Commentationes Mathematicae Universitatis Carolinae

Andrzej Kasperski
Notes on approximation in the Musielak-Orlicz sequence spaces of multifunctions

Commentationes Mathematicae Universitatis Carolinae, Vol. 36 (1995), No. 1, 19--24

Persistent URL: http://dml.cz/dmlcz/118728

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1995

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/118728
http://project.dml.cz

Comment.Math.Univ.Carolin. 36,1 (1995)19-24

Notes on approximation in the Musielak-Orlicz
sequence spaces of multifunctions

ANDRZEJ KASPERSKI

Abstract. We introduced the notion of (X, dist,V)-boundedness of a filtered family of
operators in the Musielak-Orlicz sequence space X, of multifunctions. This notion is
used to get the convergence theorems for the families of X-linear operators, X-dist-
sublinear operators and X-dist-convex operators. Also, we prove that X, is complete.

Keywords: Musielak-Orlicz space, multifunction, modular space of multifunctions, ap-
proximation, singular kernel

Classification: 54C60, 28B20

1. Introduction

Let N be the set of all nonnegative integers. Let [¥ be the Musielak-Orlicz
sequence space generated by a modular

o(z) = Z%(ti)ﬂﬂ = (i),

where ¢ = (p;) is a sequence of p-functions with parameter, i.e. for every i € N
we have: ¢; : R — Ry = [0,00), ¢;(u) is an even continuous function, equal to
zero iff uw = 0 and nondecreasing for u > 0, lim,— . ¢;(u) = co. Let

X = {F:N — 2% F(i) is nonempty and compact for every i € N}.
Every function from N to 2% we will be called multifunction. For every F' € X
we define the functions f(F) and f(F) by the formulas:

f)(E) = wrénl*l'r(lz) z, f(F)() = mrengzci)x for every i€ N.

Let now [a, b] denote a compact segment for all a,b € R, a < b. Define

X, ={FeX:[f(F),f(F)el*},
X:D ={FeX,:F(i)= U [ax (i), br(2)] for every i € N, where n; € N\{0},
k=1
ag(i),bp(i) € R for i e Nk =1,... ,n;}.
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Let V be an abstract set of indices. Let V be a filter of subsets of V. Let
0: N — R be such that 0(¢) = 0 for every ¢ € N.

In [6] a general approximation theorem in modular spaces was obtained for
linear operators. This theorem was extended in [1] and [7] to some nonlinear
operators in L¥(§2, ¥, 1), in [2] to X-linear operators in X, in [3] to some oper-
ators in X, and in [5] to some operators in X4 . The space X, was introduced in
[4] without studying its completeness. The aim of this note is to prove that X, is
complete and to obtain an extension of the results of [2], [3] to the case of approx-
imation by some families of operators in the sequence spaces of multifunctions
X{, and X,

2. General theorems
Definition 1. Let A, B C R be nonempty and compact. We introduce the
Hausdorff metric by the formula:
dist(A, B) = max(maxmin | x — y |, maxmin | x — .
(A,B) (meAyeBl Yl yeBxeAl yl)
Theorem 1. Let I, € X, for every n € N. If for every ¢ > 0 and every a > 0

there is K > 0 such that p(adist(Fy, (), Fim(+))) < € for all m,n > K, then there
exists F' € X, such that p(adist(F,(-), F(-))) — 0 as n — oo for every a > 0.

PROOF: Let the sequence {F,} fulfil the assumptions of the Theorem 1. So
{Fn(i)} is a Cauchy sequence for every ¢ € N in the complete space of all com-
pact nonempty subsets of R with Hausdorff metric. Hence there are compact
nonempty F; C R such that dist(Fy, (i), F;) — 0 as n — oo for every ¢ € N. Let
F(i) = F; for every i € N. Applying the Fatou lemma we easily obtain that
o(adist(Fn(-), F(-))) < € for every n > K. Also we have for every ¢ > 0 and ¢

equal f(F) or f(F)
o(ag) < o(adist(F(-),0))
< 0(2adist(Fp(-), F(+))) + o(2a dist(Fy(-),0))
< 0(2adist(Fu(-), F () + o(4af(Fp)) + o(4af(Fn)).
So f(F), f(F) € 1®. O

The space X, will be called Musielak-Orlicz sequence space of multifunctions.

—~ ~—

Definition 2. A function g : V — R tends to zero with respect to V, written
g(v) Y, 0, if for every € > 0 there is V € V such that | g(v) | < ¢ for every v € V.
Let now X be equal to X:D or to Xo,.

Definition 3. An operator A : X — X will be called an X-dist-sublinear opera-
tor, if for all F,G € X and a,b € R

dist(A(aF + bG)(4),0) <| a | dist(A(F)(4),0) + | b | dist(A(G)(7),0)
for every i € N.
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Definition 4. An operator B : X — X will be called an X-dist-convex operator,
ifforall FFGeX, a,b>0, a+b=1,
dist(B(aF + bG)(i), (aF 4 bG)(3))
< adist(B(F)(i), F(i)) + bdist(B(G)(i), G(i)) for every i€ N.
Definition 5. An operator C': X — X will be called an X-linear operator if for
all F;G € X, a,b € R,
C(aF 4+ bG) (i) = aC(F) (i) + bC(G)(4) for every i€ N.
Remark 1. If A is X-linear operator, then it is X-dist-sublinear operator and
X-dist-convex operator.

Definition 6. A family T = (T},),cv of operators T,, : X — X, for every
v € V will be called (X, dist, V)-bounded, if there exist constants k1, k2 > 0 and

a function g : V. — R4 such that g(v) Y, 0, and for all F,G € X there is a set
VEq €V for which

o(adist(Ty(F)(-), Tu(G)(+))) < kro(aks dist(F(-), G(-))) + g(v)
for all v € Vg and every a > 0.

Definition 7. Let Iy, € X, foreveryv € V. Let I' € X,. We write F, Lv> F,

if for every € > 0 and every a > 0 there exists V' € V such that o(a dist(Fy(-), F()))
< ¢ foreveryv € V.

Remark 2. If F,G € X, then dist(F(-),G(-)) € I¥.
Definition 8. Let S C X.

Sx.dpoy ={F € X: F ——— RN F, for some F, € S,ve V}.
Theorem 2. Let the family T = (Ty),cv of X-dist-sublinear operators for every
v € V, be (X,dist, V)-bounded. Let Sy X and let To(F) 225 0 for every
F € 5,. Let S be the set of all finite linear combinations of elements of the set
So. Then T,(F) 22,

The proof analogous to that of Theorem 1 in [3] is omitted.

0 for every F' € Sx 4,5,V

Theorem 3. Let the family T' = (Ty),cv of X-dist-convex operators for every

v € V be (X,dist, V)-bounded. Let S, C X and let T,(F) ——— 42V B for every
F € 5,. Let now S be the set of all finite convex combinations of elements of the

set S,. Then T, (F) —— LV b for every ' € Sx 4., v-
The proof analogous to that of Theorem 2 in [3] is omitted.
Theorem 4. Let the family T = (Ty),cv of X-linear operators for every v € V,

be (X, dist, V)-bounded. Let S, C X and let T,,(F) —/—— G2V R for every F' € S,.
Let now S be the set of all finite linear combinations of elements of the set S,.

Then T, (F) +2Y,
The proof analogous to that of Theorem 1 in [2] is omitted.

F for every F' € Sx 4., v-
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3. Applications

Let now V = N and the filter V will consist of all sets V C V which are
complements of finite sets.

We shall say that ¢ is 74-bounded, if there are constants ki, k3 > 1 and a
double sequence {e,, ;} such that

On+j(u) < kron(kou) + en

o0
forue R, n,j=0,1,..., where g, ; > 0,e,0=0,6; = > €55 — 0as j — o0,
n=
s = supjen¢ej < 00. Let Ky j : V. xV — Ry and let the family (Ky),ev be
almost-singular, i.e. o(v) = 3772 Ky j <o < oo for allv € V and ﬁ_{(’;g Y, 0 for
j=12,.... Let F € X,. We define a family 7 = (7,),ev of operators by the
formula:

7
To(F)(i) = ZKv,i—jF(j) for every i€ V.
=0

Lemma 1. Let (Ky),cv be almost-singular, let ¢ = (¢;);cv be T4-bounded
and p; be convex for every i € V, then T, : [¥ — [® for every v € V.

The proof analogous to that of Proposition 4 in [6] is omitted.

Lemma 2. If the assumptions of Lemma 1 hold, then the family T = (7,),ev
is (X, dist, V)-bounded and 7, is X -linear-operator for every v € V.

PROOF: From Lemma 1 we easily obtain that 7, : X, — X,. We prove that 7
is (X, dist, V)-bounded family of X -linear operators. Let a,b € R, F,G € Xy,
1 € V. We have

Ty(aF +bg)(i) = > Ky j(aF(j) + bG(j))
§=0

) )
=aY KyijF(j)+bY Ky ;jG()
j=0 j=0

= aTy(F) (i) + bTu(G)(0),
o(adist(7y(F)(-), To(G)(-)))
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<Y pila ) Kyiojdist(F(j), G())))
i=0 j=0

< k1o(akao dist(F(-), G())) + c(v),

8

where c(v) = Ky i Y0 (see [6], p. 109, the proof of Proposition 4). O

g

) =1
We easily obtain (see [7], 8.13 and 8.14 ) the following

Lemma 3. Let ¢ = (¢;)i2 satisty the condition (02). Let F € X, and F =
(F(i))2y- Let Fy be such that Fy(i) = F(i) for i = 0,1,... ,v and Fy(i) = 0 for

i> v. Then F, -22Y, F.

Remark 3. If A C R is nonempty and compact and a € R, then
dist(aAd,A) < |1—a|max|z]|.
€A
PrOOF: Let A C R be nonempty and compact and let a € R, we have
dist(aA, A) = max(max min | x — y |, max min |z —y |)

r€EaAyeA yEA r€AA
= max(maxmin | az — y |, maxm1n|az—y )< 1—a|max|:v|
yeA z€A z€A

z€A yeA
Now, let us denote: = rr, = {0,...,0,Ky1,Ky2,...}. O
——
Jj—times
d,p,V
Theorem 5. Let the assumptions of Lemmas 1 and 3 hold. If x; g, S270 for
d,p,V

every j €V, Ky, Y, 1, then T,(F) ——— F for every I' € X,.

PRrROOF: Let us denote:
Ep(A) = (A 1(A)2o with A; ,(A)=A if i=Fk and A, (A) =0 if i £k,
where A C R is nonempty and compact. Let

So ={Ei(A): k€ V,AC R is nonempty and compact}.
It is easy to see that T,(F) —— L2V F for every F' € S,. Let S be the set of
all finite linear combinations of elements of the set S,. From Lemma 3 we easily

obtain that Sx 4,1 = X,. So we easily obtain the assertion from Theorem 4.
O

Now, let us denote: T rc, = {0,...,0,Kyo, Ky 1,...}.
——

j—times
From Remark 1 we easily obtain the following extension of Theorem 3 from [3]:
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Theorem 6. Let the assumptions of Lemmas 1 and 3 hold. If T; g,
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d,p,V 0

d,p,V

for every j € V, then T,(F) ——— 0 for every F € X,,.

Let now

Xgp=1{FeXy,:Fy 4V, B for some F, EX;,nEN}.

Remark 4. For every nonempty and compact A € R and every € > 0 there are
n€Nanda; € R, j=0,1,...,n such that dist(A,U?zO{aj}) <e.

From Lemma 3 and Remark 4 we easily obtain the following:

Theorem 7. If the assumptions of Lemma 3 hold, then Ydm = Xo.

(1]
(2]
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