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Totality of colimit closures

REINHARD BORGER*, WALTER THOLEN

Abstract. Addmek, Herrlich, and Reiterman showed that a cocomplete category A is co-
complete if there exists a small (full) subcategory B such that every A-object is a colimit
of B-objects. The authors of the present paper strengthened the result to totality in the
sense of Street and Walters. Here we weaken the hypothesis, assuming only that the col-
imit closure is attained by transfinite iteration of the colimit closure process up to a fixed
ordinal. This requires some investigations on generalized notions of generators.

Keywords: cocomplete category, (almost-)E-generator, colimit closure, cointersection, total
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Introduction.

The main aim of this paper is to give sufficient criteria for totality (in the sense
of Street and Walters [13]) of a (cocomplete) colimit closure of a small category.
Adémek, Herrlich, and Reiterman [1] showed that such a category is complete if the
closure can be obtained in one step. The authors of the present paper proved that
such a category is even total (cf. [3]). Totality is a strong property of a category, it
always implies completeness and cocompleteness as well as compactness in the sense
of Isbell [7]. Here we generalize this result: a cocomplete category is total if it is
the colimit closure of a small subcategory and if this closure is attained after some
(small) ordinal number of steps (see 3.3 below). The latter condition is essential:
In 3.6 we give an example of a cocomplete colimit closure A of a small category
B such that A is not complete (hence not total); A even fails to have a terminal
object.

Our investigations clarify the relationship between different notions. Unfortu-
nately, we know no example of a category which satisfies the hypothesis of 3.3,
but not of our previous criterion. But this phenomenon is related to the following
fact of independent interest: if A is a colimit closure of some subcategory B and if
every extremal epimorphism in A is a composite of a chain of length « of regular
epimorphisms, then the colimit closure is attained at step o + 1. In particular, if
every extremal epimorphism is regular, then the closure is reached in two steps, i.e.
every A-object is a colimit of colimits of B-objects. But 3.3 can at least be used
to simplify totality proofs in some situations. For instance, it is easy to see that
every group is a codomain of a coequalizer of two homomorphisms of free groups,
hence the category of groups is the two-step cocompletion of {Z}. It seems more
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complicated to show that it is even the one-step cocompletion of {F'}, where F' is
the free group generated by two elements.

These investigations are closely related to some types of generators. In particular,
under mild conditions, a category A is a colimit closure of B C A if and only if the
object set |B]| is a strong generator of A (see 2.8 below). If € is a class of morphisms,
a set G of objects is called an almost-E-generator if for every A-object A there exists
an E-morphism from some coproduct of G-objects to A. Similarly, G is called an
E-generator if this morphism can even be chosen as the “canonical” one, i.e. the
counit of a certain adjunction. Under a cancellation condition on &£, both notions
coincide, but even in general there is a close relationship (see 1.2 below). Moreover,
almost-£-generators for certain classes £ of strong epimorphisms are closely related
to colimit closures (see 2.2, 2.4, and 2.6 below). In 1.4 we give sufficient conditions
for the possibility of joining an £-generator to a single-object generator either by
coproduct or by direct product.

1. Generators.

In this section we shall investigate the relationship between certain types of
generators and categories which are colimit closures of small sets.

Since later we shall need coproducts anyway, we shall always assume existence
of small coproducts; sometimes one can weaken the hypothesis by assuming only
existence of certain coproducts.

Now consider a small set G C |4 of objects of some category A with coproducts.
For any A € |A|, we form the coproduct

TA:= [] AG,A)-G,
Geg

where A(G, A) denotes the set of A-morphisms G — A, and A(G, A) - G is the
coproduct of A(G, A) copies of G. By ¢4 : TA — A we denote the unique
morphism with €4 - uy = f for all coproduct injections uy : G — TA (where
G e g, fe A(G,A)). Note that £4 is a counit of an adjunction (cf. [5], 3.4).

Now let £ be a class of A-morphisms containing all isomorphisms and closed
under composition with them. We call the above G an £-generator of Aif e4 € £
for all A € |A|. For & the class of all epimorphisms, an £-generator is simply
a generator; similarly, we use the term strong (regular resp.) generator when &
is the class of all extremal (regular resp.) epimorphisms. Note that our notion of
generator coincides with the usual one, i.e. G is a generator if and only if for all
pairs of parallel morphisms z,y : A — B we have x = y whenever xf = yf for all
f:G— A Geg.

There are other descriptions of £-generators when £ has additional properties.
We particularly look at the following conditions on &:

(A) If ee’ € €, then e € £.

(B) If e’ e £ and €’ € £, then e € £.

(C) If e € £ and ¢ is split-epic, then eq € £.

Obviously (A) implies (B); it also implies (C) because, for ¢s = 1, from eqs = e €
& we can conclude eq € £ by (A). The class of (extremal) epimorphisms always
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satisfies (A) (and hence (B) and (C)). For the class of regular epimorphisms we
always have (B) and (C), but not necessarily (A) (cf. [8]).

We call a set G of objects an almost-E-generator, if for every A € | A| there exists
an £-morphism e : [[;c; G; — A with all G; in G.

Proposition 1.2. Let A be a category with coproducts, and let £ be a class of A-
morphisms containing all isomorphisms and closed under composition with them.
If £ satisfies (B) and (C) above, then for any set G C |A| and the statements
(1),(i1),(iii) below the implications (i) <=-(ii) =>(iii) hold. If £ satisfies even (A),
then all three statements are equivalent:
(i) G is an E-generator.
(ii) An A-morphism e belongs to & whenever all G € G are projective with
respect to e.
(iii) G is an almost-E-generator.

PRrROOF: (i)=(ii) For any .A-morphism e : A — B, consider the unique morphism
Te:TA— TB with Te-up = vy forall f: G — A,G € G, and the coproduct
injections uy as above and v, : G — TB (for h : G — B, G € G). Ifall G € G
are projective with respect to e, then Te is split-epic, hence e -4 = ecpg-Te € £
by (C), and we get e € £ from (B).

(if)==(i) follows immediately from the fact that all G € G are projective with
respect to €4 (for A € |A]). (i)=(iii) is trivial.

(ili)==>(@{) For e : C — A, C = [[;c;G; with G; € G, there always exists
at:C — TAwith e =cyt. Thus e € £ implies €4 € &, if £ satisfies (A). O

1.3 From 1.2 we see that (i), (ii), (iil) are equivalent in the case of (extremal) epi-
morphisms. For £ the class of regular epimorphisms, we call an almost-£-generator
also an almost-regular generator.

We can use 1.2 to show that an £-generator often gives, in two different ways,
rise to an £-generator with just one object (only the first of which seems to be
generally known):

Proposition 1.4. In a category A with coproducts, let G be an £-generator with
A(G,G") # 0 for all G,G’ € G, where & satisfies (B) and (C). Then C := [[5cq G
is a (single-object) E-generator of A. If the product P := [[5cg G exists and £
satisfies even (A), then {P} is also an £-generator.

PROOF: For each A € | A|, the diagram

o AC, A) -G g . TA

€A

1%

A(C,A)-C ., A
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commutes; here g is induced by the coproduct injections G — C, and e is the
canonical morphism. With the existence of arrows G — G’ one has that each
injection is split-monic, hence ¢ is split-epic. Therefore, if €4 belongs to &£, also e
does. So {C} is an E-generator.

All product projections P — G are split-epic, hence also the first (canonical)
arrow in the diagram

[T AG.4) - P—TA=% A
Geg
Hence, by 1.2, { P} is an £-generator. O

Note that in the above proof P can even be replaced by any object having all
G € G as retracts, regardless whether the product exists.

2. Colimit closures.

For a full subcategory B of a cocomplete category A, we define I'B C A to be the
full subcategory of all small colimits of B-objects. Then I' 5 is always closed under
coproducts, but not necessarily under coequalizers. So we may have to iterate I" in
order to obtain a colimit-closed subcategory. We define I''B := B, T*+1B := I'T*
for every ordinal o, T*B := Ug <A B for A a limit ordinal or a fixed symbol

oo with @ < oo for all ordinals . Then I'*t!B = I'T“B is always closed under
coproducts, while I8 is closed under finite colimits — in particular coequalizers
— for each limit ordinal A. If p is a regular cardinal, then I'’BB is even closed under
colimits of diagrams of size < p. More generally, I'*5 is always closed under colimits
of diagrams of size less than the cofinality type of « (see [10] for the definition).
Finally, ['>°B is closed under all colimits. Conversely, by transfinite induction on «
we see that ['*B C C for any colimit-closed C with B C C C A. This givesI'*°B C C,
hence I'*° is the colimit closure of B, i.e. the smallest colimit-closed subcategory
containing B.

Now let R be the class of regular epimorphisms of B (cf. [8]), and define R
for any ordinal « in the following way: R is the class of isomorphisms, for o > 0
a morphism e belongs to R if there exist families of morphisms (e,) <o and (gp) p<a
such that the following conditions hold:

(i) eg=1, eq =e.
(ii) g¢ € R for all £ < a.
(iii) eg41 = geee for all € < a.
(iv) For any limit ordinal A < «, e} is the cointersection (= generalized pushout)
of all e with § < A.

This coincides with the definitions in 2.1 of [2].
By X5 we denote the full subcategory of .A whose objects are small coproducts
of B-objects. We obtain the following;:

Proposition 2.2. If Y € [I'“B|, then there exist X € |XB|, e : X — Y with
e € R™.

ProoOF: For a = 0, the statement is trivial. Now assume that the statement is true
for some « and let Y € [T®T1B|. Then Y is a small colimit of certain Z; € [['“B,
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where ¢ ranges over some small set /. Now the usual construction of colimits from
coproducts and coequalizers renders a regular epimorphism ¢ : Hie 14; — Y.
Since Z; € [T'®B|, our induction hypothesis gives an X; € |XB| and an R®-morphism
e; : X;i — Z;. But then e := [],c;e; : [[;er Xi — [lier Zi is also in R®, and
[lic; Xi € |¥B|. Now e € R* and ¢ € R give ge € RYtL proving that the
statement is true for o + 1.

Now let A be a limit ordinal such that the statement is true for all £ < A. If
Y € [T*B|, then Y € |[T¢B] for some & < \, and by induction hypothesis there exist
X €|EBland e: X — Y with e € RS ¢ R O

There is some kind of converse of the above result:

Proposition 2.3. Let |B| be a generator of A , let X € |E£B|, e: X — Y, with
e € RY. ThenY € Tt

PROOF: Since XB C I'B, the statement is trivial for « = 0. Now assume that it
holds for some a. If X € 2B, e: X — Y, e € R*FL, let e¢ (for £ <a+1) and
q¢ (for £ < o) be as in the definition of RO+, Then we have € = €441 = gaeq and
q:=qa €R, eq € R*. For the codomain Y’ of e, our induction hypothesis yields
Y € [Tet1B).

Since ¢ is regularly epic and since |B]| is a generator, ¢ is the joint coequalizer of the
small family of all pairs (u,v), where u,v: B — Y’ B € |B| € [IT*t1B|, qu = qu.
This yields Y € [T+ 8| = [T**+25|, proving that the statement holds for a + 1.

Now let A be a limit ordinal and assume the statement to be true for all £ < .
For X € |EB|ande:X—>Ywithe€7€)‘,lete§:X—>Y§(§§/\)be
as in the definition of R*. Then we have X € |£B| C |[T*B|. For £ < a we
have e¢ € RE, hence our induction hypothesis yields Ye € IT¢H1B| c |T*B). Since
ey =e: X — Y is the small cointersection of all ez : X — Y¢ with § < «, it
follows that Y € |[TT*B| = [[*1B]. This proves the statement for X. By transfinite
induction, it holds for all a. O

Corollary 2.4. If|B| is an almost-R%-generator, then T*t1B = A.

PROOF: Since all morphisms in R* are epic, |B| is a generator. Then for any
Y € |A|, we can apply 2.3 for suitable X, e. O

Corollary 2.5. Assume that B is a strong generator and all extremal epimorphisms
belong to R®. Then I'*T18 = A.
O

A closer look at the initial step of the inductions of 2.2 and 2.3 leads to the
following:

Corollary 2.6. Let B be a small subcategory of a cocomplete category A. Then
|B| is an almost-regular generator if and only if TY.B = A.
O

2.7 Now we study the question of when a category A is the colimit closure
I'*°B of a small subcategory B. For e € A(X,Y), A € |A| we write el A if
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A(Ae) : A(A, X)) — A(A,Y) is bijective. We define the co-orthogonal closure
A
B of a subcategory B to be the subcategory of all A € | A] satisfying

(VBe|B|:elB)=¢elA

for all A-morphisms e. Note that el A holds for all A € |A] if and only if e is
invertible. Thus a category A is a co-orthogonal closure of some subcategory B, if
and only if every morphism e with e L B for all B € |B| is an isomorphism.

Our next result is essentially known (cf. [9, Prop. 3.4.0] or [11, Cor. 2.1 d]), but
we include it in order to clarify the relationship between the above notions.

Theorem 2.8. For (i), (ii), (iii) below the implication (i)=>(ii) holds. If every A-
morphism admits an (extremal-epi, mono) factorization then also (ii)=-(iii) holds.
If, moreover, there exists an «, such that R® contains all strong epimorphisms, then
all three statements are equivalent:

(i) A is the colimit closure of B.
(ii) A is the co-orthogonal closure of B.
(iii) |B| is a strong generator in A.

PRrROOF: (i)==(ii) follows immediately from the well-known (and easily established)
fact that the co-orthogonal closure Bis always closed under all existing (even large)
colimits.

(if)==(iii) Consider an (extremal-epi, mono)-factorization € 4 = me for any A €
|A|. We easily see m LB for all B € |B|, hence m is an isomorphism by (ii), and
therefore € 4 is extremally epic.

(iii)=(i) If R® contains all extremal epimorphisms, then the result follows
from 2.5. ]

2.9 In 2.8, the condition about & cannot be omitted. Indeed, {Ag} is a strong
generator in the category Coo mentioned in 3.5 (3) of [2], but the colimit closure A
of {Ag} consist of all (4, (pp)y<eo) With @oo nowhere defined. One easily sees that
A has no terminal object. In particular, a terminal object of Coo (e.g. ({0}, (20))
with ¢, (0) = 0 for all v < o0) does not belong to A, hence A # Cso. A similar
example is given in [5, Remark 3.6.3].

3. Totality.

In this section, we shall apply the above results to obtain sufficient criteria for
totality of a category A. Here A is called total [13] if the Yoneda embedding
A — [A, Set] has a left adjoint (disregarding the size of [A, Set]). This can be
equivalently expressed by saying that a functor H : D — A admits a colimit
whenever A(A, H—) has a colimit in Set. Every total category is cocomplete but
also complete ([9]) and existence of pullbacks yields that all extremal epimorphisms
are strong. Moreover, a total category always has all (possibly large) cointersec-
tions of reqular epimorphisms ([4, 4.1]), but not neccessarily of strong epimorphisms
([4, 4.3]). It need not have a generator([4, 4.2]). Our investigations are based on
the following criterion ([4, Thm. 5.2]) which generalizes a result of [6]:
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Theorem 3.2. Assume that A is complete admits large cointersections of E-
morphisms and has an almost-E-generator for some £ which contains all split-
epimorphisms. Then A is total.

O

Our first result strengthens [1, Thm. 2] and [4, Thm. 5.5]:

Theorem 3.3. If A=T%B is a cocomplete category for some ordinal o and some
small B C A, then A is total, and |B| is a strong generator of A.

PROOF: By 2.2, |B] is an almost-R“-generator, in particular a generator. Therefore,
A is cowellpowered with respect to R [12]. Consequently, the cocomplete category A
admits all cointersections of R-morphisms, hence of R*-morphisms by 2.2 of [2]. If
a > 1, then R contains all split-epimorphisms, and we can apply 3.2. If a = 0,
then A = B is small and cocomplete, hence essentially a small complete lattice, and
the result is trivial. 0

Theorem 3.4. Let A be a cocomplete category admitting all colimits of all chains
of regular epimorphisms. Let B C A be small and assume that A is the smallest
subcategory that contains B and is closed under small colimits and under colimits
of chains of regular epimorphisms. Then A is total and admits cointersections of
strong epimorphisms. Moreover, |B| is a strong generator of A.

ProOOF: By 1.1 (2) and 3.4 of [2], A admits cointersections of extremal epimor-
A
phisms. The co-orthogonal closure B C A is even closed under all existing (possibly

A
large) colimits; particularly under colimits of chains. Therefore, we get B = A, and
|B| is a strong generator by 2.8. Thus A is total by 3.2. O

Our next result partly strengthens Theorem 4 of [1]:

Theorem 3.5. Let A be a cocomplete category, which is the colimit closure of
a small subcategory. Assume that R® contains all extremal epimorphisms for
some «. Then A is total and admits cointersections of strong epimorphisms, and
|B| is a strong generator of A.

PROOF: Since A is cocomplete, it follows from 1.1.2 and 2.5 of [2] that A admits
all cointersections of R®-morphisms, i.e. of extremal epimorphisms. By 2.2, |B] is

a strong generator, and from 2.5 we conclude A = T'**1B. Now we can apply 5.3.
O

3.6 In 3.2. the condition I'*3 = A cannot be weakened to I'*°B = B, i.e. in 3.4 the
existence of colimits of chains of regular epimorphisms is essential, and in 3.5 we
cannot weaken the hypothesis about strong epimorphisms to the statement that the
class of strong epimorphisms is the union of all R®. Indeed, the colimit closure A of
{Ao} in Cx from 3.5 of [2] is cocomplete and every extremal epimorphism belongs to
some R. Since A has no terminal object, it is not complete and therefore not total.
Moreover, { Ay} is a strong generator in 4, but A4 does not have an almost-regular
one. Indeed, existence of a generator implies that A is cowellpowered with respect
to regular epimorphisms. Thus 4 has cointersections of regular epimorphisms by
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cocompleteness. Now the existence of an almost-regular generator would imply
totality by 5.2. A similar example is furnished by [4, Remark 4.4 (3)].

Note that the hypothesis of 3.5 implies that one of 3.4 since the existence of
colimits of chains of regular epimorphisms follows from 3.4 of [2]. But we do not
know whether the hypothesis of 3.3 always implies the existence of cointersections
of strong epimorphisms.

We conclude with another problem: Does every total category with a regular
generator admit cointersections of strong epimorphisms?
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