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On absolute summability factors for |N,p,|;, summability

HUSEYIN BOR

Abstract. In this paper a theorem on |N, pp |, summability factors, which generalizes a the-
orem of Mishra and Srivastava [MS] on [C, 1], summability factors, has been proved.
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1. Introduction.

Let Y °5° an be a given infinite series with partial sums (s,). By ul we denote
the n-th Cesaro mean of order § (§ > —1 and ¢ is real) of the sequence (sp). The
series > ay, is said to be summable |C, |, k > 1, if (see [F])

o0
k—1,, 6 § k
(1.1) Z n" " Huy, — up_1]" < 0.
n=1
Let (py) be a sequence of positive real constants such that

n
(1.2) Pn:ZpuHoo as m — oo.

u=0

The sequence-to-sequence transformation

1™
(1'3) tn = P_n Zopusu
u=

defines the sequence (t,) of the (N, p,) means of the sequence (sy,), generated by
the sequence of coefficients (pn) (see [H, p. 57]). The series > ay is said to be
summable [N, p,|i, k > 1, if (see [B])

o0

(1.4) > (Pa/pn)Htn — tnoa|F < oo

n=1

In the special case when p,, = 1 for all values of n, | N, p,|;, summability is the same
as |C, 1| summability.

Let K be a positive constant. If g > 0, then f = O(g) means |f| < K - ¢g and
f =o(g) means f/g — 0 (see [H, p. XVI]).
2. Mishra and Srivastava [MS] proved the following theorem for |C, 1|;, summabil-
ity.
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Theorem A. Let (X,) be a positive non-decreasing sequence and be there se-
quences (Bp) and (A\y) such that

(2.1) [AXn| < B,
(2.2) Bn— 0 as n — oo,
(2.3) [An|Xn =0O(1) as n — oo,
o0
(2.4) Z nXn|Aln| < .
n=1
If
1
n=

then the series  , apAy is summable |C, 1|,k > 1.

3. The aim of this paper is to generalize Theorem A for |N,p,|; summability.
Now, we shall prove the following theorem.

Theorem. Let (X,,) be a positive non-decreasing sequence and the sequences (Ap,)
and (By) are such that conditions (2.1)—(2.3) of Theorem A are satisfied. Further-

more, if
o
(3.1) > PuXn|ABn| < oo,
n=1
o~ P
(3.2) > P—Z|sn|k = O0(Xm) as m — oo,
n=1
and
(3.3) 1=0(pn) as n — o0

then the series Y ap Ay is summable [N, pp |, k > 1.

Remark. It should be noted that if we take p, = 1 for all values of n, then
the conditions (3.1) and (3.2) will be reduced to the conditions (2.4) and (2.5),
respectively. Also notice that in this case condition (3.3) is obvious.

4. We need the following lemma for the proof of our theorem.

Lemma. Under the conditions of the theorem, we have

(4.1) P, Xpfn =0(1) as n — oo,
(4.2) anXnﬁn < 00,

n=1
(4.3) > BnXn < oo

n=1
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PROOF: Since 3, — 0 as n — oo, by (2.2), we have that

(4.4) Bn=> ABy.

u=n

Since (X, Pp) is increasing, we have

0
Py Xnfpn < Z Pu|Aﬁu|Xu < 00,

u=n

by (3.1). Hence
Py XnfBn =o0(l) as n — oo.

Since (X7,) is increasing, using (4.4), we have that

oo oo oo 0 i
anXnﬁn < anXn Z |Aﬁu| = Z |Aﬁu| anXn
n=1 n=1 u=n u=1 n=1

oo u oo
< ZXU|A61L| an = Z PuXu|A6u| < 00,
u=1

n=1 u=1

by (3.1).
Finally, we have that

Z Xnfn = O anXnﬁn < 00,

n=1 n=1

by (3.3) and (4.2). This completes the proof of the lemma.

5. Proof of the theorem.

Let (T},) be the (N,py) means of the series Y ap\,. Then, by definition, we

have
n

n u
—Pizpuzar)\r— Z Py—1)audu -
"u=0 r=0

Further, for n > 1, we have

Ty —Th—1 = P 1 Z P10y -
ndn—

Using Abel’s transformation, we get that

n—1
. Pn PnSnAn
Ty — Tn—l = B@Tn_l uZl A(Pu_l/\u)su + P, = Pn . Z pusu/\u
n—1 PrsnA
+ Tnl Z PysyAdy + nP:LL = = n1+Tn2+Tng3,
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say. To complete the proof of the theorem, by Minkowski’s inequality for £ > 1, it
is sufficient to show that

[e.9]

Z(Pn/pn)k_1|Tn7r|k < oo, for r=1,2,3.

n=1

Now, applying Holder’s inequality with the indices k and k', where % + % =1, we
have that

m+1 m—+1 k
Z(Pn/pn)k_1|Tn,l|k < Z {Zpu|5u| |/\u }

n=2 n=2 n 1
m—+1 Dn n—1 1 n— k-1
< S A k -
nzzpnpn 1{;m S } {pn_lipu}

Zpu|su| |)\u Z m—I—an O(l)zpu| ul |)\u|k

n=u+1 u=1

Since |A\p| = O(1/Xy,) = O(1), by (2.3), we have that

m+1
> (Pu/pn)F TP = (1)2 ISuI al Al
n=2

u=1
m

m—
p
ZO(I)ZFHISquIAu = Z IAuIZ | ¥ +0(1) IAmIZ | ul?
u=1"" u=1
- m—1
1) ANXy + O() A | X = O(1) Y BuXu + O1) | Am| X = O(1)
u=1 u=1

as m — o0, by virtue of (2.1), (2.3), (3.2) and (4.3).

Using the conditions (2.1), (3.3) and applying Holder’s inequality as in T, 1, we
have that

m+1 m+1 n—1 k
Z (Pn/pn)k_llTn,2|k < Z {Z Py AN |su|}

k
n=2 n=2 P”P
m—+1 D n—1 m—+1 P n—1 k
<y 5 P"k {ZPuﬁu|su|} =0(1) > - P’; {ZpuPuﬁu|su|}
n=2 """ n—-1 {y=1 n=2 """ n-1 (y=1
m+1 P n—1 1 n—1 k—1
= 0(1) Z = {Z(Puﬁu)kpu|5u|k} X { Zpu}
n=2 PobPn-1 u=1 Po1 u=1
m m—+1 m D
=0(1) Z(PuBU) pU|SU|k Z PnP =0(1) Z(Pugu)kp_ysﬂk .
u=1 n=u+1 u=1
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Since Ppf, = O(1/Xy) = O(1), by (4.1), we have

m+1

m
> Paf/pn) " Taal® = 00) Y- (PuB) " Pupu sul”
n=2 u=1
P m—1 u D
= Zpuﬁu u|5u|k ( ) A(Puﬁu)ZFr|5T|k
T
u=1 r=1
P
O(1)Pnfom > FZ'S“VQ
u=1
m—1 m—1
(1) > 1A(PuB) | Xu + O() P B X = O(1) D PulABu|Xu
u=1 u=1
m—1

+0(1) Put1But1Xu + O(1) Py Xm = O(1) as m — oo,

U

Il
—

by virtue of (3.1), (3.2), (4.1) and (4.2). Finally, as in T, 1, we get that

m m
D (BTl = 3 B allsal® = 01) s m — oo
n=1 n=1""

Therefore, we get that
m
Z P, /pn)k 1|Tn7r|k =0(1) as m — o0, for r=1,2,3.

This completes the proof of the theorem. O
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