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Let I = [a, o) be a ray. The purpose of this paper is to develop sufficient con-
ditions for the “product” inequality,

Ar/q ap/r
I I I

or the equivalent “sum’ inequality (with ¢ arbitrary in (0, 00)),

@ Jle(f)lp <K, {g—p(jﬂ/q-x/p)(f lelq)p/q + 8p(n—j—l/r+1/p)(JP|y(n) ,)""},
I I I

to hold. Here n is a positive integer, 0 < j < n — 1,

(3) 1<p,gr<ow,
(4) noJ
q

(5) B=pp)=(m—j—1r+1p)(n—1r+1]g), a=1-8,

and N, W, P are positive Lebesgue measurable functions satisfying additional pro-
perties stated below. The (interrelated) constants K and K, are independent of the
functions y in a domain 2 on which the inequalities are defined, but they may depend
on N, W, P as well as on the numbers p, q, r, n, j. Concerning y € 2 we require
only that the integrals involving W and P exist and that y*~1 be locally absolutely
continuous on I. Thus (1)—(2) assert that [; N|y|? exists when the integrals on the
right are finite. Further, although our method allows explicit calculation of K in (1),
we do not concern ourselves with the determination of the least such K.

Many special cases of inequalities (1)—(2) are well known. If N = W= P = 1
and p = g = r = 2 or o, then (1) is a function inequality of Landau type, see e.g.
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[8]. The weighted case with p = g = r has recently been studied by Kwong and
Zettl [8, 9], Goldstein, Kwong, and Zettl [6], and the present authors [2]. When
p, 4, r may be unequal but N = P = W = 1, (1) was established by Gabushin [3]
in 1967 under the condition (4). Further results on (1) with unequal p, ¢, r and
nonconstant weights were given by Kwong and Zettl [10] under the condition of
equality in (4).

In this paper we extend certain portions of [10] and [2] to allow inequality in (4)
and a new class of weights N, W, P. In fact the weights we consider satisfy generaliza-
tions of the point and integral bound conditions in [2] for the case p = g = r. In
particular an immediate consequence of Theorem 2 below is an easy derivation of
Gabushin’s original inequality.

Gabushin’s inequality is closely related in form though distinct from a family of
one variable inequalities established by Nirenberg [5] (especially (2.2), p. 125; (2.7),
p. 130) in preparation for a theory of multidimensional interpolation inequalities.
See also Adams [1], Gagliardo [4, 5], Kufner, John, and Fucik [11], Triebel [16],
Miranda [13], and Henry [7].

We use the notation 3’,“(1) to denote the Lebesgue measurable, complex-valued
functions on I which are Lebesgue integrable over all compact subsets of 1.

In addition to the above we assume

(6) NePLy(l);forqg>1, W e, (I) where /g + 1/¢’ = 1 and for ¢ = 1,
W~!is bounded on I; for r > 1, P~"/" € &,,(I) where I[r + 1[r' = | and for

r =1, P! is bounded on I.

(7)  fis a positive, continuous, nondecreasing function on 1.

We define
A, = {)’3 y®~1 s locally absolutely continuous on I} ,
B, = {y: y is measurable andf W|y|q < oo} .
1
€, = {yed":jply(n)lr < oo},
1
and

D=H,0E,.
Additionally we establish the following notation for a positive function z:
[sup{z(s)"*:t <s<t+ef(O)}]" if v=1,
T3(z) = el () ulo’
|:(z-:f(t))'1 z""'/"] if o>1 o+ 1" =1).

t

First we recall a result of [2].

114



Lemma 1. For 0 < j < n — 1 there is a constant M, depending only on n and j
such that if J = [¢,d] = 1,te J, and y € o,, then

®) )| s ML j v] + Lj o],
J J

where L=d — c.

Lemma 2. Suppose (3), (6), and (7) hold and M is as in Lemma 1. Then for
tel,e>0,yeD,andse J,:= [1,1 + e f(1)],
rla
wbp)" +

(9) ly(j)(s)|p < or-1 {Mp L'—p(j+l/q) Tt[:;q(W) (I
. plr
+uesmazee) ([ peor),

Je
Je

where L, = ¢ f(1).

Proof. Inequality (9) follows from (8) by applying Holder’s inequality and the
inequality (u + v)” < 2°"*(u” + v*) which holds for u,v =0 and 1 £ p < oo.

Theorem 1. Suppose 1 < r, q, (5)—(7) hold, p = max {r, q} (this implies (4)),
and

(10) Ryi= sup {J{1)79% 1410 N() TZA(W)) < o,
tel,0<eg<
(11) © Ry:= sup {fyCimVrtUP N(1) TP/ (P)} < .

te],0<e< oo

Then (1) holds for ye 9 if |, P

Yy # 0 with
(12) K = K2 = 2P max {zp/q M"Rl, oplr Rz}

Proof. Fix ¢ > 0 and set ty = a, t;4, = t; + ¢f(t;) for i = 1,2,.... Then by
(9) with s = ¢,

rlq
N(t) |y(j)(t)lp < gr-1 {M’ s"‘j“/")'f(t)_l R, <f le|q> +
Je

p/ry
+ 8p(n—,i—l/r)f(t)—l R2 <J’ Ply(n)lr) }.
Je

Next we integrate this inequality over [#;, ¢;, ;] and use the fact that f nondecreasing
implies

ti+1
J. STEESf) (tisr — 1) =¢
cJa
to conclude that (note ¢ € [¢;, ¢;,,] implies J, < [1;, t;4,])
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e+ 1 ti+2 rlq
(13) J‘ le(J)IP < (Klz) {2-17/4 e~ PU+1/a-1/p) (J lel") +
ty

t

t p/
4 2 PIr gpn=J=1/r+/p) (Il+zply(n)lr) '}.
ty

Summing (13) over i and using the inequality Y a® < (Ya;)® which is valid for
a; = 0and R = 1, yields that

pla
(14) J‘le(j)lp < (K/Z) {2—1’/1 a—p(i+1/q—l/p)<2j lelq) +
I

I
plr
+4 2~ gpn—J=1/r+1/p) (2J‘ p|y(n)|r> } .
I

Now choose ¢ so that the two terms on the right of (14) are equal; this gives

/ Ir
(15) gPn=1/r+1/q) _ <J lelq>P G(J‘ Ply(,.)lr)p .
I I

Substitution of (15) into (14) and simplifying gives (1).

Corollary 1. If in Theorem 1 W, P, and P'"|W'4 are nondecreasing on I and
N W~ r®ia p=p=beDIr js nonincreasing, then defining f by f*~1/r*1/a = pilr[ytia
yields

(16) R, =R, = N(a) W(a)-pﬂ(p)/q p(a)-p(l-ﬁ(p))/r < 0.

Proof. Since W, P are nondecreasing the proof is immediate from T,’;;"(W) =<
< W(1)™7/4, TF(P) < P(1)"?", and simplification in (10) and (11).

Another case in which (10) and (11) hold is when W and P are nondecreasing,
f(f) = 1, and NW~?/4 and NP~P" are nonincreasing, e.g., if W(t) = 7, P(t) = t*,
and N(7) = 1%, then these conditions reduce to (when a > 0), y > 0, « = 0, and
¢/p < min (afr, y/g). The conditions of Corollary 1 require that y 20, a = 0,
afr Z /g, and ¢[p < y B(p)[a + o1 — B(p))/r-

Theorem 2. Suppose(3)—(7) hold and

1) sii= s L5007rreem e o) j:”’"’N) TN} < o,

tel,0<e<ow

tel ,0<e<oo

(19) 3= sup{yiope-s-rem (o) f:”’"’zv) TP} < oo

Then (1) holds for y € 9 if [, Ply™|" =+ 0 with
(19) K = K, := 2*{max M*S,, S,} .
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Proof. With ¢ fixed, multiply (9) by N(s) and integrate over J,; using (17) —(18)
this gives

(20) J‘ Nb’mlp <2°t {MP e~PUT 1/11—-,1/1:)51 (J le|q>t*/q +
J N

plr
+ grmI=Ur D g <-[ P|y(n)lr> }§
Je

< (K[2) {S—P(j'l'l/q—l/p)(f lelq)p/q .
Je

Y}

Fix a compact interval [a, c]. We want to cover [a, c] with intervals J, chosen
so that the two terms on the right of (20) are equal. To make this possible, let 5 > 0
and h(r) be a positive continuous function such that f; h < co. From (20) we have

(21) L Ny < (K/z)‘ {s-pu'ﬂ/q'-l/p) ( J;t[WIqu + 6h])m N

t
. p/r
+ gPtn—i=1/r+1/p) (J‘ ply(n) r) }
Je

Set t, = a. Choose t; = ty + &, f(to) so that with t = t,, ¢ = &, the two terms on
the right of (21) are equal. This is possible since the second term varies from 0 to oo
as & varies from 0 to oo (recall p = min (r, g) by (4)); the first term goes to 0 as
& — 00, and as ¢ — 0, it is bounded below by ce"?/*! where c is a positive constant.
The term e ?/*! either does not tend to 0 as ¢ — 0 (j > 0) or tends to zero more
slowly than the second term which is o{eP"~/~1/7+1/2)) With this choice of ¢, (21)
becomes after simplifying

t1 . 1 pB(p)/2 t p(1=B(p))/r
(22) j N|yWlP <K (J [(wly]e + 5h]) (J P|y™ ) .

to to to

+ gPn=i=1/r+1/p) (I Ply(")
Je

Now choose & = ¢, so that with t = ¢, and t, = t; + &, f(¢), the two terms on the
right of (21) are equal; inequality (22) results with [¢o, t;] replaced by [ty, t;]-
Continue this process. Calculation of equality of the two terms on the right of (21)
for t = ¢; shows that

pla p/r
(23) gpn=1/r+1/a) - (f [W|y|" + 5h]> /(.[ Ply(n)|r> >
Ty Tty
pla plr
(] (] )
"h "tt

If the sequence {t;} constructed above satisfies #; < ¢ for all i, then (23) yields a con-

117



tradiction since the right of (23) when divided by &!/? tends to co as i — co while
the left side remains bounded. Thus there is an n such that ¢, = c.
Summing for i = 1, ..., n we get

¢ d ti pB(P)g / (ti
(24) J‘N|y”’|" = K.;l (.[ [(Wlyle + 6h]) (I P y(")|r>p(1-ﬁ(p))/r )

ti-1 ti-1

A calculation using (4) and (5) shows that

pB(p)a + p(1 = B(p))r 2 1;

hence by Jensen’s generalization of Holder’s inequality [14, p. 52],

¢ . n t: pB(p)q s n 14 p(1-B(p)/r
(29) j lemvéx(z j [W|y,q+5,,]> (z j Pwr) <
a i=1), i

i-1 =ldti-a

pB(P)/a p(1=B(p))/r
< K(I [w|y]* + (5h]> (J. P|y®™ ) .
I I

Since ¢ and § are arbitrary in (25), the proof is now complete.

Note that with N = W= P =1 in Theorém 2 we may take f(t) = 1 to obtain
S, = S, = 1; thus an alternate proof of Gabushin’s inequality is obtained.

We remark that if (1) holds on rays [a, ) and (— o0, a], then application of
Jensen’s inequality as in the above proof shows that (1) holds on (— o0, o). Thus
the (— o0, o) case is subsumed in the case of rays.

We recall the following result of Kwong and Zettl [10, Theorem 3] which will
required for our final weighted generalization of Gabushin’s inequality.

Lemma 3. Suppose —o0 < a < b= oo, p',q satisfy 1 <p,q and 1[p’ +
+ 1/q’ = 1, and s is a non-negative function such that s* and s are integrable
on [0, T] for all T > 0. Define '

. t t
u(?) =J‘ sP', o) =J s for t=0.
0 0
If for some non-negative functions f, g, h there is a constant C such that

b b \1/p’ b 1/q’
foae([)" (o

for all ce(a, b), then for all c € [a, b),

[ [ ([

for any nondecreasing non-negatiuéfunction pon(a, b).
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Theorem 3. Suppose (3)—(7) hold, p < max {q, r},
(i) W, P,N, P'"[W'/4 are nondecreasing,

(il) Nw=pibenla p=p(1=be))r is pondecreasing where
py = max{q,r},
and

(ili) There is a number ¢ such that p'c + 1 >0, 1 — q'c > 0 and W|NP*!,
PIN'~9¢ are nondecreasing where

-1
P’ =4[po B(Po), 4" = rpo(l — B(po)), and po:= "( q 4 r) .
Then there is a number K so that (1) holds for all y € 9.

Proof. We take the case ¢ < r; the r < g case is similar. Then ¢ < p, < p £
< p, = r. From (i)—(ii) we have by Corollary 1 and Theorem 1 that for y € 2,

(26) J,le(j)lr < K\2 <LW[y|")rp(r)lq <Lp|y(n)|r>l—ﬁ(r) .

Note that from (i) above we have that [; P|y™|" = 0 implies that [, N|yP|P =
=, W|‘yl‘i= 0. ’ ~

Define N = 1, W= W/N?**!, and P = P/N'~9°. Then with f(t) = 1 and p = p,,
we apply Theorem 2 to obtain for ye 2 and a < ¢ < o0,

) ) - o poB(po)la ) po(1—=B(po))/r
(27) [ |y(1)|po < K3 (J’ W|y|q> (J‘ Pyl('l)lr>
Je c c

where
K5 = 2P° max {Mpo W(c)_p"/", P’(C)—Po/r} <
< 2% max {M?° W(a)~?/4, P(a)~?/"} := K;.

A calculation shows 1/p’ + 1/q’ = 1; hence Lemma 3 applies with s(f) = # and
i = N. Since u(f) = tP**1/(p’c + 1) and v(f) = t*~7°/(1 — q’c) this gives for y € 2,

. poB(po)/q po(1—B(po))/r
(9 [N sk, (f )™ (] poer)
I I I

where K, = K(p'c + 1)PoP®o/a(1 — g'c)rel! ~AoDIr We set K5 = max {K,, K,}
and apply Lyapunov’s (interpolation) inequality [12, p. 459] to [, N|y’|” and then
use (26) and (28). This gives

(r—p)/(r—po) (p=po)/(r = po)
jN|ym|p§_ (J‘NIYU)I”) (Jle(j)|'>
I I I
. poB(po)/q po(1—B(po))/r(r—p)/(r— po)
[ o) (ppery T
I I

Il
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rp(r)/q (1= B(r)"Y(p= po)/(r—po) R r 4>
I K Wly|? (m)|r = q m|r
(<o) ([or) ™ k(Jmor) (frver)

where
4, = PoBeo)(r = p) 7 B(r)(p = po)
‘1(" - Po) ‘1(" - Po)
with a similar expression for 4,. A lengthy calculation shows that
4y = pB(p)la, 4> =p(1 - BD))r;

thus the proof is complete.
As an application of Theorem 3, we apply it to the case

(29) N=TI%, W=I'", P=TI"

where I' is a positive, non-decreasing function on I. Condition (1) of Theorem 3
holds if

(30) 0=a,¢,7, ¥q=aqfr,
and since p B(p) and p(1 — B(p)) are nondecreasing with respect to p, (ii) holds if
¢ ~ [po B(po) v/a + po(l — B(po)) ¢[r] < 0

which is equivalent to

(31) $lpo = 4 := B(po) /g + (1 — B(po)) afr .
Condition (iii) of Theorem 3 requires p’c + 1 > 0,1 — g’c > 0 and
(32) ¢ <9y/(pc+1), ¢=af(l —g)

We choose ¢ by making the right sides of (32) equal; this results in
¢ =y —o)f(ap’ +79)
and consequently
pe+1=B1 a0 g +Yr) _ v
ap’ +v¢  ofg" +y[p"  Ppod
after substitution. Thus with this choice of ¢, p'c + 1 > 0,1 — g’c > 0, and (32)
is equivalent to (31). We summarize these calculations as

>0

Corollary 2. Suppose (3), (4), (5), (29), (30), and (31) hold. Then there is a K so
that (1) holds for all y e 9.

Note that (30)—(31) hold for ¢ = & = y = 1if r < ¢ so that (1) is

pB(p)/q p(1-=p(p))/r
[reranl [ ™ [
I I I

which is a generalization of the Gabushin inequality in the r < g case.
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For I'(f) = tin (29) and I = [a, ©), a > 0, we now derive a necessary condition
for (1). Suppose (1) holds for all y € 9. Let Y € Cg be such that y/(0) = 1, y®(0) = 0
for k = 1, and y®(1) = 0 for k = 0. Define

?,astsT
yilt) = :"./;(ﬂ), T<t<2T
) T
0, 2T <t
where J is chosen so that each of 6 — n, ¢ + (6 — j)p,y + g6, and &« + (6 — n) r

are positive. Then y; € 9 and calculations show there are positive constants m and M,
independent of T, such that

(33) J"”le(Tj)lp > m(T¢+(a—j)p+1 _ a‘“(“—j)"*l) ,

rwlyrl" < MTTHOrL
a

J‘ooPIy(;)Ir § MTa+f(J—n)+l .

From (1) and (33) we conclude, since T'is arbitrary, that

(34) ¢+(@—-)p+1=(r+as+1)php)a+
+ (@4 r(6 — n) + 1) p(1 — B(p))[r-

After simplification, (34) becomes

(35) ¢lp < v B(p)[q + o1 — B(p))r -

When (30) holds and p = max {g, r}, Theorem 2 implies that (35) is a sufficient
condition for (1). For p = p,, (35) is equivalent to (31). We conjecture that when
(29)—(30) hold, (35) is also a sufficient condition for (1) in the range po < p <
< max {q, r}. At present however we are only able to establish sufficiency for the
somewhat stronger hypothesis (31).

Clearly if (1) holds for N(t) = t%° on [a, ), a > 0, it also holds for N(f) = t*
with ¢ < ¢, since 1#°[t? is bounded below. An open question when (29) holds is the
determination of what negative values of y and a will imply (1) under the Gabushin
condition (4).
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