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SPECIAL GRASSMAN MANIFOLDS V\ 
IN THE PROJECTIVE SPACE P7 

JOSEF VALA, Brno 

(Received June 11, 1985) 

Summary, Some results in the geometry of four-parametric manifolds of three-dimensional 
spaces in the projective space P7 are found. The properties of these manifolds with charac
teristics containing the straight lines are studied. In particular, the properties of the manifolds 
with the characteristics containing the lines of the tetrahedra are found. 

Keywords: Differential geometry of systems of linear spaces. 

AMS Classification: 53A20. 

This paper contains some results in the geometry of four-parametric manifolds 
of three-dimensional spaces in the projective space P7. The properties of these 
manifolds with characteristics containing the straight lines are found. In particular, 
the properties of the manifolds with the characteristics containing the lines of the 
tetrahedra are studied. 

Let us consider, a four-parametric manifold V3 in the projective seven-dimensional 
space P7. Let the three-dimensional linear spaces P3 be the generators of V3. To 
each space P3 we associate a frame consisting of independent points At e P 3 , A{\ 
i = 1, 2, 3, 4. 

The fundamental equations of the moving frame are 

(1) dAt = co\As + <pkrtorAk, 

dAi = coSiAs + co\As; i, k,r,s = 1, 2, 3, 4 ; 

(2) dco\ = co\ A cok
s + <pSiCOr A tok, 

d(<p\rcor) = col A <pk
s
rcor + <pSiCOr A cok, 

deb) = cb\ A cok + id] A cok, 

dco) = cb\ A <pkrtor + co] A cok ; 

<pks are the functions of the parameters of the frame, coi9 co2, CO39 w 4 are independent 
principal forms. 

In all the following calculations we set i,j, k,r,s = 1, 2, 3, 4. 
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The tangent space of V3 at the point M = x'A((the space T(V4, M)) is the linear 
space determined by the points A{ and the points dM. The point M is called the focal 
point of V4 if the dimension of T(V3, M) is less than 7. In this case we get 

(3) det(xVf,xV" *Vf,*V.4) = 0. 

There exist functions QM, QM, QM, QM such that 

(4) QlxVi1 + QMX1<PY + QMXW + QMX1<P? = 0 

holds. We shall assume that dim T(V4, M) = 6. There exists pe {1,2,3,4} such 
that QM * 0 holds. From (4), (l) we obtain 

dM = £ xW<Zk Lp 0 c - *£l co 1 + (...) . 
c = 1 L QM J 

(...) is the linear combination of Au A2, A3, A4. If p + c = 4, then p ® c = p + 
+ c. If p + c > 4, then p ® c = (p + c) — 4. 

The form x'o,. is f/ic torsal form corresponding to the focal point M £ P3 if the 
dimension of the tangent subspace xi(Di = 0 of T(V4, M) is less than 6. The forms 

Qpel QP®2 QP®3 

^p®!--—-^, wp(B2 - - ^ (Dp , aop^2-^j-(Dp 

QM QM QM 

are linearly dependent. Consequently, 

QM*1 + QM"2 + QW + e X = 0 . 

We shall assume that Ax are the focal points of V3 and dim T(V4, Af) = 6 for 
all / = 1, 2, 3, 4. For all values of i the rank of the matrices (cp)1, <p)2, q>)3, cp)A) 
is equal to 3. Generally the spaces T(V4, At), i = 1, 2, 3, 4, have only the common 
space (Ax, A2> 3̂> ̂ 4)- We shall study the general case. 

Let p,q,m,n be different numbers from {1,2,3,4}. The spaces T(V4, Ap), 
T(V4, AJ, T(V4, Am) contain the common linear four-dimensional space. In this 
space we situate the point A„ (for all n = 1, 2, 3, 4). Hence 

(5) <p\r = 0 (for all i = 1, 2, 3, 4). 

According to (4) there exist the functions Q], Q1, of, o4 such that 

(6) Qi(pt + Qt<pi + QiCpi + Qi(pi = 0 , 

holds. For the coefficients of the torsal forms xsa>s of A{ we have 

(7) XXQ) + X2Q] + X3Q3 + x4ot = 0 . 

We shall assume that the points Au A2, A3, A4 have no common torsal form. The 
system (7) for i = 1, 2, 3, 4 has no other solution than 

xl = x2 = x3 = x4 = 0. 
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The points Ap, Aq, Am have a common torsal form a>„. The forms a>„ for n = 1, 2, 3, 4 
are linearly independent principal forms. It is possible to choose the forms co,-
so that o)i = cbi holds. 

It results that 

(8) dAf = o).Ak + cpki<x>rAk, i * fc , i 4= r . 

We shall assume that the line (Ap9 Aq) belongs to the focal manifold of V\ in the 
generator space P3. Then (3) yields 

( 9 ) d e t (<pk
q

p
9 <pkq

9 xp<pkm + xq<pkm
9 xp<pk

p
n + xq<pkn) = 0 

for all values of xp
9 xq. 

From (9) we obtain 

(10) < = 0 , cpq
p

q = 09 

and at least one of the following conditions 

(11) vTvl'-vVtf'-o, 
(12) <pqm<pp

q
n - cppmcpq; = 0 . 

Let 0pq be the two-parametric Pfaff manifold of V\ determined by the equations 
com = con = 0. 

Lemma la. Let the equations (10), (11) be satisfied. Then the focal manifold 
of V\ in P3 contains the line (Ap9 Aq). At all points of(Ap, Aq) the Pfaff manifold <Ppq 

has the common four-dimensional tangent space. 

Proof. From (10), (8) we easily obtain 

(13) . d(x»Ap + x«Aq) = x^<p;"Am + cpp"An-\ mq + 

+ x*[>7Am + <pn/An-\ o>p + x*[<pp
m<omAs + ( ? > „ ! , ] + 

+ x"[<pq
m<omAt + <p>„A£] + ( • • • ) , s * p , i * q . 

(...) is the linear combination of Au A2, A3, A4. The condition (11) implies 

<?7Am + 9\vAn = o[<8Am + <pn
p

qAn] . 

O is the function of the parameters of the frame. The tangent space of <bpq at the 
points xpAp + xqAq is given by 

A^Al9A^A^(pmqAm + <pn
p
qAn. 

This space is four-dimensional and does not depend on xp
9 xq. 

Let <Pt be the three-parametric Pfaff manifold of V3 determined by the equation 

< c o m + <pq;<Dn = 0 . 

Lemma lb. Let the equations (10), (12) be satisfied. Then the focal manifold 
of V3 in P3 contains the line (Ap, Aq). The form <pqmcom + (pq

p
nojn is the torsal form 
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for all points of (Ap, Aq). At all points of (Ap, Aq) the Pfaff manifold $t has the 
common tangent space. 

Proof. The condition (12) yields 

< " " « + < X = 0[ipp
mCOm + < Q ) J , 

where O is the function of the parameters of the frame. 

From (13) we obtain 

d(xpAp + xqAq) = (cpqmcom + cpl"con) [x»Aq + Q*Ap] + [ . . . ] . 

[...] is the linear combination of Ai9 A2, A3, A4, Am, An. The form <pqmcom + cpq
pcon 

is the torsal form of V\ at all points of (Ap, Aq). At all points of (Ap, Aq) the Pfaff 
manifold <Pt has the common tangent space determined by Ai9 A2, A3, A±, Am, An. 

We shall solve the second case. We shall assume that the equations (10) and (12) 
hold for all pairs of p, q e {1, 2, 3, 4}, p 4= q. The focal manifold contains the 
edges of the tetrahedron AtA2A3A^. 

According to (10), (12), the forms 

<pq
p

rcor = cfp
mcom + cpqncon, 

cpp
q

rcor = cppmcom + <cn„ 

are for each pair (p, q) linearly dependent. 
It is possible to use the specification 

cpp
rcor = Xpqcopq, cpp

q
r = Xqpcopq . 

The equations of the frame are 

(14) dAi = co\As + Y^XijCOijAj , 
j 

dAi = cbSiAs + wSiAs, 

WU = Mji > J * / . 

Using the structure equations of P7 we obtain from (14) 

(15) (XjiCo{ - Xu(5j) A cOij + (Xricor - Xirwr) A coir + 

+ (Xkico) - Xikcol) A coik = 0 , 

(16) dXu A CJ/7 + Xfj dcOij = (co\ - coj) A AJ7COI7 + co] A Xrjcorj + 

+ CO) A XkjCOkj + XirCOir A OJr + A/fcCJ/fc A CO£ , 

dAy; A 0>l7 + Xji dcOfj = (coj — COJ) A XjiCOij + COj A Ar,COr; + 

+ CO^f A COfc/ + AyrcOyr A CO; + AyjtCOy& A CÔ  ; 

/,j, k, r are different numbers of {1, 2, 3, 4}. The equations (16) imply 
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(17) [Xu dXji - Ki dKj + Kjljiin'i - °>Jj + w{ - col)] A cou -

- (^ri^i^J + AjiKM) A ^ri - (KiKjVj + AjiKk&k) A Wi* + 

+ (^rA-^* + ^A>^r) A COjr + (A^,©* + ^AykCoJ) A COjk = 0 . 

We denote by Xijk9 Aijkr9 Qk

i9 Q
k

ij9 r u the following expressions: 

A-ijk = KkKjAji + K'k ki v = fc1»' 

îfcjr = "ikKjK'rKi ~" Kj^jkKi^ir = "Kjki » 

(18) Q{ = ^ a t f - Attfi>j[ , 

°? i = ^ A ; w * + KjAjk&k > 

ru = Kj <Mji - 4/* d A v + ̂ A-fa! - °>j + ̂ J - ^i) = -rji • 

Using (18) we obtain from (15), (17) 

(19) Q{ A COI7 + Q\ A coir + O* A coifc = 0 , 

(20) r u A cou — Qrji A coir — Qki A coik + Qu A cojr + Qk

u A cojk = 0 . 

Q\9 Q
r

i9 Q\ are the principal forms. 

Four of the six forms cofJ. (i + j 9 i9j e {1, 2, 3, 4], cou = coJt) are linearly indepen

dent. We shall assume that co12, co23, co34, co41 are the independent forms. For the 

remaining forms we obtain 

(21) co13 = x12co12 + x23co23 + x 3 4co 3 4 + x 4 1co 4 1 , 

co24 = o12co12 + Q23CO23 + 034a>34 + O41co41 . 

The equations of the frame have the following form: 

ш 3 4 (22) dA1 = co\As + A1 2co1 2A2 + A13(xl2col2 + x23co23 + x3 

+ x4 1co4 1) A3 + A 1 4co4 1A4 , 

dA 2 = cos

2As + X21co12A1 + A2 3co2 3A3 + A2 4(01 2co1 2 + Q23co23 + 

+ < 2 3 4 ^ 3 4 + ^ 4 1 ^ 4 i ) ^ 4 , 

d A 3 = C03AS + A31(xi2C012 + X23C023 + X3 4C03 4 + X41C041) .A ! + 

+ ^ 3 2 ^ 2 3 ^ 2 + ^ 3 4 ^ 3 4 ^ 4 > 

d ^ 4 = co4As + A4 1co4 1A1 + A4 2(o1 2c01 2 + o23w23 + o34a>34 + 

+ e4 1<»4i) A 2 + A 4 3 C0 3 4 A 3 , 

dAi = ct>s

iAs + cofa; 5, i = 1,2,3,4. 

We find the equation of the characteristic of Vin the space P3. Let M = xlAt 

(i = 1, 2, 3, 4) be a point of P3. Using (22) we obtain the following equation of the 
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= 0. 

characteristic: 

| x2A21 + x
3A31x

12 xiX12 + X4X42Q
12 xlX13x

i2
 X2X24Q

12 

x3X31x
23 x3X32 + X4X42Q

23 xiXl3x
23 + x2X23 x2X24o

23 

| x3X31x
34 X4X42Q

34 xiX13x
34 + x4X43 X2X24Q

34 + X3X34 

i x3A31x
41 + x4X41 x4X42Q

4i xxXl3x
4i x2X24g

4i + xiX14 

This equation implies 

(23) (x1)2 X2X3X34X14X123 + (x1)2 x2x>23^34 - Q
34x23) X13X124 -

- (x1)2 x3x4x23X12X143 - (x2)2 xlx3(Q34x4i - Q4ix34) X2AX123 -

- (X2)2 XXX4Q34X23X142 + (X2)2 X3X4Q4iX21X234 ~ (*3)2 X1 X2X4iX34X132 + 

+ (x3)2 xlxAxl2X31kM - (x3)2 x V ( e ' V 1 - Q4ixi2)X31X234 + 

+ (x4)2 xix2
Q

23X43X142 - (x4)2 xlx3(Q
i2x23 - Q23xi2)X42X143 -

- (X4)2 X2X3Ql2X41X243 + XiX2X3x\-(Qi2X34 - Q34Xi2)X1324 -

-(Q
23x4i-Q4ix23)X1342-X1234] = 0. 

Let i99j9 k, r be different numbers of {1, 2, 3, 4}. If Xijk = 0 holds, then the plane 
xr = 0 belongs to the characteristic. We shall assume that Xijk + 0 for all triples 
i,j,k. 

According to (18) the forms Qk
i9 Q

k
{j for fixed i9j9 k are linearly independent 

combinations of to), col
k (i + k). 

From (18) we obtain 

(24) Qj, =- Ak
irQ

k + Bk
irQ

kj , 

Ak _ "ijkr ofe _ Kir 
^ir ~ ~ 9 Dir — ~ • 

A-kij "kij 

Each of the planes (Ai9 Aj9 Ak) intersects the focal manifold of V4 in S3 in three 
lines (Ai9 Aj)9 (Aj9 Ak)9 (Aki At) and in the line pr. 

These lines have the equations 

(25a) x V 4 A 1 4 - X2(Q3 V 1 - O4 V 4 ) A24 - x 3 x 4 U 3 4 = 0 , x4 = 0 

(25b) x V % i - x 3 ^ 1 V 1 - Q*lx12) l3l - x4o12A41 = 0 , x1 = 0 

(25c) -xlx23ll2 + x3xi2X32 - x4(o12x23. - g23x12) X42 = 0 , x2 = 0 

(25d) x'O?2 V 4 - o34x23) Al3 - X2Q3%3 + x4O23A43 = 0 , x3 = 0 . 

Lemma 2. Let i9j9 k, r be different numbers from {l, 2, 3, 4}. The forms coij9 coik9. 
cojk are torsal corresponding to all points of pr. 

Proof. Let M 4 = x 1 ^ + x 2A 2 + x 3 A 3 be a point of P3. Then 
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dM4 = Ai\x
2X2icoi2 + x3X3i(x

12coi2 + x23co23 + x3*co34 + x41co41)] + 

+ A2[x
xXi2coi2 + x3X32co23] + 

+ A3[x1Xi3(x
12coi2 + x23co23 + x34co34 + x41co41) + x2A23co23] + 

+ A4\x
x)ii4co4i + X2124(Q

12CO12 + e23co23 + Q34co34 + o41co41) + 

+ x3X34co34] + ( . . . ) • 

(...) is the linear combination of Ai9Al9A39A4. The forms coil9 co239 coi3 = 
= x12coi2 + x23cn23 + x34co34 + :K:41CO41 are the torsal forms corresponding to M 4 

if the forms 

0>l2,CO239 COi39X
1Xi4C04i + X2A24(o12CiJ12 + Q23C023 + Q3*C034 + 041CiJ41) + X3X34C034 

are linearly dependent. This comes true if (25a) holds. The point M4 lies on the linep4. 
For the lines pi9 pl9 p3 the proof is similar. 

We shall study the invariants of V and the existence theorem for V. The frame 
of Vis given by the equations (22). The coefficients by Ah i = 1, 2, 3, 4, in the first 
four equations of the frame satisfy the equations (19), (20), (21) and the exterior 
differentiation of (21). In accordance with (24) we obtain the following system: 

(26) Q\ A coi2 + O3 A (x12coi2 + x23co23 + x3Atco34 + x4xco4i) + O4 A co4i = 0, 

Q\ A coi2 + Q\ A CO23 + O4 A (Q12CO12 + Q23co23 + Q34co34 + 

+ o41co41) = 0 , 

Q\ A (x12coi2 + x23co23 + x3Arco34 + x41co4i) + 0 3 A CO23 + O4 A CO34 = 0 , 

0 4 A C04i + 0 4 A (Q12COi2 + Q23C023 + Q34C034 + Q41C04i) + 0 4 A C034 = 0 , 

(27) (P12 - >c12Q3
2i + <?1204

2) A coi2 + ( - a : 2 ^ + 0? 2 + Q23Q4
i2) A O;23 + 

+ (-x34Q3
2i + £3 404

2) A co34 + ( - x ^ O ^ - 0 \ + 04104
2) A co41 = 0 , 

(Qji + x12Q3
4i - o120j4) A co12 + (x23Q3

4i - Q23Q\4) A co23 + 

+ (x 3 4 0 3 , - o 3 4 0 2
4 - 03

4) A co34 + (P41 + x 4 1 0 3
t - Q41Q\4) A co4i = 0 , 

( - O 1 , - o1204
2 + x^O 1 , ) A coi2 + (F23 - O2304

2 + x^O 1 , ) A cy23 + 

+ ( - e 3 4 G 4 2 + ^ 4 ^ 2 3 + « « ) A C034 + ( ~ 0 4 1 O 4
2 + X 4 lO] 3 ) A C041 = 0 , 

(-x12Q\3 + g1 202
4) A coi2 + ( - x 2 3 0 4 3 - 0 2

3 + 02302
4) A co23 + 

+ (1^34 - ^ 3 4 ^ 3 + 034G3
24) A C034 + 

+ ( - x 4 1 0 4 3 + Q\4 + o4102
4) A a>41 = 0 ; 

<28) (x12F13 - A2
3iQ\ - fl^O^) A co12 + (x23ri3 + .41 302 + B\3Q\4) A CO23 + 

+ (x34F13 + A4
30

4 + 5 4
3 0 4

2 ) A co34 + 

+ (*41F13 - A4
3iQ\ - B 3 \0 4

2) A co4i = 0 , 
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( e
1 2 r 2 4 - A\2Q\ - B\2Q\3) A _ 1 2 + (Q23r24, - A42_4 - B 4 2 _ 4 1 ) A _ 2 3 + 

+ (e 3 4 r24 + A3
2AQ3

2 + B3
24Q

3
21) A W34 + 

+ (e41r24 + AA&\ + B\4Q\3) A O)41 = 0 ; 

(29) |"dx12 + x 1 2 / ' - ^ + _ l - _ 2 + y ^ - _ l + _3) +( . . . ) ] A _12 + 

+ Tdx23 + X23 (- ^ + w3 _ -3| + ^13 _ „} + gjA + (. . d A 

A _2 3 + TdK34 + x 3 4 / - _ - ^ + a)3 - _4 + ^ - a,1 + _ 3 ) + 

+ (. . .)] A „34 + [d*41 + X41 (-^l± + C0\-C0t + ^-C0\ + 
J L V ^14 ^13 

+ _ | ) + (..-)] A CO41 = 0, 

U 1 2 + Q12 (- - ^ i + co2 - _J + -^-i - _2 + fijj) + (. . .)] A _12 + 

+ U » + <?23 ( - - ^ + a,2 - „3 + -£_. - „2 + „4) + (...)] A 

A „23 + [«V* + Q^ (-^±1 + CO* - col +^± - CO2, + CO,) + 
L \ ^43 *24 / 

+ (...)] A „34 + [~de
41 + e

4 1 ( - -^ii + _J - „{ + ^ - co2 + 
J L \ ^41 ^24 

+ _4) +( . . . ) ] A „41=0. 

The expressions (...) depend only on the forms co*, co), i, k = 1, 2, 3, 4, i 4= fc. 
The system characteristic of (26), (27), (28), (29) contains 12 forms Q\, i, k = 

= 1, 2, 3, 4, i 4= fc, 12 forms 

(30) r 1 2 + [...], r 2 3 + [...], r 3 4 + [...], r 4 1 + [...], 

dx12 + {...}, dx23+ {...), d*34 + {...}, dx41 + {...}, 

d e
1 2+ {...}, d e

2 3+ {...}, d e
3 4+ {...}, de

41 + {...} 

and the linear combinations of 14 forms 

\ AJ "21> -2l2> -^21> **41> -^14> "14> ^32> -^23> -^32> -^43> -^34> -^43> ^13> ^ 2 4 • 

(The equations (24) are fulfilled.) The expressions [...] depend on the forms (31), 
the expressions {...} depend on ©{, co\, dXik9 i9 fc = 1, 2, 3, 4, i 4= fc. 

43 



The first twelve forms (31) and the forms Qk, i, k = 1, 2, 3, 4, i + fc, are in
dependent combinations of <ok

i9 a}). 
For simplicity of calculation we shall use the following short record of the equa

tions (27), (28), (29): 

(32) Pj A co12 + P2 A c023 + P3 A co34 + P4 A ctf41 = 0, i = 1, 2, 3, 4 ; 

Q\ A col2 + Q2 A co23 + Q% A co34 + Ql A co41 = 0, c = 1, 2 ; 

R\ A co12 + P2 A co23 + Rc
3 A co34 + Rl A a;41 = 0, c = 1, 2 . 

The forms 

(33) Pi Pj, P i Pi Pi P\, P*, Pi Q\, Ql Q\, Ql Q\, <& 

are linear combinations of the forms (31) and the forms Qk
i9 i, k = 1, 2, 3, 4, i + fc. 

The determinant of the coefficients of the forms (31) in these combinations is equal to 

-2*1 VVV W 1 . 
This expression is in the general case not equal to zero, the forms (33) are independent 
forms of (31) and Qk. 

The forms P2, PJ, P3, P4. Q2, Q\ are linear combinations of the forms (33) and 
the forms Qk. 

We obtain the following result: 

(34) P\ = £ P\ + £ B\2Pl - B\2P\ + 5 | i (Q~ x-3 - x34) G_ + 

p . _ « " p . _ ' * " »« BJi / „ , . * " „ „ \ _, . __ . , p . _ 

•"^ 2 V ^ 3,ii;le ?3"'! j 4 + ^ 4 1 ' 
„! p. «., / „ „ « " „ . . \ 0 , * " « 4 I / „ • , _ _ _ „ « V -41'ill" ^ e r ^wX x" r 

" * ( • "" ^ " ^ i i l ' i U " _s-« ;«• +(-)• 

+ 

34*1 + 
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___ p* + _L Лia ___ _ ff*Л o1 - -L-_! / > _ - _ Ѓ*Л o« _ 

x»P l + B»Л x" * J ß l j . x Ч x» ' Jß з 

9 3 4 Б 

1 1 v 2 3 * 2 3 , __23 IГ 
П 1 — P 2 P 2 R4 P 3 _i_ Пl 1 3 Л 2 _u 02 " - -7i BiзPi ~ - j -4T ß з l P 4 + ľiT Ö4 " ZГз ^ Г 62 + 

0 0 X X o ІЭ42 

г/23
 D 4 

Є # 2 4 

1 ^ 1 2 _3 »1 , 1 Ы D 4 , - 1 2 ^ 4 2 Л I - 1 2 B. П2 — * R 3 P 1 -U R 1 P 4 J_ * 4 2 П 1 * 2 4 П 
ßl ~x^v 4 І î a 4 P з + ^ B 4 a P l + ^Ъ ^ ~^Ъ 3

Q 

Q 
12 

+ ^ - 2 + (•••)• 

The expressions (...) are linear combinations of __*. 
The system characteristic of (26) —(29) contains q = 38 forms __* (i -# fc, /, k = 

= 1, 2, 3, 4), (30) and (33). 
For the integral elements of (26) — (29) we easily obtain 

st = s2 = 12 . 

Let us study the integral element e3. We use the polar system to the system (26), 
(27), (28). 

Let u__,»23,u34, nil, s = 1,2,3,4, be the vectors of the values of the forms 
^12, -23, -34, ~4i- We denote by c£" the coefficients of Pm (m, n = 1, 2, 3, 4) 
on the right hand sides of the equations (34). Similarly we denote by cq

m (p, q = 
= 1,2, 3, 4, 5, 6) the coefficients of Qm on the right hand sides of these equations. 
Using the equations (34) we get: 

(35a) u\2Q
2 + (x12u\2 + x23us

23 + x3V34 + x41«41) Q\ + «41_4 = 0 , 

_!___ + „23„1 + (_12„s
12 + _2V23 + _3V34 + e41„41) iQ4 = o, 

(x12«i2 + x23„23 + x3V34 + x41„41) Q\ + us
23Q\ + us

34Q$ = 0 , 

„41„4 + (_12„s
12 + _23„23 + _3V34 + e

41„41) Q2 + US
34Q

3 = 0, 

(35b) u\2P\ + us
23[c\2P\ + c\2P\ + c\2Q\ + c\2Ql + (...)] + 

+ («34 + C 3
1 «2 3 )P 3 + «41IJi = 0 , 

u\2[cl3P3 + c2*P* + c?P\ + c21Q\ + cVQl + cl2Ql + cl2Ql + 

+ ( - ) ] + ("23 + <-Vi2) P\ + U34P\ + US
41P

2 = 0 , 

u\2P\ + us
23P\ + us

34[c31P\ + c31P\ + c31Q\ + c31Q\ + (...)] + 

+ («41 +c 3 3 „ 3 4 )P 3 = 0 ) 
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(«',2 + C44"4l)Pl + U23P\ + «34P4 + U4l[cVP\ + ct3P3
4 + C\3P\ + 

+ cVQ\ + cVQ\ + cVQl + cVQl + (•••)] = 0, 
"si22i + u'23\c\2P\ + cl3P3 + c»Ql + cl2Ql + (...)] + 

+ «34<23+ ("41 +C4V23) 0 4 = 0 , 

<2[CVP\ + CVP\ + c\lQ\ + C\1Q\ + (...)] + «^e 2 + 
+ (U34 + C3-V12)o,2 + M4ie2 = 0. 

The 30 equations (35a), (35b) contain 30 independent forms. If these equations are 
linearly independent, then there exists only the trivial solution of (35a), (35b). 

By A12, A23, A34, A41 we denote the following determinants: 

^12 = ("23. "34. «4l) . ^23 = («34, «41. «J2) . ^34 = ("41. «12» "Is) . 

^41 = ("12. "23 . "34) • 

Generally, the equations (35a) have the solution Q) = 0, i 4= k. Another solution 
exists in the following special cases: 

*23.d34 + *34.d23 = 0, Q3*A41 + Q4iA34 = 0 , x12A41 + xAiA12 = 0, 

e
1 2 J 2 3 + e

2 3 J 1 2 = 0. 

By using Q\ = 0, i 4= k, it is possible to find the solution of each triple of equations 
(35b). We obtain 

P\ = xyA12, c\2P\ + c\2P\ + c\2Q\ + c\2Q\ = - M 2 3 - * i c 3 % 4 , 

P\ = M34, P\ = - M 4 1 . 
c23P\ + c\*P\ + c\*P\ + c2iQ\ + c2iQ4 + c\2Q\ + cVQl = 

= *2J1 2 + x2c\2A23, P\ = -x2A23 , P\ = x2A34, P\ = -x2A41 , 

P\ = x3A12 , P\ = -x3 .d2 3 , c3,P\ + c3iPl + c3iQ\ + cVQl = 

= x3A34 + x3cl3A41 , Pi = -x3A41, 

P\ = x4A12, P* = -x4A23 , P4 = x4A34, cVP\ + c4
4
3Pl + c\3P\ + 

+ c\lQ\ + cixQ\ + cVQl + 'ci2Q2
4 = -x4A41 - ^ 4 4 J 1 2 , 

Q\ = xsA12 , c\2P\ + c5
4
3P3 + c\2Q\ + c4

2Ql = -xsA23 + xsc
SiA41, 

Q\ = M 3 4 , Q\ = - M 4 1 . 

CVP\ + C\*P\ + CVQ\ + C%lQ\ = M l 2 " " 6 ^ 3 4 , 

Q\ = - M 2 3 , 63 = M 3 4 , Ql = - M 4 1 • 

The values xh i = 1, 2, 3, 4, are linearly dependent. We obtain 

6d23 + Cj1 A34) x, + (-c\2A23 + c\2A34) x2 + (-c\2A23 + c\2A34) x6 = 0 , 
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( - _ I 2 - c\2A23) x2 + (-c\3A41) x3 + (c\AA12 - c\AA23) x4 + 

+ (c21A12 - c2lA41) x5 + (-c\2A23 - c22A41) x6 = 0, 

(c31^34 - cl1 A41) x1 + (~A34 - c?A41) x3 + (cfAu - c | lJ4 1) x5 = 0 , 

c\lAu*i + (c?A12 - ct3A41)x3 + (A41 + c\AA12)x4 + 

+ (cA1A12 + c?A3A) x5 + (c\2A34 - c\2A41) x6 = 0, 

-c\2A23x2 - c4
3A41x3 + (A23 - c 4 %.) x5 + (-c\2A23 - c5

4
2A41) x6 = 0 , 

cVA34xt + c\AA12x4 + (cfA12 + cfA3t) x5 + (-A12 + c\2A34) x6 = 0 . 

The determinant D of the coefficients of x-t, i = 1, 2, 3, 4, satisfies the equation 

D = v V3(x» V V V V V V V 1 ) - 1 V % 3 + e23^34) • 
.(x23A12 + x12A23)(x*lA34 + X3AA41)(Q

12A41 + QA1A12). 

.[-(-QA1X12 + Q12XA1)A23A34 + (-Q23X12 + Q12X23)A34A41 + 

+ (-Q
A1x3A + Q3AXA1)A23A12 - ( - e

2 V 4 + Q34X23) A12A41-\ . 

This expression is equal to zero only for some special choices of u\2, u23. u34, u41-. 
In the genera] case the system has the trivial solution xt = 0, i = 1, 2 , . . . , 6, only. 
The equations (35a), (35b) are linearly independent. Each of the equations of (29) 
contains 4 forms of the system (26) —(29), these forms are not contained in the other 
equations. The polar system adjoint to e3 of (26) —(29) contains 36 linearly indepen
dent equations. 

For the characters of the system (26) — (29) we obtain 

5 l = 52 = 53 = 12, 54 = 38 -36 = 2 . 

By using Cartan's Lemma in the equations (26) it is possible to calculate Q\ 
(/, k = 1, 2, 3, 4, i 4= k) as linear combinations of the forms coik. We denote the 24 
coefficients of these combinations by 

«J*; «!* = «„, ; g, he {1,2,3}. 

Similarly, using Cartan's Lemma for the equations (32) we obtain 

(36) Pl
r = pl

rlcol2 + pr2co23 + Pr3co3A + / ? > 4 1 , 

Qr = 7rl^l2 + yCrlU>13 + V r S ^ + 7r4^41 > 

K = Vrl™12 + Vr2™23 + # 3 ©34 + ^ 4 ^ 4 1 , 

i = 1,2,3,4, c= 1,2, r = 1,2,3,4, 

Pis = Psr> yCrs = yCsr, Vrs = Vsr , 5 = 1 , 2 , 3 , 4 . 

Substituting these results into (34) and comparing the coefficients of con, OJ23> a>34„ 
co41 we get 
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( 3 7 ) -fil
2i + ( . . . ) = O, -p\2 + (...) = O, -B3

2p
2

33 + ( . . . ) = O, 

-BlJ2
34 + (-.) = O, 

-Pii +(•••) = O, - B 4 , ^ 2 + (•••) = O, -BltPi, + (...) = O, 

-/? 2
4 + (...) = O, 

-B*3 J84 1 + ( . . . ) = O, - / & +(•••) = O, -PU + (...) = O, 

- 2 « 4 + (...) = O, 

-BÍ4/33, + ( - . . ) = O, - B 3 4 / ? 3
2 + (...) = O, - ^ 3 +(•••) = O, 

- ^ 4 + (...) = O, 

K 2 3 

- 7 i 2 + [...] = 0, ^ r 4 4 + [...] = 0, - r

2 . + [ . . . ] = ( ) , 

^ ľ , a з + [ . . . ] - 0 , 
e 3 4 

x 2 3 , , x 2 3 

-rÍ2 + - ^ yi* - =-, *>h + ^ 7 ^ + {•••} = o, 
X*1 Q10 Q*1 

X23 X23 x23 

- ? i , + ^ VÍ4 - -"-- ^ 3 + ^ T ^ 4 + {...} = O , 

^ W _ 1 7 i a - ^ W " 1 7 Í 3 - rf- + ^7 2 3 + {•••} = o , 

4^W_ 1 vÍ4 - Í 4 W " 1 ^4 - r24 + %vU + {•••} = 0. 
x12 x3Ar e 3 4 

U = A i 2 3 > l 3 4 A . 
\ ^234^412/ 

Each of the parameters p\l9 p\29 p2
339 p2

349 p2
l9 ftl9 p\39 ^2

4 , jS41, P\2, /?3
3
3, # 4 , Ph, 

P\29 Pt39 j544 is contained in one equation of (37) only. These parameters are not 
contained in the expressions (...). The expressions [...], {...} do not contain the 
parameters y\l9 y44, y2

ll9 y2
33. {...} do not contain y}2, y}4, y\39 y\A9 y\29 y14, y2

239 y\±. 
The equations (37) form a system of 24 independent linear equations of the coef
ficients of (36) and ccl

gh. 

The integral element £4 of (26)-(29) depends on N = 24 + 40 + 20 + 20 -
— 24 = 80 parameters. We have st + 2s2 + 3s3 + 4s4 = 80 = N. The system 
(26)-(29) or (26), (32) is involutive, s4 = 2. 

Lemma 3. The manifold V depends on two functions of four parameters. 
The forms (33) and Q\ are principal forms. It is possible to calculate the forms (31) 

as functions of the forms (33) and Q\. The forms (31) are principal forms, too. 
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According to (18), (27), (24), (28), the forms Qk

ir (i, fc, r = 1, 2, 3, 4, i + fc, fc + r, 
/ + r), a.)?, co; (/, fc = 1,2, 3, 4, / + fc) and the forms Fi2> ^23> -̂ 34> ^41* A3> -^4 
are principal forms. 

Let /,/, fc, r be different numbers from {1, 2, 3, 4}. The forms 

1 r _t_ * r _J_ * r KjKkKi A AikKjAji 

Л i 

лijAji 
J ; ; ; 

AjkAkj лкi 
Aiк ) ; A . . 

лi*л*./л./» 

ь — Л 7 + — Г Д + 
; ; ) 

jAJІ AjкAкJ 
_ AijAjкKrK\ 

AirKkAkJAJ\ 

-i-r„ + -L. 
KrKк KiAir 

ì J лirKкKjAJi 

i ЛijAjкKrKi 

are principal forms. The functions 

т ЛІкKjAjІ 
ijк " ) ) ; ' 

лijлjклкi 

•* ijкr 
_ AirKkKjЛji 

лiJAJkKrKi 

are invariants of V. We have 

J ijk ' Jkri — J ijkr • y ^ 

We shall characterize geometrically the invariant J l 7 k . The equations coir = 
= a;,,. = cokr = 0 determine on V the one-parametric Pfaff system # r . This system 
satisfies 

w 0 ' = hj<» > Mjk = hk™ > <°ik = '*„«-• • 

co is a principal form, lij9 lJk9 lik are functions of the parameters considered. For 

this system we have 

dA. = co\As + (KjhjAj + KkhkAk) co, 

d A ; = co)As + (KihjAi + K'khA) co, 

dAk = <y£As + (Kihk^i + KjhkAj) co , s = 1, 2, 3, 4 . 

In the five-dimensional space (-4l5 A2, ,43, A4, Aj9 Ak) we shall define four-dimension
al spaces T%9 T2, T3, T4 with the common three-dimensional space (Al9 Al9 A3, A4): 

(38) Tx = T(V, At) n T(V, A ) n T(V, Ar) , 

T2 = T(V, ,4,) n T(V, Ar) n T(V, A,), 

Tz = T(*nAi), 

T4 = [T(*„ .4;) u T(<Pr, Ak)] n [T(V, A.) n T(V, Ar)] . 

From (38) we obtain 

(39) Aj c I \ , I * c T2 , V o ^ j + V « A c T3 , 

AjiKjhjh'kAj' — K'kKihJjk^k c -̂ 4 • 

Lemma 4. The anharmonic ratio of Tl9 T2, T3, T4 15 egwa/ to — JiJk. 
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Proof. In accordance with (39) it suffices to calculate the anharmonic ratio of the 

points 

Aj,Ak9 AijlyAj + AiklikAk9 AjiAkjlijljkAj — AjhAkilikljkAk . 

This anharmonic ratio is equal to — Jijk. 

From the equations (29) we obtain that the forms 

^ _ d _ ^ ^ ^ d ^ ^ d ^ , d _ 3 _ _ d _ _ _ _ _ _ 

yC % % y(, ^ T 2 ^ 3 2 ^ 3 4 14 

yC yC •^•12^34 J ^ ^ ^ 3 2 ^ 1 4 

K X A32A14 X *-" " 1 2 ^ 3 4 

dg 1 2 dg 2 3

 } dg 3 4 dg 4 1 dA2, | dA23 dA43 <U41 = 

g 1 2 g 2 3 g 3 4 g 4 1 A21 A23 A43 A41 

g 2 3 g 4 %,A 4 3 . g1 2g3 4A2 3A4 1 

л
12

л
34; ; n

23

n^) ) 
Q Q Л

23
Л
41 É? É? Л

21
Л
43 

are principal forms. 

The functions 
v 1 2 v 3 4 ; ) n12n34) ) 

J _ X A 3 2 x 1 4 j _ Q Q ^ 2 3^41 
1 3 ~~ ^ 2 3 ^ 4 1 1 i * 2 4 _ 2 3 „ 4 1 i 1 

K X A 1 2 ^ 3 4 .2 £ ^21^43 

are invariants. 

Lemma 5. The anharmonic ratio of Al9 A3, p4 n (A1? A3), p2 n (A1? A3) is eqwaZ 

to J1 3 , the anharmonic ratio of A29 A4, P3 n (A2, A4), pt n (A2, A4) is equal to J 2 4 . 

P roof follows from (25 a — d). 
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Souhrn 

SPECIÁLNÍ GRASSMANOVY VARIETY V% V PROJEKTIVNÍM PROSTORU P7 

JOSEF VALA 

Jsou nalezeny některé výsledky v geometrii čtyřparametrických variet třírozměrných prostorů 
v projektivním prostoru P7. Jsou studovány vlastnosti těchto variet, jejichž charakteristiky 
obsahují přímky. Zvláště jsou nalezeny vlastnosti variet, jejichž charakteristiky obsahují přímky 
tetraedrů. 

50 



Peзюмe 

CПEЦИAЛЬHЫE MHOГOOБPAЗИЯ ГPACMAHA V% 
B ПPOEKTИBHOM ПPOCTPAHCTBE P7 

JOSEF VALA 

Haйдeны нeкoтopыe peзyльтaты в гeoмeтpии чeтыpeпapaмeтpичecкoгo мнoгooбpaзия 
тpexмepныx пpocтpaнcтв в пpoeқтивнoм пpocтpaнcтвe P7. Рaccмaтpивaютcя cвoйcтвa этиx 
мнoгooбpaзий, кoтopыx xapaқтepиcтики coдepжaют пpямыe. Ocoбeннo нaйдeнын cвoйcтвa 
тaкиx мнoгooбpaзий, xapaктepиcтики кoтopыx coдepжaют peбpa тeтpaэдpoв. 

Authoŕs addґess: Katedгa matematiky a deskr. geometrie stavební fakulty VUT, Barvičova 
85, 662 37 Bгno. 
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