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Topological spaces with a selected
subset-cardinal invariants and inequalities

A.A. GryzLov, D.N. STAVROVA*

Abstract. Cardinal functions for topological spaces in which a subset is selected in a cer-
tain way are defined and studied. Most of the main cardinal inequalities are generalized
for such spaces.
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Classification: 54A05, 54A25

All spaces are assumed to be Hausdorff and standard notations following [5]
and [7] are used.
From now on let X be a topological space and X be a selected subset of X.
The subspace X is said to be compact (or Lindelof) in X (see [3]), if from each
open cover v of X a finite (countable) v/ C v could be chosen that covers X.
From the other side in [9] Sun Shu-Hao introduced the invariant kL(X) =
w - min{7 : there is an A C X, |A| < 27 such that
(*) : for each open cover v of X there are 7/ € [y]<7 and B € [A]=7 such that
X =U+'uB}
and observed that kL(X) < min{d(X),L(X),s(X)}. He also proved that for
a Hausdorff space X we have | X| < expkL(X) - ¢¥c(X) - t(X), where Yo (X) =
w-min{7 : for each X € X there is a family of open neighborhoods {Un () : o € 7}

of = such that {z} = [{Ua(x) : @ € 7}}. To do this he used the following:

Lemma 1. If X is a Hausdorff topological space, L € [X]SSPT and ¢ (X) -
t(X) <, then |L| <27,

Figuratively speaking the above two notions show that we could have some
“bad” part of a certain space, but if the cardinality of this part is not “too big”,
we still could get some results about the cardinality of the main space.

In this way we come to the following concept: we say that L(X, Xp) = w -
min{7 : for each open cover y of X there is 7' € [y]=7 such that |J7' 2 X \ Xo}.

We have that L(X,0) = L(X), L(X,Xg) < L(X), L(X, Xy) < L(X \ Xp) <

hL(X), L(X) < L(X0)-L(X, Xo) and if X\ X is Lindeléfin X then L(X, Xo) < w.

In the conditions of Lemma 1 there is X € [X]S®*P7 such that L(X, Xg) < 7. In

*This work was completed during the first author’s visit in Sofia supported by Grant #MM28/91
from the Bulgarian Ministry of Science and Education.
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that sense we could look at L(X, Xp) as a generalization of the notions mentioned
in the beginning.
We shall prove the following:

Theorem 1. If X is a Hausdorfl topological space then:
| X\ Xo| < exp L(X, Xo) - ¥o(X) - t(X).

PRrOOF: Let L(X, Xp) - o (X) - t(X) < 7 and for every x € X let us fix a family
of neighborhoods of the point x — W(z) with [W(z)| < 7 such that {z} = {U :
U € W(x)}. By transfinite induction we shall define two families — {Hq : @ €
7T} Cexp(X \ Xo) and {B, : @ € 77} such that:

) H, = HaX\XO
2) |Hy| <27 for every a € 7.
3) HyCHyifa<d ert.
4) If a € 71 and {Hg : # € o} are already defined then By = J{W(z): z €
U{Hﬁ : 0 € al}.
(5) IEW € [Ba)S" and X \ (UW U Xg) # 0 then H, \ (UW U Xo) # 0.
Let a € 71 and {Hg : B € o} and {Bg : § € a} be already defined with
properties (1)—(5).
Let Eo = {W : W € [B4]S™ and X \ (UW U Xg) # 0}. For every W €
E, we choose a point ¢(W) € X \ (UW U Xp) # 0 and let Co = {p(W) :
W € Equ}. Since |Eq| < 27 we have that |Cy| < 27. Finally we put H, =

(1
(
(
(

Co UU{Hg B a} . Since |CaUU{Hg : € a}| < 27 and o¢(X)+(X) < 7,
using Lemma 1 we obtain that |H,| < 27. It can be easily seen that the conditions
(1)—(5) are satisfied.

Let H=|J{Ho:a €7t} Hisclosedin X\ Xgand H = J{Hq:a € 7"}.

Let us show that X \ Xg = H. Suppose there is a ¢ € X \ H \ Xg. Then
q ¢ H, hence for every p € H, we can choose V), € W(p) such that ¢ ¢ V. Let
pw=A{V,:p€e H U{X\ H}. We have that Jp 2 X and from L(X, Xo) <
7 we can choose pg € []S7 such that H C X \ Xg € Juo. We have that
po=1{Vp:p€He[HS}U{X\H}. Hence H C |J{V, :p € H' € [H>}.
Let 1/ = {V, : p € H' € [H|<"}. From the regularity of 7+ and the fact that
|t/| < 7 there is an ag € 77 such that ¢/ C B,,. Then we have already chosen
a point ¢(u/) € (X \ (Up' U Xp)) N Hy C H and at the same time Ju' O H —
a contradiction. g

In fact we have proved:

Theorem 1*. If X \ Xg is Hausdorff then:

| X'\ Xo| <expL(X, Xo) - po(X \ Xo) - t(X \ Xo).
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Theorem 1**. Let X be a Hausdorfl topological space, Xg C X, L(X, Xp) -
#(X) < 7 and if H € [X \ Xo]<*P7 then [H~ °| < 27. Then [X \ Xo| < 27.

Corollary 1.1 ([1]). For every Hausdorff topological space X we have that | X| <
exp L(X) - 4(X) - 1(X).

Corollary 1.2 ([8]). For every regular topological space X we have that | X| <
exp kL(X) - x(X).

Corollary 1.3 ([9]). For every Hausdorff topological space X we have that | X| <
exp KL(X) - vic(X) - 1(X).

Now let us define: wL(X, Xg) = w - min{7 : for each open cover v of X there
is 4/ € [y]=7 such that J7' 2 X \ Xo} and ¢L(X, Xo) = w - min{r : for each
F=FX\o C X\ X and for each open cover v of F there is 7' € [y]<7 such that
U9 2 F}. We have that wL(X, Xg) < qL(X, Xo) < L(X, Xp), wi(X, Xg) <
wL(X \ Xp), wL(X,0) = wL(X), wL(X,Xo) < wL(X), ¢L(X, Xo) < qL(X),
qL(X, Xg) < qL(X \ Xp) and ¢L(X,0) = ¢L(X). We also have the following

lemma:

Lemma 2. If X is normal then wL(X, Xo) = qL(X, Xg).

ProOOF: Let wL(X,Xg) <7, let F = FX\XO C X\ Xo and let v be an open in

X cover of F. From the normality of X we have that there is an open U such
that F C U C U C |Jv. Let v3 = yU{X \ U}. Then |Jy1 = X and therefore
there is 7] € [y1]<7 such that (J7] 2 X \ Xo. We have that v{ =+ U{X \ T},
where 7' € [7]=7. Therefore |J7} = J7' U X \U. Since X \U N F = () we have
that F C [J9/ i.e. ¢L(X, Xo) < 7. O

Theorem 2. If X is a regular topological space then:

| X\ Xo| < expqL(X, Xp) - x(X).

PrROOF: Let ¢L(X, Xp) - x(X) < 7 and for every z € X, let us fix a local base at
the point © — W(z) with [W(z)| < 7. By transfinite induction we shall define two
families — {Hy : « € 77} C exp(X \ Xp) and {B, : @ € 77} such that:

(1) Hy = Hy W X0,

(2) |Hg| < 27 for every a € 77.
(3) Hy CHy ifa<do ert.
(4) If o € 71 and {Hg : B € a} are already defined then By = [J{W(z) : x €
UlHg: B € a}}.
(5) IfW € [Ba)S" and X \ (UW U Xg) # 0 then H, \ (UNV U Xo) # 0.
Let « € 71 and {Hg : # € o} and {Bg : § € o} be already defined with
properties (1)—(5).
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Let By = {W : W € [By]S™ and X \ (UW U Xg) # 0}. For every W €
Eq we choose a point (W) € X \ (UW U Xg) # 0 and let Co = {p(W) :
W € Eu}. Since |Eq| < 27 we have that |Cy| < 27. Finally we put H, =
Co UU{Hg:p € a}X\XO. Since |Co UU{Hpg : B € a}| <27 and x(X) < 7 then
|Hy| < 27. Tt can be easily seen that the conditions (1)—(5) are satisfied.

Let H=|J{Ho:a €7t} Hisclosedin X\ Xgand H = J{Hq:a € 7"}.

Let us show that X \ Xo = H. Suppose there is a ¢ € X \ H \ Xo. Then
q ¢ H and from the regularity of X there is an open V such that ¢ € V C V C
X\HCX\Hie VNH={0. For every p € H we can choose V,, € W(p)
such that V, NV = 0. Let p = {V,, : p € H}. We have that Jp 2 H and
from qL(X, Xg) < 7 we can choose ug € [u]S7 such that H C [Jug. We have
that ug = {Vp : p € H' € [H|S"}. From the regularity of 71 there is an
ap € 71 such that 4/ C Bg, and ¢ € X \ (XoUpg). Then we have already chosen
a point ¢(ug) € (X \ (Tmo U Xo)) N Hy € H and at the same time (Jpug 2 H —
a contradiction. 0

In fact we have proved:

Theorem 2*. If X \ Xy is regular then:

| X\ Xo| <expqL(X, Xo) - x(X\ Xo).

Corollary 2.1. For every normal topological space X we have that | X \ Xg| <
expwL(X \ Xo) - x(X).

Corollary 2.2 ([2]). If X is a regular topological space then |X| < exp qL(X) -
X(X)-
Corollary 2.3 ([4]). If X is a normal topological space then | X| < expwL(X) -
X(X).

Corollary 2.4 ([10]). For every regular topological space X we have that | X| <
exp gk L(X) - x(X).

Corollary 2.5 ([10]). For every normal topological space X we have that | X| <
expwkL(X) - x(X).

Now let us define: ¢(X, Xg) < 7 iff for every F C X \ Xy and every canonically
open set V D F and every open cover v of the set F'U (F N XN V) there is
7" € [y]=7 such that [+ 2 F. We have that ¢L(X, Xg) < ¢(X, Xp), ¢(X, Xo) <
(X \ Xp), ¢(X,0) = ¢(X) and (X, Xp) < ¢(X).

Theorem 3. If X is a Hausdorff topological space then:

| X\ Xo| < ¢(X; Xo) - x(X).
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PROOF: Let ¢(X, Xg) - x(X) < 7 and for every = € X, let us fix a local base in
the point  — W(z) with [W(z)| < 7. By transfinite induction we shall define two
families — {Hy : « € 77} C exp(X \ Xg) and {B, : @ € 77} such that:

(1) |Hq| < 27 for every a € 7.

(2) Hy CHy ifa<d ert.

(3) If o € 71 and {Hg : 8 € a} are already defined then By = [J{W(z) : x €

U{Hﬁ : 0 € al}.
(4) If W5 € [Bo]S™ for every 6 € 7, W = U{U{U : U € W5} : § € 7} and
X\ (WUXg) #0 then Hy \ (WU Xg) # 0.

Let o« € 77 and {Hg : f € o} and {Bg : § € o} be already defined with
properties (1)—(4).

Let B = {W : W = J{U{U:U€E;s} : 6 € 7, Ws € [Ba]S7 for every
0 €rTand X\ (WU Xp) # 0}. For every W € E, we choose a point ¢(W) €
X\(WUXp) # 0 and let Co = {p(W) : W € Ey}. Since |Eq| < 27 we have that
|Ca| < 27. Finally we put Hy = Co UU{Hpg : B € a}. It can be easily seen that
the conditions (1)—(4) are satisfied.

Let H = JU{Hq : @ € 77}. Then H = J{Hy : @« € 77} and |H| < 27.
Therefore [H| < 27.

Let us show that X \ Xo = H. Suppose there is a ¢ € X \ H \ Xy. We have
that {g} = ({V : V € W(q)} and let H(V,q) = H \ V, for every V € W(q).
Let us note that H = J{H(V,q) : V € W(q)}. For every z € H(V,q) there is
U(z) € W(z) such that U(z) C X \ V. Let p/(V) = {U(z) : = € H(V,q)}. We
have that X \ V is canonically open and contains H(V,q) C H C X \ Xg. We
consider W(V,q) = H(V,q)NXoN (X \V) C H. Hence |W(V,q)| < 27. For every
2z € W(V,q) we choose a W(z) € W(z) such that W(z) C X \ V. Let ¢/ (V) =
{(W(z) : 2 € W(V,q)} and let p"'(V) = p/(V) U (V). Then u'(V) covers
H(V,q)UW(V,q) and from ¢(X, Xg) < 7 we can choose (V) € [ (V)]S7 such
that H(V,q) € Jpo(V). But Upo(V) € X \V C X\ V; then Upuo(V) C X\ V.
Then we can choose an o € 7+ such that 1g(V) C By, for every V € W(q). We
have that W = J{Upo(V) : V€ W(q)} O H and g ¢ W. So we have already
chosen a point (W) € (X \ (W U Xy)) N Hy C H and at the same time W O H
— a contradiction. g

In fact we have proved:
Theorem 3*. If X \ Xq is a Hausdorff topological space then:
| X\ Xo| < expe(X,Xo) - x(X \ Xo).
Corollary 3.1 ([6]). If X is a Hausdorff topological space then:
[ X < expe(X) - x(X).
We could also consider another generalization of ¢(X) i.e. ¢1(X, Xg) < 7 iff for

every open in X family + there is a v/ € [y]<7 such that [J4/ 2 (U~) N (X \ Xo).
In the same way as in Theorem 3 we obtain:
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Theorem 4. If X is a Hausdorff topological space then:

| X \ Xo| <exper(X, Xo) - x(X).

Theorem 4*. If X \ X is a Hausdorff topological space then:

| X\ Xo| <exper(X, Xp) - x(X \ Xo).

Examples

1. If X is a Lindel6f not hereditarily Lindelof space and X \ X is a non-Lindel6f
subspace of X then L(X, Xg) < L(X \ Xp).

2. If X is the one-point compactification of a discrete space D(7) where 7 > Rg
and X \ Xo = D(7), then ¢(X, Xp) < ¢(X \ Xo) and L(X, Xo) < L(X \ Xp). Also
if X is a space with ¢(X) < Rg and s(X) > X and if X \ Xg is an uncountable
discrete subspace of X then ¢(X, Xg) < ¢(X \ Xp).

3. Let X = Rj U (U{RG) : o« € 7}) for any 7 > Ro, where Ry is the set
of irrationals in R and R% = Rg for every a € 7. Let the points of R% have

their usual neighborhoods and if x € Ry then let sets of the form U(x,e) =
(RyN(z—¢,x+¢€))U (U{R% N(zx—e,z+¢): a € 7}) be the local base in . Then
X is regular, x(X) < Ng, wL(X, Xg) < ¥ and wL(X \ Xg) = 7, where Xy = Rj.
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