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Summary. Some results in the geometry of four-parametric manifolds of three-dimensional
spaces in the projective space P, are found. The properties of these manifolds with charac-
teristics containing the straight lines are studied. In particular, the properties of the manifolds
with the characteristics containing the lines of the tetrahedra are found.
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AMS Classification: 53A20.

This paper contains some results in the geometry of four-parametric manifolds
of three-dimensional spaces in the projective space P,. The properties of these
manifolds with characteristics containing the straight lines are found. In particular,
the properties of the manifolds with the characteristics containing the lines of the
tetrahedra are studied.

Let us consider. a four-parametric manifold V3 in the projective seven-dimensional
space P,. Let the three-dimensional linear spaces P; be the generators of V3. To
each space P, we associate a frame consisting of independent points 4; € P;, 4;;
i=1234.

The fundamental equations of the moving frame are

(1) dAl = was + (pli"wr;ik )
d4; = &4, + ©i4,; i, k,r,s=1,2,3,4;

(2) dot = of A & + ¢¥0, A O,
d(ofo,) = of A ol'o, + ¢fo, A T,
dot = &} A ot + @ A O,
d@s = & A o¥0, + @ A @
¢ are the functions of the parameters of the frame, w;, @;, @3, W4 are independent
principal forms. '
In all the following calculations we set i, j, k, r,s = 1,2,3, 4.
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The tangent space of V3 at the point M = x°4, (the space T(V3, M)) is the linear
space determined by the points 4; and the points dM. The point M is called the focal
point of V3 if the dimension of T(V3, M) is less than 7. In this case we get

) det (x'g}’, x'o}?, x'0}?, x'0}*) = 0.,
There exist functions Q},, 03, 0nr» 0% such that

i k2

(4) oux'oft + oax'ol

holds. We shall assume that dim T(V'3, M) = 6. There exists pe{1,2, 3,4} such
that g%, # 0 holds. From (4), (1) we obtain

i k3

+ onx'of® + oyx'elt =0

3 p®ec
dM = Z x"<p‘;-t’®‘}4"k [w,e,c - QM—F wp] + () .
c=1 oM
(...) is the linear combination of A,, A,, A3, 4. If p+c<4,then p®c=p +
+cIfp+tc>4,thenp@®c=(p+c)—4
The form x'w;, is the torsal form corresponding to the focal point M € P, if the
dimension of the tangent subspace x'w; = 0 of T(V3, M) is less than 6. The forms

ot o’ o
Wpo1 — » Dp s Bpe2 — P Wp, Wpp3 — » Wp
oM om oM

are linearly dependent. Consequently,
omxt + 0i? + oy + ohx* = 0.

We shall assume that A; are the focal points of V3§ and dim T(V3, 4;) = 6 for
all i =1,2,3,4. For all values of i the rank of the matrices (¢}, ¢}%, ¢!3, ¢t*)
is equal to 3. Generally the spaces T(V;', 4)), i =1,2,3,4, have only the common
space (Ay, A,, A3, A4). We shall study the general case.

Let p,q, m,n be different numbers from {1,2,3,4). The spaces T(V3, 4,),
T(v3, A,), T(V3, A,) contain the common linear four-dimensional space. In this

space we situate the point 4, (for all n = 1, 2, 3, 4). Hence

(5) of =0 (forall i =1,2,3,4).
According to (4) there exist the functions o}, ¢7, 07, of such that
(6) 010t + 0joi® + 0l + ateft =0,

holds. For the coefficients of the torsal forms »*w, of A; we have
(7 xlol + w*el + x%) + x*et =0.
We shall assume that the points A4,, 4,, A;, A, have no common torsal form. The

system (7) for i = 1, 2, 3, 4 has no other solution than

1

wl = 3% =53

=x*=0.
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The points 4,, 4,, A,, have a common torsal form @,. The forms @, forn = 1,2, 3, 4
are linearly mdependent principal forms. It is possible to choose the forms ;
so that w; = @; holds.

It results that

(8) d4; = A, + Vw4, i+ k, i+r.

We shall assume that the line (4, 4,) belongs to the focal manifold of V3 in the
generator space P;. Then (3) yields
©) det (037, @37, xPp" + x'9}", xP@," + x¢") = 0

for all values of x?, x4.
From (9) we obtain

(10) =0, 9f=0,
and at least one of the following conditions

(11) 902" — 9’9" =0,
(12) ooy — ool = 0.

Let @, be the two-parametric Pfaff manifold of V% determined by the equations
@, = w, = 0.

Lemma 1la. Let the equations (10), (11) be satisfied. Then the focal manifold
of V3 in P; contains the line (A, A,). At all points of (4,, A,) the Pfaff manifold &,,
has the common four-dimensional tangent space.

Proof. From (10), (8) we easily obtain
(13) . d(xPA, + xU4,) = x"[¢}4,, + ¢pi4,] o, +
+ x[¢y"4,, + ¢’ A,] o, + (o) wds + ¢S w,A] +
+ x[olw,4; + oyw, 4] +(...), s*p, i+q.
(..) is the linear combination of 4,, 4,, A5, A,. The condition (11) implies
oA, + ¢PA, = O[9} 14, + ¢;’4,] .

© is the function of the parameters of the frame. The tangent space of ¢, at the
points xPA, + x4, is given by

Ala A2a A3’ A4v (Pp A + (p"qA

This space is four-dimensional and does not depend on x?, x%.
Let &, be the three-parametric Pfaff manifold of V3 determined by the equation

o0, + ¢y, =0.

Lemma 1b. Let the equations (10), (12) be satisfied. Then the focal manifold
of V3 in P; contains the line (A A,). The form ¢2"w,, + ¢%w, is the torsal form
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for all points of (4,, A,). At all points of (A,, A,) the Pfaff manifold &, has the
common tangent space.

Proof. The condition (12) yields
0, + 5o, = O[¢w, + ¢iw,],

where O is the function of the parameters of the frame.
From (13) we obtain

d(x?4, + x°4,) = ("0, + o¥w,) [x*4, + Ox74,] + [...].

[...] is the linear combination of Ay, A,, A3, Ay, A,, 4,. The form ¢¥"w,, + ¢} o,
is the torsal form of V3 at all points of (4,, 4,). At all points of (4,, 4,) the Pfaff
manifold @, has the common tangent space determined by A,, 4,, A3, Ay, 4., A4,
We shall solve the second case. We shall assume that the equations (10) and (12)
hold for all pairs of p,qe{l1,2,3,4}, p + q. The focal manifold contains the
edges of the tetrahedron 4,4,A4,4,.
According to (10), (12), the forms

qr __ ,aqm
(Pp w, = (pp

pr — pm pn
(/)qﬂ),.—(/)q cum'*'(pq w,

qn
WO + q)p Wy ,

are for each pair (p, q) linearly dependent.
It is possible to use the specification

ar, _ pro_
Pp W = Apg®pqs Pf = Agppq -

The equations of the frame are
(14) dA4; = wiA, + ;A,-jw,-ij ,

d4; = O}A, + DA,
W=, jJ*i.
Using the structure equations of P, we obtain from (14)
(1) (A0 = 2@)) A 0y + (0] = 2,@,) A 0, +
+ (Ao — Aud@p) A w0y =0,
(16) dd;; A w;; + Ay do;; = (w: - (T)j) A dijoy + @f A Ao, +
+ o A Loy + Ay, A B + Ayou A @,
dij; A @ + Ajdoy; = (0] — @) A Lo, + 0] A Aoy +
+ 5y A o + A0y A @) + Apwy A B

i, j, k, r are different numbers of {1, 2, 3, 4}. The equations (16) imply
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(17) [Ai; Ay — A;,dAy; + 40,(0f — o) + @ — @))] A o

= (Aidijof + Aﬁ,l,-,w) A W, — (lk,l,,w, + Aud@i) A oy +

+ (A 25007 + AAu@l) A @ + (Mhjof + AyAp®i) A @y = 0.
We denote by 44, A;jirr 25, @4, T'y; the following expressions:

Aije = Aadajrii + Apheidiy = Mijis

'likjr = '1iklkj}~jr1ri - lrjljk}*kilir = _)'rjkis
(18) Qf = Mo — }vu@; s

' ‘j = l,uw + A llkwk,

Iy = 2;dA,; — 4;d; + Ayd(of — o) + @) — @)) = —T;.
Using (18) we obtain from (15), (17)
(19) G Aw;+ B Aw,+ % Aw,=0,
(200 TIyArw;—QiAw,— B Ao+ Q5 A0, + Q% Aw,=0.

QJ, @, Q% are the principal forms.

Four of the six forms w;; (i % j, i,j€{1,2,3,4), w;; = w;;) are linearly indepen-
dent. We shall assume that w,,, w,3, w34, w4, are the independent forms. For the
remaining forms we obtain

(21) w3 = 220, + xPwy5 + #0054 + 2oy,
W4 = 0'?wy; + 0P wys + 0wy + 0*' 0y,
The equations of the frame have the following form:

(22) dA4; = wid, + A,01,4; + A3(x" 20y, + %30, + ey, +

+ % wyy) Ay + A404,4,,

d4; = 034, + 23,01,4; + 330,345 + Ay4(0 042 + 0%Pwy5 +
+ @**wsy, + Q“‘UM) Ay,

dd; = 034, + A3y (%" 2wy, + #23w,; + #*twy, + x*wyy) 4, +
+ 2305345 + A3a0344,,

dA, = 0fA, + 241041 A1 + Ag5(0" %05 + 0P wy3 + 0>y, +
+ 0" w4y) Ay + A43w344;,

d4; = OA, + @iA,; s,i=1,2,3,4.

We find the equation of the characteristic of V in the space P;. Let M = x4,
(i = 1,2, 3, 4) be a point of P;. Using (22) we obtain the following equation of the
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characteristic:

| x2Azy + xPA302" X145 + x*A400"% x'A45%"2 x*1240"?
\)‘3'131’c23 X3z + x*4420%% x'213%%° + x2Ay3 xPAp40%°

l x3 0373 x*4,0%* x'1353% + x4y x2240%% + X325,
:Exa)“ﬂk‘u + x*2yy x*2450%! xMAg5%t! x*2240*" + x'q4

This equation implies

(23)  (x")? X2 Ap4h10s + (x1)? 2 (@20 — @*%*%) Ay3dias —
— ()2 X3P A5 h0 45 — (x7)2 X3 (0¥ — 0415%%) Ayulyss —
= ()2 x'x*0**Ap3h142 + (%) X°x%@* A3 A034 — (¥°) x'x?%* ! A34hy52 +
+ ()2 xx*%1225,4145 — (x%)? x2x%(0 2% — 0*'%1%) A3y d535 +
+ (x*)? x'x20% 243 d1az — (%) x1x%(0! %623 — 0%3%1%) Aypdyas —
— (x*)? x2x%0 2 Ag 1 Agas + x1x2x[— (0123 — 0¥*%'2) Aysa —
(923 41 Q41“23) Al3a2 — /11234] =0.
Let i,, j, k, r be different numbers of {1, 2, 3, 4}. If A;;, = 0 holds, then the plane
x" = 0 belongs to the characteristic. We shall assume that 4;;, # 0 for all triples
i, J, k.
According to (18) the forms Qf, @}, for fixed i, j, k are linearly independent
combinations of ¥, @; (i + k).
From (18) we obtain

(24) Qi = ALQ% + BLQ};,
A 2t g
kij lkij

Each of the planes (4;, 4;, 4,) intersects the focal manifold of V'3 in S in three
lines (4;, 4;), (4;, A), (4r, 4;) and in the line p,.
These lines have the equations

(25a) xlk“ll 2(934 41 941x34) Ayg — x3x‘“l34 -0, x*=0;
(25b) x20414,, — 3(Q1z a1 941%12)) s — x%'20,, =0, x'=0;
(25¢) — X%y, + Xy, — (02 — 0P Ay, = 0, x? =0
(25d) 1(923 34 934%23) Ays — x20%% 2,5 + x%0232,, =0, x*=0.

Lemma 2. Let i, j, k, r be different numbers from {1, 2, 3, 4). The forms w,
j, are torsal corresponding to all points of p,.

ijo Dijys

Proof. Let M, = x'A4, + x?A4, + x3A4; be a point of P;. Then
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dM, = A [x%;,01; + x3231(x" 205 + 2P0, + x>0y, + % wyy)] +

+ Ay[x"p012 + XPA3,0,3] +

+ A3[x' A5 201z + 273023 + 2034 + 2 w04y) + x?A3023] +
+ Ay[x'A 4041 + X224(0" 015 + 0025 + 0**w3s + 0 w4y) +
+ x3A34034] + (-.) .

{...) is the linear combination of A;, A,, A3, A4. The forms w,,, W,3, wy3 =
_ 212 23 34 41 .

= 2w, + #*3w,; + x**w;, + x*'w,, are the torsal forms corresponding to M,
if the forms

1 2 12 23 34 4t 3
W12, W23, W13, X' 14041 + X2A24(0" 2015 + 02w,y3 + 03 w34 + 0 wyy) + XPA3,034

are linearly dependent. This comes true if (25a) holds. The point M lies on the line p,.

For the lines py, p,, p; the proof is similar.

We shall study the invariants of V and the existence theorem for V. The frame
of Vis given by the equations (22). The coefficients by 4;, i = 1, 2, 3, 4, in the first
four equations of the frame satisfy the equations (19), (20), (21) and the exterior
differentiation of (21). In accordance with (24) we obtain the following system:

(26)

@)

(28)

42

Q1 A g + Q7 A (20, + #3035 + 2wy, + 1M wgy) + 2 A 0y =0,
QAo+ 25 A0+ Q5 AV, + 0220, + 0wy, +

+ ¢*'wy) =0,

Q) A (%20, + #P3wy3 + 23 wa, + ¥ lwyy) + Q3 A w3 + Q5 A w3, =0,
Qi A wgy + Q5 A (0"wys + 0*2w,3 + 0¥ w3y + 0 wyy) + QA wy =0,
(T2 — %'2Q3, + 0'20Q1,) A 0y, + (—%2°23; + 2], + 0¥Q%,) A wy3 +
+ (=%*Q3 + 0**0Q1,) A wg + (—%*'Q3, — Q31 + 0*'Q1) A wyy =0,
(Qil + %'2Q3, — 912934) A @y + ("23921 - QZSQf‘t) A w33 +

+ ("34921 - 0**Q1, - Q34) A W34 + (F41 + %41Q3, — Q“Qf‘t) Awy =0,
(=93, — 0'2Q%, + %'2Q}3) A 0 + (23 — 07°0Q5; + #3Q55) A wy3 +
+ (“934ng + 2‘349;3 + 923) A W34 + ('“Q“ng + “41953) Awy =0,
(—%'2Q4;5 + '2Q3,) A @y, + (—%Q4; — Q4 + 0¥°Q%,) A @y +

+ (T3 — #3*Q4; + 0**Q3) A @34 +

+ (—"41913 + Q5 + 041924) A w4y =0;

(#'2I3 — 43,93 — B3,923,) A 012 + (€T3 + 43,91 + B};QL) A 0,5+
+(3*Ty5 + A$,Q1 + B1:Q12) A 034 +

+ (x*' Ty — A3,Q5 — B31Q3)) A w4 =0,



(29)

(Q”Fu - Aizgi - Bizg‘is) A g + (QZ3F24 - A3, - 322921) A 0z3 +
+ (@**I24 + A3.95 + Bg‘tggl) A W3g +
+ (%'l + A9 + 354953) AWy =0;
di di
[dx12 + x”(— /112 + o} — o3 + T B o + 5§>+ ():l Ao, +

12 _ 13

di _
+ [dx”+x“(———£+w§ - &% +
32 13

ol +ag>+(...)],\

di — di —
A W33 +[dx34+%34(— 2+ 0y - @) + 'S—w}+w§)+
34 13

+(...):|Acu34+I:dx‘“+x“<—%+w}——52+dl”—w}+

14 13

+ a§>+ (...)] A wuy=0,

d
[dglz + le (_ dl,, + (Di _ c_o} + A2
21 24

—-w§+62>+(...)]/\w,2+

+ I:dQ23 + 0% (— das + 0k — @3 + A2 - Wi+ Fui) + ( ):l A
)'23 24

y) dA
A W33 +[dQ34+Q34(—g—E+w1—E)§+ 24—a)§+c_ui>+

’143 24

di da
+(...)]Aw34+[:dg“+Q‘“(—_;‘l+cu2—6}+ 24wl +
41 24

+ a:)+ (...)] A gy =0.

The expressions (...) depend only on the forms wf, @}, i,k = 1,2,3,4, i + k.
The system characteristic of (26), (27), (28), (29) contains 12 forms Qf, i, k =
=1,2,3,4,i % k, 12 forms

(30)

Ly, + (], Tas+[-]s Taa+[.], Tag+[-1s
du'2 + {0}, de® + (L), et ), At (L,
do'? + {...}, do® + {...}, do®* +{...}, do** +{.])

and the linear combinations of 14 forms

(31)

3 4 4 3 2 3 4 1 1 1 2 2
QZla 9129 Qlla 941’ ‘Qlda Q14’ 932’ 923, ‘Q32’ 943’ 934v 9435 r13, F24 .

(The equations (24) are fulfilled.) The expressions [...] depend on the forms (31),
the expressions {} depend on o}, @i, dA,, i,k =1,2,3,4,i + k.
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The first twelve forms (31) and the forms @, i,k =1,2,3,4, i + k, are in-

dependent combinations of ¥, @\,

For simplicity of calculation we shall use the following short record of the equa-
tions (27), (28), (29):
(32) Pl Awg,+PyAwys+PiAwy +PyAw,=0, i=1234;
QL A®+ Q5 AW+ 05 AWy + Q5 Awy =0, ¢c=12;

Ri/\(D‘2+R§Aw23+Rg/\w34+Ri/\w4l=0, c=1,2.

The forms
(33) P}, P}, P3, P}, P}, P3, P, P3, 01, 03, 01, 03, 03, 02

are linear combinations of the forms (31) and the forms Qf, i,k = 1,2,3,4, i * k.
The determinant of the coefficients of the forms (31) in these combinations is equal to

_2u12x34x41923934041

This expression is in the general case not equal to zero, the forms (33) are independent
forms of (31) and ©}.
The forms Pi, P, P3, P:. Q!, Q7 are linear combinations of the forms (33) and
the forms Q.
We obtain the following result:
23 34
(o) Ph=C5 P+ G B~ BLPS 4 + 20 (—- 3 = x“) 03 +

3 23
a2 \Q

1 23 34923 2

24

12 1 1 B x23
Y oy (9” 2 - e”)m + 5 BLPt -
Q

e* o B},
B, »*? 23 %! B41 12 %> 23 1
B41P2+B31(Q ;TE_Q Ql—TlB 0 ;1—2—9 Qs —
1 IZB B %23
——3—(7{12—' 239 >Q2— 41_‘ 41 (Qz—l—z'— 923 Qi+()’
B, \ Q e Bz4 B x :
41 34 4 41
% % B;,4 X 1
Py === B3,P} — B3, Py + — Pi + =2 (" — 0** ;) Qs +
3= aa2sls TR B, Q Q By 3
1
+—4— —‘Q Q4+( )
B3,
41 Bl
P“::——lﬁgﬁ%lgg‘t(”l "MQ )P3+Ba4‘—’P4"B34P1
X0 B24 Q @
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41 41 12 41
X a1 [ % atYpt _ L2 %\t
+;1—2P1+ (Q F—Q 1 2 3 Q iz e 3

B3, B3,
41 gt 12 B! 12
_%_3_4<xu_xuga> §+%‘(%'2—x“%> 24 (),
Q°" By, Q B34 [
1 1 %23 x2® | x**Bi,
0y =——53BlsPy — B3 Pi+ — O 73—;Q1+
42
23 pé
®“° B31 2
+ g 2+ ()
24
1 o™ 1 0'? B! o'? B2
2 _ 1 e s 5o b o ne @7 Bay 01 27 Bis
0= % g% B3P + e B, Py + 3 B2, 0; &% B, 0; +

The expressions (...) are linear combinations of Q.

The system characteristic of (26)—(29) contains g = 38 forms @} (i * k, i, k =
= 1,2,3,4), (30) and (33).

For the integral elements of (26)—(29) we easily obtain

sl=S2=12.

Let us study the integral element ;. We use the polar system to the system (26),
(27), (28).

Let ui,, u3;, ui4, udy, s = 1,2, 3,4, be the vectors of the values of the forms
©y3, Wy3, W34, W,,. We denote by c&' the coefficients of P), (m,n = 1,2,3,4)
on the right hand sides of the equations (34). Similarly we denote by ¢ (p, q=
= 1,2, 3, 4,5, 6) the coefficients of QJ, on the right hand sides of these equations.
Using the equations (34) we get:

(35a)  ui,0QF + (x'2ui, + x?Pul; + *uly + xMuly) QF + U501 =0,
U129 + u33Q3 + (0'%uls + 0Puj;s + **uls + 0*'uly) 23 =0,
('2u, + %23uly + 23*ud, + x*'ugy) Q) + 3305 + ul,Q =0,
uj; Q; + (Qu“iz + 0¥%ul; + 0**ul, + Q““fu) QF +u3,Q; =0,
(35b)  u$,P! + uls[ch2PE + c12P2 + 6202 + 2202 + ()] +
+ (u34 + c3'u3;) Py + uyy Py =0,
W,[C0PY + 2P 4 3*PY + G0 + 2104 + 2208 + 202 +
+ (--)] + (Ss + c3?ui,) PE + u3, P + u§,P; =0,
ulaP} +u3sP3 + usy[c3'Py + Py + &30 + &' 0L + ()] +

+ (u3y + c3’us,) P2 =0,
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(ui; + ct*uyy) Pt + u33P5 + ui P + u§y[c3' Py + c2*P) + ¢i*P} +
+ 01 + 83103 + 85703 + 8?04 + ()] =0, |
ui2 Q1 + u3s[3’P; + c°Py + G707 + 63704 + ()] +
+ u3405 + (uiy + c3'u35) 04 =0,
uio[e§'Py + cf*PY + &101 + 83105 + ()] + 3307 +
+ (u3s + &5%u3y) QF + 43,05 = 0.
The 30 equations (35a), (35b) contain 30 independent forms. If these equations are
linearly independent, then there exists only the trivial solution of (35a), (35b).
By 4,,, 4,3, 434, 4,; we denote the following determinants:
4y, = ("szsa U3g, Uat)s A2z = (u’34, Ui, U3y), Ass = (ug1, ui2s u33) s
44y = (“iza U33, U3s) -
Generally, the equations (35a) have the solution Qf = 0, i % k. Another solution
exists in the following special cases:
#P3A34 + #2433 = 0, 044 + 0434 =0, x'?44 + x*'4;, =0,
0'%433 + @¥°4,, = 0.

By using Q% = 0, i + k, it is possible to find the solution of each triple of equations
(35b). We obtain

P} = x,4y;, c3*P} + ci’P} + 6703 + 63703 = —x( 4y — %.¢3' 434,
Pe‘; = %434, P}. = —%3441,
PPy + ci*PY + o3*P; + €101 + &3040 + 63700 + &70% =
= 2,415 + #2657 A33, Pj = —x453, P} =143, Pj= —%44,
P} = x34y,, P} = —u3d55, c3'Py+c}'Pi+ 8305 +2'QL =
= %3434 + %3644y, Pl = —%344,
P} =44y, Py = —n4dyy, P53 =445, ¢§'P3+ ci’PQ+ c’P} +
+ 801 + &) Q:la + 63705 + &% = —Hg4dgy — %aCi* Ay,
Q1 = %54y, €3°P) + PP+ €703 + &70% = —%shys + %583 Ayy
Q; = %5434, Q}; = —%sdy4y,
S'P5 + §*P} + 61101 + 63105 = %61z — %685 34
07 = —x64,3, 03 = %6434, 0i= —%ed4y -

The values x;, i = 1, 2, 3, 4, are linearly dependent. We obtain
(23 + c3'd3) %y + (—c3?dy3 + 3% 434) %, + (7455 + 5;2434) xg =0,
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(=41; = 3243) sy + (—ci®Aar) 3 + (*4,; — c3*455) % +
+ (@4, — T Aay) #s + (—€3%453 — €2 44,) %6 = 0,
(C§1A34 - 031A41) %y + (—A34 - 023441) ®3 + (5:3;1434 - E’ZIAM) s =0,
31 Asas + (1412 — €iPA4y) %3 + (A41 + ci*45) %a +
+ (€' 4y, + 63" 430) #s + (637434 — €874, #6 = 0,
=32 x5y — P Agyns + (23 — &' Aan) %5 + (—23%453 — €37 44) %6 = 0,
3 Ayqny + c$tAyymy + (65" A1 + 85 A3g) 35 + (=42 + 32 434) %6 = 0.
The determinant D of the coefficients of »;, i = 1, 2, 3, 4, satisfies the equation
D = 4912x23(%12u23x34x41912023934941)—1 (9341123 + QZ3A34) .
(¥4, + %124,3) (““434 + “34441) (QuAu + 0*'4,5).
. [_(_Q4Ix12 + 912x41) A23A34 + (—923%12 + 912x23)A34A41 +
+ (—9419{34 + 934M41)A23A12 — (_923%34 + Q34x23) A12A41] .
This expression is equal to zero only for some special choices of-u3,, u33. u3,, uj;-
In the general case the system has the trivial solution »; = 0, i = 1,2, ..., 6, only.
The equations (35a), (35b) are linearly independent. Each of the equations of (29)
contains 4 forms of the system (26)—(29), these forms are not contained in the other
equations. The polar system adjoint to &5 of (26)—(29) contains 36 linearly indepen-

dent equations.
For the characters of the system (26)—(29) we obtain

Sy =8, =853=12, 5, =38-36=2.

By using Cartan’s Lemma in the equations (26) it is possible to calculate Qk
(i, k=1,2,3,4,i % k) as linear combinations of the forms w;. We denote the 24
coefficients of these combinations by

oy o =oah,; g,he{l,2,3}.
Similarly, using Cartan’s Lemma for the equations (32) we obtain
(36) P} = Bliwy; + Biay3 + Bl3wss + Brawsy s
0r = Y1®12 + Vra®a3 + VraWas + Vraag s

R = Yi10y; + Vi3 + Yr303s + Yrawsy,

i=1,234, c=12 r=123,4,
B:s=ﬂ:r’ ?fs=7s°r’ ‘//:s='lJ§r’ s=1,2,3,4.

Substituting these results into (34) and comparing the coefficients of w12, @235 @34-
w4, We get
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(37 =B +(.)=0, =B, +(.)=0, —B}p3s+(.)=0,
—B},B3 + (.)=0,
—Bi + (.)=0, —B,B3, + () =0, —Byf3;+ () =0,
—Bli+(.)=0,
-B3 By +(.)=0, =B +(.)=0, =B +(.)=0,
3;35314 + () =0,
—Bip3 +(..)=0, —=Byp}:+(.)=0, —Bis+(.)=0,

—Bis + () =0,

1 %?3 1 2
_722‘*‘[...]:0, 'FI}’44+[...]=0, —')’11"'[...]:0,
12

Q
E?g:, + [.] = 0,

Y - -
—V12 + F)’m - F'{?u +'Q‘4—1"1)’14 +{..} =0,

. x23 " %23 ) x23 )
=723 + F?u - 9—23‘ Ay33 + I M+ {.}=0,

12
() l (A) ')’23 _yl2 2347§3+{} =O’

X

LS

)t 1 ¢! 1 2 e »
x—lz‘(l)_l Y1a — 'K:,—,‘(}*)—l Yaa — V14 t E_ﬁ?u +{..}=0.

<,1 - il_zi’lﬂ) _

1'234}‘412
Each of the parameters B34, B2, B33, B3s» Bi1s B22> B335 Bias Bars B32: B33, Biss Biys
Bi2, Bis, Bis is contained in one equation of (37) only. These parameters are not
contained in the expressions (-..)- The expressions [---] {} do not contain the
parameters 73, V14> V1, 733 {--.} do not contain y15, yiss 723, V34> Vizs Vias V33> V-
The equations (37) form a system of 24 independent linear equations of the coef-
ficients of (36) and o,

The integral element g4 of (26)—(29) depends on N = 24 + 40 + 20 + 20 —
— 24 = 80 parameters. We have s; + 2s, + 3s; + 454, = 80 = N. The system
(26)—(29) or (26), (32) is involutive, s, = 2.

Lemma 3. The manifold V depends on two functions of four parameters.
The forms (33) and Q¥ are principal forms. It is possible to calculate the forms (31)
as functions of the forms (33) and Qf. The forms (31) are principal forms, too.
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Accordmg to (18) (27), (24), (28), the forms Q% (i, k,r = 1,2,3,4, i+ k, k +r,
i*r), o}, @F (i,k=1,2,3,4, i + k) and the forms Ti2: 733, T34, Tags 13, Tay
are principal forms,

Let i, j, k, r be different numbers from {1, 2, 3, 4} The forms

! ry+ ! e+ 1 Iy, = Aidutus g Foduilsi
j'ij)‘ji 'ljk}'kj )uu'/lik }»iklkj}wi )‘ij’ljk)'ki
1 1 1
— Ty +—— T+ —— 1 — I, +—1I,, =
l‘.l)‘.ll k)'k,; A'kr rk /1,,/1,,

- Aijljklkr ri d j'if-)“rk)'kjj'jl'
j'A'r)'rkj' A j’l‘jljk)’krlfi

kj’rji

are principal forms. The functions

_ Aiklkjlji J rk}“kj ji
k= T ijkr = L
Aijljklki 2’ )'Jk}’kf ri

are invariants of V. We have
Jijk . Jkri = Jijkr .
We shall characterize geometrically the invariant J;;. The equation‘sﬂ w;, =
= wj, = wy, = 0 determine on V the one-parametric Pfaff system &,. This system
satisfies

= Lo, w;

ik = Ika’ 0y = o .

w is a principal form, I,J, Lixs l,k are functions of the parameters con51dered For
this system we have

d4; = s + (A,JIUAJ + Aalud) o,

dA; ‘A + (Al A + AplpAy) o,

dA, = wid, + (Milyd; + Mjlpd) o, s=1,2,3,4.
In the five-dimensional space (4, 4,, A3, A4, A;, A,) we shall define four-dimension-
al spaces Ty, Ty, T, T, with the common three-dimensional space (4;, 4,, 43, 4,):

(38) T, = TV, A)n T(V, A) 0 T(V, 4,),
T, = T(V, 4)n T(V, A)n T(V, 4)),
Ty = T($,, 4;) »

T, = [T(®,, 4;) U T(®,, 4)] n [T(V, 4) n T(V, 4,)] -
From (38) we obtain | |
(39) ATy, ATy, Ajlyd;+ Aglyd, = T;,
' Ml n Ay = Aphludp A < T

Lemma 4. The anharmonic ratio of Ty, Tz, T3, T, is equal to —Jijie
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Proof. In accordance with (39) it suffices to calculate the anharmonic ratio of the

points

A Ay, )'ijlijAj + AuluAy, ljilkjlijljkzj - jk)‘kilikljkAk .

This anharmonic ratio is equal to —J ;.

From the equations (29) we obtain that the forms
dx'?  dx?d  du** dx*' dA,,  dAy,  dAy, dig,
T T e T el + - + =
X X X x A1z A3z A3a 214
_ ”23”41)‘1 2134 x12%34/{32114

- ’
x12X34l32114 x2.3x41112134

do'? _ do?? + do3* _ do*! _ di,, + di,, _ dlss + dls, _
12 23 34 41 J) J) J) P -
Q Q Q 21 23 43 41

_ 0*%0*' 221443 d 020> 22304,

Ql 293412 3h41 9239“121143

0

are principal forms.
The functions

I\ = %' 25> 232414 e = 0'%0** 22304,
13 = , =Sy al
x”;{“llzl“ 923941/121143
are invariants.
Lemma 5. The anharmonic ratio of Ay, A, py N (Ay, A3), p2 N (A4y, 43) is equal
to J 3, the anharmonic ratio of A,, As, p3 0 (A;, Ay), py 0 (A, Ag) is equal to J 4.

Proof follows from (25 a—d).
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Souhrn

SPECIALNf GRASSMANOVY VARIETY V% V PROJEKTIVNIM PROSTORU P,
Joser VALA

Jsou nalezeny né&které vysledky v geometrii &tyfparametrickych variet tfirozmérnych prostort
v projektivnim prostoru P,. Jsou studovdny vlastnosti t&hto variet, jejichZz charakteristiky
obsahuji pfimky. Zvla§t& jsou nalezeny vlastnosti variet, jejichZ charakteristiky obsahuji pfimky

tetraedri.
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Pe3some

CINENUAJIBHBIE MHOI'OOBPA3UA 'PACMAHA Vg
B ITPOEKTUBHOM ITPOCTPAHCTBE P,

JOSEF VALA

HaiineHsI HEKOTOpbIE pPE3yJbTaThl B TEOMETPUM YeTHIPENAapaMeTPHYECKOTO MHOrootGpasus
TPEXMEPHBIX NMPOCTPAHCTB B IPOCKTHMBHOM NPOCTPaHCTBe P,. PaccMaTpuBaloTCs CBOHCTBA 3THX
MHOT000pa3mii, KOTOPHIX XapaKTEPUCTHKH COAEPXAIOT npsmMble. OcoGEHHO HalIeHBIH CBOMCTBA
TaKHX MHOroo6pasmii, XapaKTepMCTHKM KOTODHIX COJEpxkaroT pebpa TeTpasapos.

Author’s address: Katedra matematiky a deskr. geometrie stavebni fakulty VUT, Barvi¢ova
85, 662 37 Brno.
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