ero cyMMa paBHa 
ek r(a) 

(27) 
. . • (y + n •- kuf 

TaKHM o6pa30M ypaBHeHHe (25) nepenHCHBaeTCH B BH^e 
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(28) u = s ^ . 
(y + M - k")a 

IIpaBa^ nacxb 3xoxo ypaBHeHHH HBjraexcfl aHajinxHHecKOH MaxcopanxoH JtaiyHOBa 
no oxHouieHHK) K npaBOH nacxn Maxpn^Horo ypaBHeHHH (18) B o6jiacxn (20), xaic 
KaK B axon o6jiacxn npaBan nacxb B (18) pa3Jiaraexcn B PHA, Ma^copnpyeMbiH PHAOM, 

B Koxoptin pa3Jiaraexcn (f)yHKiiHH (27). B cooxBexcxBne co CBoncxBaMH Maxcopn-
pyioninx ypaBHeHHH JlnnyHOBa c aHannxHHecKOH MaxcopaHxon [5, 6]: 

1. MaxpnHHoe ypaBHeHne (18) HMeex eAHHcxBeHHoe pemeHne Q = Q(e) cxpeMH-
nieecn K Hyjno npn e -> 0, no KpaHHen Mepe, npn Bcex xex 3HaneHHHx e, npn xoxopux 
ypaBHeHne (28) HMeex nojioxcnxejibHoe pemeHne u = w(e), cxpeMHineecn K Hyjno 
npn a -» 0; 

2. PeuieHHe <2(e) npeACxaBHMO npn xaKHx e CXOAHIIXHMCH PHAOM no cxeneHHM e H 

(29) | | Q ( e ) | g « ( B ) . 

AHajiH3 ajireGpannecKoro ypaBHeHHH (28) noKa3MBaex, HXO OHO HMeex xaicoe 
peineHHe u = w(e), ecjiH 

(30) 

H npH 3X0M 

( 3 l) 
v ' ~ (a + 1) k 

TaKHM o6pa30M, ecjiH e yAOBjiexBopnex onemce (30), xo MaxpmHoe ypaBHeHne (18) 
HMeex eAHHcxBeHHoe peineHHe Q = 2(e), pa3JiaraiomeecH B PHA no cxeneHHM s 
H xaKoe, HXO Q(e) -> 0 npn 8 -> 0 H ||8(e)|| = u(e)- nocjieAHHH oneinca BMecxe c (31) 
yKa3bmaex Ha xo, HXO 8(e) ocxaexcn B o6jiacxn (20), B Koxopon MM paccMaxpHBajiH 
ypaBHeHne (18). 

B cHJiy CMbicjia Maxpnnbi Q 3aKjnoHaeM, HXO npn 8^8* cymecxByex MaxpnHHoe 
pemeHne CHCXCMM (1) B BH ê Maxpnnbi (16), npnneM D = D(a) = A + g(e) -» A 
npn 8 -> 0 H MaTpnna D npeACxaBHMa PHAOM no cxeneH5iM e. H3 CBOHCXB MaxpHHHbix 
3KcnoneHx ^ajiee Bbixeicaex [4], HXO Maxpnna (16) HBJIHCXCH <J3yHAaMeHxaJibHOH 
MaxpHU,eH CHCXeMLI o6bIKHOBeHHMX AHcf̂ epeHiiHajibHbix ypaBHeHHH 

dx 
— = Dx 
At 

H, cjieAOBaxejibHO, cocxonx H3 n jinHenHo-He3aBHCHMbix CXOJI6U;OB. TeopeMa AO-

Ka3ana. 
IIocxpoHM AJIH njunocxpaitHH onemcy napaMexpa e B cjiynae ypaBHeHHH (7). Mbi 

nojiyHHM 

e ^ = ( j j ) , |e-"| | = l+-0, 6>0, 

8 <: 8* 

u{8) 

= 

< 

(y + nf+i ot* 
k2r{o)(a + l) a + 1 

^ - T 1 ^ -
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||e-"fl g for" , k = ±— , V/i€(-v,0) , 
-fie 

e = (y + n)2
 = (y + n)2n2t2 

* 4k2 4e~2" 

MaKCHMaOT.Hoe 3HaneHHe £*, BHHHCJiaeMoe no STOH <J>opMyjie, nojiyiHM, eariH 
Bw6epeM HHCJIO n paBHWM 

M = / i 0 = - i ( 2 + y) + i V ( 4 + y 2 ) . 

B nacxHocxH, ecjiH y = 1, TO /i0 « —0,382, k « 1,41 , 

g* « 0,0677 . 

KaK noxa3aHo B n. 2, TOHHaa rpaHHua 3HaneHHH e, npn KOTopwx ypaBHeHHe (7) 
HMeeT HHxepecymHe Hac ^BycxopoHHHe pemeHHa, paBHa £ = 4y3/27 « 0,148y3. 
Haina oijeHica npn y = 1 y^oBjiexBopHxejibHa. 

4. Maxpmja (16) no3BOJiaex nocxpoHT ^BycxopoHHee peuieHHe CHCxeMbi (1) npn 
JIK)6OM HanajibHOM Bexxope x(0) = x0 B BH ê 

(33) x(t, e) = e D % . 

^ajibHeiimeMy H3yneHHK) noAJieaarx Bonpoc o CAHHCXBCHHOCXH peuierora (33). 
CymecxByex JIH npH e ^ e*, xpoMe (33), flpyroe flBycxopoHHee peuieHHe cncxeMbi 
(1) c TeM »ce HanajibHMM BeicxopoM x0, CTpeMameecfl npn e -*• 0 K peuieHHio Bbipoac-
AeHHOH CHCTeMbi (6)? B cjrynae HjijiiocxpaxHBHoro npHMepa (7) xaKoro Apyroro 
ABycxopoHHero peiueHHH He cymecxByex. C4>opMyjiHpyeM 6e3 AOKa3axejibCXBa 
nojiyneHHbiH pe3yjibxax B o6meM cjiynae. j 

06o3HaHHM nepe3 Uq MHoacecxBO HenpepbiBHbix no t (J>yHKU,HH x(f, e) Ha Been 
OCH t, mm Koxopwx npoH3Be,aeHHe 

'x(t9B)e«9 

TRC q — HeKoxopoe nojioacHxejibHoe HHCJIO, ocTaeTca orpaHHHeHHbiM npn Bcex 
t ^ 0. CnpaBe,zyiHBa cjie^yiouiaH 

TeopeMa 2. Uycmb sbinoAHnwmcn ycAoeun meopeMU 1 u s* — eenumma, 
onpedeAneMan coeAacno (30). Tozda npu ecex s < e* cucmeMa (1) odAadaem 
npu 3adannoM nauaAbHOM eenmope eduncmeeuHbiM deycmopouHUM pewenueM, 
odpaujawtuuMcn npu e -• 0 e pemenue ebipoztcdeuHou cucmeMU npu moM me nanaAb-
HOM eeKmope u npunadAeofcaufUM MHoxcecmey Uq, q < y. 
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