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Nowhere dense subsets and Booth’s Lemma

V.I. MALYKHIN

Abstract. The following statement is proved to be independent from [LB -+-CH]:
(*) Let X be a Tychonoff space with ¢(X) < Rg and 7w(X) < €. Then a union of
less than € of nowhere dense subsets of X is a union of not greater than 7w(X) of
nowhere dense subsets.

Keywords: nowhere dense subset, Booth’s Lemma, m-weight

Classification: Primary 54A35, 03E35; Secondary 54A25

1. Introduction

It is known that under Booth’s Lemma LB in a space with a countable m-base
a union less than € of nowhere dense subsets is a meager set (see, for instance,
[1]), in another words, the ideal of meager sets is (< €)-additive.

Let us remind that Booth’s Lemma LB (called also the combinatorial Principle
P(¢)) means:

LB (or P(€)) Let A be a family of infinite subsets of a countable set and
|A| < €. If the intersection of each infinite subfamily of A is infinite, then there
exists an infinite subset B, such that |B \ A| < Nq for every A € A.

L.B. Shapiro suggested that m-weight of a space plays the important role here,
and raised the following question:

Is the following assertion () true under LB:

(*) Let X be a Tychonoff space with ¢(X) < Ny and mw(X) =7 < €. Then a
union of less than € of nowhere dense subsets of X is a union of not greater than
7 of nowhere dense subsets.

The answer to Shapiro’s question turned out to be interesting. In this answer
the following assertion occurs:

(%) Let X be a Tychonoff space with ¢(X) < Rg and mw(X) =7 < €. Then
a union of less than € of nowhere dense subsets of X is a union of not more than
71 of nowhere dense subsets.

2. Cardinal function Couvy,

We are introducing the following cardinal function Couvy,,.

Let [m]S% be the family of all countable subsets of a cardinal m. A family
B C [m]=* is said to be a covering base of the ideal [m]=“ if for every A € [m]<%
there exists B € B such that A C B.
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2.1 Definition. Covy,(m) is the minimum of powers of covering bases of the
ideal [m]=%.

2.2 Theorem. Under LB the following assertion is true:

Let X be a Tychonoff space with ¢(X) < Rg. Then a union of less than € of
nowhere dense subsets of X is a union of not greater than Covy,(rmw(X)) of
nowhere dense subsets.

PROOF: As X is a Tychonoff space, so X C I” for some cardinal v. Let 7w (X) =
7. Without loss of generality it can be supposed that in X there exists a 7-base V
of the power 7 and such that ﬁ;leV =V for every V € V (7, is the projection
of X into I7).

As ¢(X) < Ry, for every nowhere dense subset N C X there exists a countable
subset A C 7 such that N C FZIFAN. We will denote such a subset A by Ap.

So, let NV be a family of power less than € of nowhere dense subsets of X. For
the family A = {Ay : N € N} let us find some covering family B of power not
greater than Covy (7). For every B € Blet Np = {N € N : Ay C B}. As
B is countable, so mg(UNp) is a union of some countable family Fg of nowhere
dense subsets in 7 X (since LB is true!). But then UNp C ng(ﬂ'B(UNB)) =
5 (UFR) C U{np'F : F € Fg}. Tt follows finally: UN C U{U{nz'F : F ¢
Fp}:Be€ B} O

Let have a look at the function Couvy,.

2.3 Proposition. (a) If m™ > ¢, then Covy,(m) = m™;
(b) if cf(m) = w, then Covy,(m) > m;
(c) if cf(m) > w, then Covy,(m) = cf(m) - Sup{ Covy,(n) : n € m}.

PROOF: (a) It is clear that [m]S¥ = U{[B]S¥ : B € B} for every covering base B,
hence, |[m]<%| = |B|- ¢ and as m™° > & so m™0 = |B|. Finally, m~0 = Covy,(m).

(b) Let B be a covering base of power m. By our hypothesis m = X{n; : i € w}.
Thus let n; < n;4q for every i <w. So, B = U{B; : i € w}, where |B;| = n;. For
every i < w we have n;;1 > n; = |B;|, so there exists some b; 11 € n;11\UB;. We
see that the set {b;+1 : i € w} is not covered by any element of B.

(c) It is evident, that on one hand Covy,(m) < cf(m)-Sup{Covy,(n) : n € m}

and on another hand, Covy,(m) > Covy,(n) if m > n, hence Couvy,(m) >
cf(m) - Sup{ Covy,(n) : n € m}. O

2.4 Corollary from Proposition 2.3. Covy,(X,) = Ry, for every n < w and
Covy,(Nw) > Ry,.

2.5 Proposition. In any generic extension by means of a partially ordered (p.o.)
subset P with countable Suslin number, ie. ¢(P) < Ny (i.e. with c.c.c.) the
function Covy,, is the same as in the ground model.
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PrROOF: Let 1 be a ground model, 9t be its generic extension by means of a p.o.
set P with ¢(P) < Ng. Each countable subset A of a cardinal m in 91 has a name
A in 9, which is a subset of w x m x P. As ¢(P) < R so for every n € w a
family {(c,p) : (n,,p) € A} can be assumed to be countable. Let K (A) = {a :
there exist n € w,p € P such that (n, o, p) € A}, then K(A) € M and K(A) is a
countable subset of 9. As it is easy to see, A C K(A) in M. This implies that
every covering base of [m]=* from 90 is a covering base of [m]<¥ in 9 as well.

Now the conclusion of the proposition is evident. (Il

2.6 Corollary from Proposition 2.5. Let 9t be a generic extension by means
of p.o. set with c.c.c. of a model 9 in which GCH is valid. Then in 2t

m, ifef(m)>w
mt, ifcf(m) = w.

oy () = {

3. Answer to Shapiro’s question

3.1 Theorem. (a) Under LB for every 7 < X, the assertion (x) is fulfilled;
(b) under [LB+c = N,,y1] the assertion (x) is fulfilled;
(¢c) if GCH is valid in a ground model and LB is valid in the generic extension
N (by means of a p.o. set with c.c.c.) then in I:
(cl) the assertion (x) is fulfilled for T iff cf(T) > w;
(c2) the assertion (xx) is fulfilled for every T (< €, of course).

PRrROOF: (a),(b) and (c2) follow from Theorem 2.2 and Corollaries 2.4, 2.6. Let
us prove (cl). The first part of (c1) is clear, so we have to prove only its second
part, i.e. if ¢f(7) = w, then () is not fulfilled. A proof for every countably cofinal
cardinal is the same as for N, what we will do.

For every n € w let X;, = wp, with all sets X,, disjoint. Let X = X{X, :
n € w}. In the ground model M |[X]S¥| = R, ;1. Let us denote the set of all
countable subsets of X by Y. As the extension 9t — 91 has been made by means
of p.o. set with c.c.c. so |Y| = Ry,41 in O (let us note that Y is not the set of all
countable subsets of X in MN).

Let us consider in 9 the following family ) of nowhere dense subsets of 2X.
For every A € Y let Ny be wgl{(_)}, where 0 is the function: A — 0. The
family Y = {N4 : A € Y} of nowhere dense subsets of 2X has in 91 the power
N,+1, hence |Y| = R,41 < €. Let us show that in N there exists no family £ of
cardinality not greater than R, of nowhere dense subsets and such that UE = U).
Assume the contrary and let £ be a such family. For every F € £ let Ap be a
such countable subset of X that £ C WZ}EWAEE. So we can think that every
E € & generates a pair: a countable subset A C X and a nowhere dense subset
e 24E  Let us analyze first the family {Ap : E € £}. O
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3.2 Proposition. In M for every family A of countable subsets of X such that
|A| <R, there exists B € Y such that |BN A| < Xq for every A € A.

PROOF: Let us come back to 9. A name A is a some set of triples (o, p, A),
where o € w,,, p € P, and A is a name of countable subset of X. As c¢(P) < Ny
so for every o € wy, the set of all triples (a, p, A) € A is countable. And what
is a name A? It is a set of triples (n,3,p), where n € w, § € X, p € P, as
¢(P) < Rg for every n € w the set of all triples (n,3,p) € A is countable. Let
K(A) = {3 : there exists (n, 3,p) € A}. Then K(A) is the countable subset of X
Let us consider the family K = {K(A) : there exists some (o, p, A) € A}. Tt is
evident that |[K| = R, and as it is easy to see that 4 C K in M. As |[K| = Ny,
K can be represented as a union U{K, : n € w} of sets Ky, of the power R,,.
It is evident that for every n € w there exists some by4+1 € Xp41 \ UK, and
B = {bp+1 : n € w} is the desired subset. O

Let us come in .

3.3 Proposition [LB|. Let A be a family of countable subsets of X, |A| < €
and B be a such countable subset of X, that |B N A| < Ng for every A € A. Let
a nowhere dense subset N C 28 and for every A € A a nowhere dense subset
N4 C 24 be given. Then 7T§1N ¢ U{r 1Ny Ae A}

PROOF: Let N be a one point set . Then Wél{H} = {6} x 2X\B_ Let us denote
this subspace by Z for brevity. As |X| < € so Z is a separable compactum, hence,
under LB it is not represented as a union of less than € of nowhere dense subsets
([2]). Now we have only to prove that every subset leN 4 is nowhere dense in
Z,ie. ZN 7T21NA is nowhere dense in Z.

Let V be any open nonempty subset of Z, then we can assume that V =
{z € 2X . 2 D ¢} where ¢ is some finite partial function from X into {0,1}
and ¢/B = 0/B. But |AN B| < Yg so ¢ can be extended to a function ¢ such
that domy O AN B. As ngN 4 is nowhere dense in 2% so that there exists a

finite function f extending ¢ and such that f/B = 6/B,F N WZINA = () where
F={ze2X 20 f} . BuFCV,FNZ#0and FNZN7,;'Ngy=0. It has

been proved that leN 4 is nowhere dense in Z.
The theorem has been proved. (|

3.4 Remark. In proofs it is essential that considered spaces are Tychonoff. Is
Theorem 3.1 true for regular spaces?

3.5 Remark. It is known that under MA the ideal of subsets of reals of Lebesgue
measure 0 is (< c)-additive. How is “Shapiro’s” question to be answered for
Lebesgue measure (or some others measures)?
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