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113 (1988) ČASOPIS PRO PĚSTOVÁNÍ MATEMATIKY No. 1, 80—87 

HYPERGRAPHS AND INTERVALS, III 

LADISLAV NEBESKÝ, Praha 

(Received December 18, 1985) 

Summary. Similarly to author's papers „Hypergraphs and intervals" and Hypergraphs and 
intervals, IV a projectoid means an ordered pair (V, «?), where V is a finite nonempty set, £ is 
a set of nonempty subsets of V, and Vcan be ordered as a sequence(vl9..., v.Kj) in such a way 
that for each E e S9 there exist i,je {1, .. . | V|} such that i ^ jandE= {v , ..., v } . In the present 
paper special kinds of projectoids (called 2>projectoids and active Z-projectoids) are studied. 

Keywords: hypergraph, sequence of vertices. 

AMS Classification: 05C65. 

The present paper is a free continuation of papers [1] and [2]. However, the 
results of Parts 1 and 2 of the present paper are independent of the results of [1] 
and [2]. 

0. Let X and X' be arbitrary sets. If at least one of the sets X — X', X n X', and 
X' — X is empty, we write X ~ X'. Otherwise, we write X ^ X'. 

By a nonempty sequence we shall mean an arbitrary finite sequence (ul9 ..., um), 
where m = 1. If a = (vl9..., vn) is an arbitrary nonempty sequence (n _ 1), we 
define 

<a> = [v; there exists i e {1, ..., n} such that v = vt} . 

If a1 = (vll9 ..., vlni), ...,ak = (vkl9..., vkni) are nonempty sequences (where k _ 2 
and nl9 ..., nk = 1), then the sequence 

(vll9..., vlni, . . . , vkl, . . . , vk„k) 

will be denoted by a1 . . . <xk. Moreover, we introduce the empty sequence co satisfying 
ato = a = coca for any nonempty sequence a, and coco = co. By a sequence we shall 
mean either a nonempty sequence or the empty one. 

Let V be a finite nonempty set with n elements. We denote by V# the set of all 
sequences (vl9..., vn) such that 

<(v1,...,v„)> = V. 

Obviously, |V*| = n\ (note that if X is a finite set, |X| denotes the number of its 
elements). Let a e V*; we say that a set I is an interval set in a if there exists a non­
empty sequence i and sequences /? and y such that a = piy and / = <*>; we denote 
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by Int (a) the set of all interval sets in a. If A s V* and A 4= 0, then we denote 

Int (A) = f| Int (a) . 
aєA 

Similarly to [1] and [2], by a hypergraph we mean an ordered pair (V, S)9 where V 
is a finite nonempty set and S is a set of nonempty subsets of V. If H = (V, <̂ ) is 
a hypergraph, we write V(H) = V and <f(H) = S. If H = (V, <f) is a hypergraph, 
then we denote 

n(H) = {aeV*; S £ Int (a)} . 

We say that a hypergraph H is a projectoid if n(H) 4= 0. 
The following definition can be motivated by some results of papers [1] and [2]. 

Let H be a projectoid. We shall say that H is a .T-projectoid if the following con­
ditions hold: 
(1) V(H)eS(H), 
(2) if v e V(H), then {v} e S(H)9 and 
(3) if E9 E' e S(H) and E ~ E'9 then Eu E'9 E n E'9 E - E'e S(H). 

Theorem 2 in [1] can be reformulated as follows: 

Lemma 0. IfH is a I-projectoid9 then S(H) = Int (H(H)). 
Let Vbe a finite nonempty set, and let A := V*, A 4= 0. It is obvious that (V, Int (a)) 

is a Z-projectoid for each a e A . Combining this fact with (1) —(3) we can easily 
get that (V, Int (A)) is also a X-projectoid. This observation together with Lemma 0 
gives the following result: 

Theorem 0. Let V be a finite nonempty set9 and let H be a hypergraph such that 
V(H).= V. Then H is a I-projectoid if and only if there exists a nonempty subset A 
of V* such that S(H) = Int (A). 

1. Let if be a .T-projectoid. We denote 

&(H) = {F e S(H); F ~ E for each E e S(H)} . 

For every F e &(H)9 we denote by JfH(F) the set of F' e &(H) such that F' is a proper 
subset of F and if F" e &(H) and F' c F" c F, then either F' = F" or F" = F. 
Clearly, if F e &(H)9 then JfH(F) 4= 0 if and only if |F| = 2. Moreover, we denote 
by J^*(H) the set of all F e ^(H) with the property that there exists a proper subset M 
of JfH(F) such that \jl\ = 2 and 

[JF'eS(H). 
F'eJt 

Let F e &(H) such that JfH(F) 4= 0, and let a e H(H). There exists exactly one 
sequence (F l 5 . . . , F„) e (.yVH(F))* such that there exist sequences cpl9..., (?„, /?, and y 
satisfying 

<<Pi> = ^i> •••> <<?»> = F« > a n d a = M ••• <Pn7 • 
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We denote the sequence (Fl9..., Fn) by SH(F9 a) and the set 

{F . .U. . .UF ; ; 1 = i<j = n9 j - i < n - 1} 

by ^H(F, a). 
The following theorem shows that if H is a T-projectoid, then «f (H) can be derived 

from &(H)9 &*(H)9 and one arbitrary a e IT(H). 

Theorem 1. Let H be a I-projectoid, and let a e H(H). Then 

£(H)-F(H)= U ^H (F , a ) . 
Fe&*(H) 

Proof. If H0 is a Z-projectoid and a0 e n(H0)9 then we denote 

4H 0 , a0) = U ^H0(^o, O • 
F0e^*(Ho) 

We wish to prove that S(H) - &(H) = J2(H, a). 
We proceed by induction on |V(H)|. The case when |V(H)| = 1 is obvious. Let 

|V(H)| > 1. Assume that for every T-projectoid H' such that |V(H')I < \V(H)\ a n d 

every a' e H(H')> it has been proved that S(H') - 3F(H') = J2(H', a'). 
We distinguish two cases: 

Case 1. Assume that there exists no Fe&(H) such that 1 < |F| < \V(H)\. If 
3F*(H) = 0, then S(H) - &(H) = 0 = J2(H, a). Let &*(H) * 0. Then ^*(H) = 
= {V(H)}. It is obvious that g(H) - &(H) c J2(H, a). We shall assume that 
£(H9 a) - (g(H) - i^(H)) 4= 0. Consider such X e £(H9 a) - (S(H) - ^ (H ) ) that 
for each X' e £(H9 a) - (S(H) - &(H))9 \X'\ = \X\. Denote 

a = (vl9 ...9vn). 

There exist f, he { 1 , . . . , n} such that 1 = / ^ ft = n and that X = {i?y,..., i^}. 
Since X $ &(H), we have / < ft and ft - / < n - 1. 

Assume that 1 < / a n d ft < n. As follows from the maximality of |K | , {vl9..., vh
y, 

{vf, ...,vn} e S(H). Since H is a T-projectoid, it follows from (3) that 

{vl9..., vh} n {vf9..., v„} e <f (H) , 

which is a contradiction. This means that either / = 1 or ft = n. Without loss of 
generality we assume t h a t / = ! . 

According to (2), {vt} e S(H). We denote by g the maximum integer not exceeding 
ft such that {vl9..., vg} e S(H). Since ^*(H) = {V(H)}9 there exists E e £(H) such 
that E ^ E' for at least one E' e S(H). By the assumption of Case 1, there exists 
no Fe&(H) such that 1 < |F| < |V(H)|. The fact that H is a .T-projectoid implies 
that there exist El9 E2 e S(H) such that E1 ~ E2 and Etu E2 = V. Therefore, 
either # ^ 2 o r f t + l ^ n — 1. Moreover, we get {vg+l9..., vh+1} e S(H). Since 
{vg+1, ...,vh+1}^^(H), there exists E0eS(H) such that F0 ^ {vg+l9..., t ^ + 1 } . 
Clearly, either (i) E0 ~ {vl9..., vh+1} or (ii) £ 0 <= {vl9..., ^ + 1 } and v0, vg+1 e F0. 
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Therefore, there exists fc, g + 1 ^ fc ^ h - 1, such that {i>l5 ...,1?*} e <£(#), which is 
a contradiction. Thus, <f (H) - J^(H) = J(H, a). 

Case 2. Assume that there exists F0E&(H) such that 1 < |F0 | < |V(H)|. Then 
there exists F G ^(H) such that 1 < |F| < |V(H)| and that for every F' e &(H) the 
inequality |F ' | < |F| implies |F ' | = 1. There exist sequences j3, y, and cp such that 
a = Pcpy and <(/>> = F. 

We denote by HF the hypergraph defined as follows: 

V(HF) = F and S(HF) = {EE S(H); E c= F} . 

It is easy to see that HF is a .T-projectoid, cp e H(HF), ^ (H F ) = &(H) n cf (HF), 
^*(Hp) = &*(H) n <T(HF), and £(HF, cp) = £(H, a) n ^(HF). Since |F| < |V(H)|, 
according to the induction hypothesis S(HF) — ^(HF) = l(HF, cp); thus 

(4) (*(ff) - 3F(H)) n <f(HF) = £(H, a) n <T(HF). 

Consider an element x such that x $ V(H). We denote by HF the hypergraph 
defined as follows: 

V(HF) = ( V - F)u{x} and 

4HF) = {£-; Ft e 4H), F! n F = 0} u 
u {(F2 - F) u {x}; F2 G S(H), F ci E2} . 

We can easily see that HF is a Z-projectoid and /?(x) y e n(HF). Moreover, we can 
see that 

^(HF) = {F i ; Ft e /^(H); F! n F = 0} u 

u {(F2 - F) u {x}; F2 G &(H), F <= F2} and 

F*(HF) = {F i ; Fx G J^*(H), Fi n F = 0} u 

u {(F2 - F) u {x}; F2 c= 3?*(H), F s F2, F * F2} . 

Since |V(H0l < 1^(^)1* il follows from the induction hypothesis that <f(HF) -
- F(HF) = ^(HF, jS(x) y). This implies 

(5) (S(H) - F(H)) - g(HF) = 2(H, a) - F(HF) . 

Combining (4) and (5), we get S(H) — !F(H) = £(H, a), which completes the proof 
of Theorem 1. 

Corollary. Let Ht and H2 be I-projectoids such that V(Ht) = V(H2)
 an^ n(Hi) n 

n H(H2) #= 0. Then ^Hj = S(H2) if and only if^(Ht) = &(H2) and &*(H?) = 
= J^*(H2). 

2. Let V be a finite nonempty set. If A c V*, then we denote by Stab (A) the set 
of all X e Int (A) which possess the following property: 
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(6) if <ph £h and i/̂ - (for i = 1 and 2) are arbitrary sequences such that (pi^ij/i, 

^2^2^2 e -4 a n d <£i> = X = < £ 2 > , t n e n 92^1^2 e -4. 

Lemma 1. Lef V be a finite nonempty set, and let A _= V*. Then (V, Stab (A)) 
is a I-projectoid. 

Proof. Denote HA = (V, Stab (A)). According to Theorem 0, HA is a projectoid. 
It is obvious that Ve Stab (A) and that {v} e Stab (A) for each v e V. Let X, y e 
e Stab (A), X i-* y, and let Z e {X u Y", X n y, X — y} . Consider arbitrary sequences 
<£>,•, C», a n d i/̂ i for i = 1 and 2 such that 9iCi^i» ^2(2^2 G <4> anc* <Ci) = Z = <C2>. 
We wish to show that <p2Ci^2 E A. 

Since X u y, X n Y9 X — y, y — X e Int (A), there exist sequences Qh ph yh 5h 

and <ji for i = 1 and 2 such that 

QjPjVjSjffj = pyf/^y , for 7 = 1 and 2, and 

(<ftyk>, <?A>} = {X, Y}> for fc = 1 a n d 2 . 

Without loss of generality we assume that X = OS^i) . Therefore, y = <7i<5i>. 
Let X = <y2^2>. Then Y= <p2y2}. Since X e Stab (A), it follows from (6) that 

QiPiPxix^i^A. 

We have <j82> u <^i> = ( y - X) u ( 7 n X) = Y. Since <)S1> = X - Y9 px is 
a nonempty sequence. Thus 

y^Int(o2 j52 j5iy^2) , 

which is a contradiction. This means that X = <j32y2>, and therefore, Y = <y2<r2>. 
Recall that QiPiyfiptf A for i = 1, 2. Since <jS,yy> = X for j = 1, 2, it follows 

from (6) that 
Q2P1y162a2 e A . 

Analogously, since <yfc<5fc) = y for fc = 1, 2, it follows from (6) that 

Q2p2yJ>xo2 e A. 

Since <J?iVi> = <j52?i>, the fact that Q2Piy152a2i Q2P2yiSla2 e A implies 

Q2PlyiSi(T2eA. 

Since <7io*i> = <Vi^2>, t n e fact that Q2Piyi$2(r2, Q2P2yi&i<*2 e A implies 

QzP2y 1^2(^2 e -4 . 

Finally, since (y2S2y = <Vi<5i>, the fact that Q2P2y2S2a2i Q2PiyiSl(72 E A implies 

Q2piy252(72 e A . 

Since Z E{X v Y9X n Y,X — Y}9 we have (p2Ci^2 e -4. Hence, if A is a .T-projectoid, 
which completes the proof of the lemma. 
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We shall say that a Z-projectoid H is active if c/V#(F) n ^*(H) = 0 for each 
F e ^*(H). 

The statement of the next theorem is analogous to that of Theorem 0. In the proof 
Theorem 1 will be used. 

Theorem 2. Let V be a finite nonempty set, and let H be a hypergraph such that 
V(H) = V. Then H is an active I-projectoid if and only if there exists a nonempty 
subset A of V* such that S(H) = Stab (A). 

Proof. (I) Assume that His an active X-projectoid. Consider an arbitrary a e 17(H). 
For every F e J^(H), we introduce a set A(F) as follows: 

(i) Let c/V//(F) = 0. Let x denote the only vertex of F. Then we put A(F) = {(*)}. 
(ii) Let JVH(F) 4= 0. Let (F1? ..., F„) denote SH(F, a). If F e #"*(H), we put 

A(F) = {(Pi • • • <Pnl <Pi e A(Fi)> • • •> <Pn e ^ ( F *)} ; 

if F £ &*(H), we put 

A(F) = {(?!. . . (?„; either <?-. e A(Ft), ...,cpne A(Fn) or 

(PleA(Fn), ...,(PneA(F1)} . 

Moreover, we denote A = A(V) and HA = (V, Stab (A)). According to Lemma 1, 
Hx is a T-projectoid. 

The definition of A easily yields that 

(7) &(H) £ <f(#A)> and 

(8) if F e ^(H), JVH(F) 4= 0, and there exists Z e <f (HA) such that Z is the union 
of at least two but not all elements of JTH(F\ then F e #"*(H), Z e @H(F, a) 
and &H{F9 a) c ^ j j j . 

We wish to show that g(H) = Stab (A). To the contrary, let S(H) 4= Stab (A). 
Combining Theorem 1 with (7) and (8), we get that ^(H) - ^(HA) 4= 0. Hence, 
there exist X e Stab (A) and F0 e ^(H) such that X * F0. Consider such F e J^(H) 
that X e F and for any F' e &(H), if X c F' c F, then F' = F. Obviously, 
^H(F) 4= 0. We denote SH(F, a) by (G1? ..., Gm). Since X ~ F0, there existf and h, 
1 g f < h <J m, such that 

Gr n X =j= 0 4= Gh n X, 

Gg c K for each g,f < g < h, and either G ; ^ I or GA * X. 

Without loss of generality, let G r ^ K. Obviously, ^VH(^/) 4= 0. We denote SH(Gf, a) 
by (A- •-., J„). Since X n G / + 1 4= 0, there exists i, 1 ^ i ^ «, such that 

J* .= K for each k,i<kf^n, and if i = 1, then Jt- OP X . 
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If i = 1, we put d = 2; if / = 2, we put d = i. According to (7), ̂ (H) c Stab (A). 
Since H^ is a T-projectoid, it follows from (3) that 

J ( l u . . , u J . u G / + 1 u , . , u G i e Stab (A) . 

It follows from (6) that F, Gf e #"*(H). This implies that H is not active, which is 
a contradiction. Hence, S(H) = Stab (A). 

(II) Assume that there exists A ^ V* such that S(H) = Stab (A). According to 
Lemma 1, H is a .T-projectoid. We wish to show that H is active. To the contrary, 
we assume that there exist F, G e ^*(H) such that G e JVH(F). According to the 
definition, Stab (A) _= Int (A). It follows from the definition of a projectoid that 
A ^ n(H). Consider an arbitrary ae_4. Denote SH(F, a) = (F1?..., Fn). Since 
F e ^*(H), m = 3. Without loss of generality we assume that there exists k, 1 ^ 
= fc = m - 1, such that G = Ffc. Denote SH(Fk, a) = (G l 5 . . . , G„). Since F, G e 
e ^*(H), Theorem 1 implies 

(9) Sif(F,a') = (F1,...,Pm) and SH(Fk9a') = 

= (G l 5 . . . , Gn) , for each a' e .A . 

Since Gn, Ffc+1 6 Stab (A), it follows from (6) and (9) that G„ u Ffc + 1 e Stab (A). 
Since G ̂  Gn u Ffc + 1, G ^ ^(H), which is a contradiction. Thus, H is active, which 
completes the proof. 

Remark. The subject of the present paper has its origin in the author's study of 
combinatorial properties of linguistic notions. 
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Souhrn 

HYPERGRAFY A INTERVALY, III 

LADISLAV NEBESKÝ 

Podobně jako v autorových článcích ,,Hypergraphs and intervals" a „Hypergraphs and 
[intervals, 11" se i v tomto článku projektoidem míní uspořádaná dvojice (V, «f), kde V je konečná 
neprázdná množina, £ je množina nějakých neprázdných podmnožin množiny V a konečně kde V 
může být uspořádaná do posloupnosti (v^ ..., VJKJ) takovým způsobem, že pro každé Eeď 
existují iyje {l,..., | V|}, že / ̂  / a přitom E= {v,-,..., v^}. V tomto článku se studují zvláštní 
druhy projektoidů (27-projektoidy a aktivní .T-projektoidy). 
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Peзюмe 

ГИПEPГPAФЫ И ИHTEPBAЛЫ, 111 

LADISLAV NEBESKÝ 

Kaк и в cтaтьяx aвтopa,,Гипеpгpaфы и интepвaлы" и ,,Fипepгpaфы и интepвaлы, II", тaк 
и в этoй paбoтe пpoeктoидoм нaзывaeтcя yпopядoчeннaя пapa (V, ď), гдe V— кoнeчнoe нe-
пycтoe мнoжеcтвo, ď — нeкoтopaя cиcтeмa нeпycтыx пoдмнoжecтв мнoжecтвa V и элeмeнты 
мнoжecтвa Vмoжнo pacпoлoжиь в пocлeдoвaтeльнocть (vj,..., V|Ҝj) тaким oбpaзoм, чтo для 
кaждoгo Ee <f cyщ^cтвyют i,jє {1,..., | V|} тaкиe, чтo i í í / и E= {vf,..., Vj}. B нacтoящeй 
cтaтьe изyчaютcя cпeциaльныe виды пpoeктoидoв (.27 — пpoектoиды и aктивныe iľ — пpoeк-
тoиды). 
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