Commentationes Mathematicae Universitatis Carolinae

Aleksander V. Arhangel'skii; Winfried Just; Grzegorz Plebanek
Sequential continuity on dyadic compacta and topological groups

Commentationes Mathematicae Universitatis Carolinae, Vol. 37 (1996), No. 4, 775--790

Persistent URL: http://dml.cz/dmlcz/118884

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 1996

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/118884
http://project.dml.cz

Comment.Math.Univ.Carolin. 37,4 (1996)775-790

Sequential continuity on dyadic
compacta and topological groups

A.V. ARHANGEL’SKIT*, W. JUsT**, G. PLEBANEK***

Abstract. We study conditions under which sequentially continuous functions on topo-
logical spaces and sequentially continuous homomorphisms of topological groups are
continuous.
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§1. Introduction

It is well known that the sequential continuity of a real-valued function defined on
a topological space is in general far too weak to imply its continuity. The problem
whether sequentially continuous functions on a product of separable metric spaces
are continuous is much more delicate.

An investigation originated by Mazur [M] and continued by Noble [N] and
Antonovskii and Chudnovski [AC] brought out several interesting results. For in-
stance, the question whether the product of k separable metric spaces is a space in
which sequential continuity suffices for continuity appears to be equivalent to the
question whether the Cantor cube D7 has that property. Moreover, unless certain
large cardinals exist, D" does have the property for every cardinal number 7. On
the other hand, if 7 is a real-valued measurable cardinal, then a universal measure
on 7 provides an example of a sequentially continuous function on D7 which is
not continuous. This suggests that one should not expect the above problem to
be decidable within the usual axioms of set theory (see also [P1] and [P2]).

In Section 1 of this article we establish certain conditions under which a se-
quentially continuous mapping is continuous. We also construct an example de-
stroying some overly optimistic expectations in this respect: It turns out that
being a homomorphism of topological groups is not among such conditions, even
if the domain is compact. This example sheds new light on a classical result
of Varopoulos [Vs], and also leads to a partial solution of a problem posed by
Comfort and Remus [CR].

*Partially supported by NSF grant DMS-9312363.
**Partially supported by NSF grants DMS-9016021 and DMS-9312363.
***Partially supported by KBN grant 2/1054/91/01.
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Section 2 contains a discussion of the role of large cardinals and of compactness-
like properties of the sequential leader of D7.

§2. Preliminaries

We follow notation and terminology in [E] and [A1]. A space means a topological
space. Symbols X, Y, Z always stand for topological spaces. Topological groups
are assumed to be Tj-spaces, which implies that they are Tychonoff spaces (see
[Pn], [RD]).

A space of point-countable type is a Hausdorff space X such that for each point
x € X there is a compact subspace F' of X satisfying the conditions: x € F, and
X(F, X) < w, where the last condition means that there is a countable base of
neighbourhoods for F'in X.

A Baire subset of a space X is any member of the o-algebra generated by the
zero-subsets of X.

A space of countable pseudocharacter is a space in which all points are Gg’s,
and the tightness of X is countable if every point in the closure of any subset A
of X is in the closure of some countable subset of A.

A cardinal is identified with the smallest ordinal corresponding to it, and an
ordinal is considered as the set of all smaller ordinals; P(7) stands for the set of
all subsets of 7.

A topological group G is said to be w-bounded (see [A3]), if for each nonempty
open subset U of G, there is a countable subset A C G such that the set Uo A =
{bxa:beU,,ae A} coincides with G.

A dyadic compactum is a compact Hausdorff space which can be represented
as a continuous image of some Cantor cube D7. Every compact topological group
is a dyadic compactum, according to a famous theorem proved independently by
Ivanovskil [Iv] and Kuz’minov [Ku].

We call a (not necessarily Tychonoff) space X pseudocompact, if every discrete
in X family of nonempty open subsets of X is finite. For Tychonoff spaces this is
equivalent to the requirement that every continuous real-valued function on X is
bounded.

Recall that a subset A of a topological space X is called sequentially closed
if it contains a limit of every converging sequence (zn)necw of its elements. For
every A C X we denote by A%¢Y the set of all points that are limits of converging
sequences from A. (Note that A%¢? need not be sequentially closed!).

A real-valued function g defined on X is said to be sequentially continuous if
limy, 00 g(tn) = g(t) for every (ordinary) sequence (tn)new € X that converges
to t. If g is such a function, then g~ 1(F) is sequentially closed whenever F is a
closed set in the real line.

The space D will sometimes be identified with the power set of x wvia the
mapping xq < a, a C k. Thus subsets of x are elements of D", and are denoted
by lower case letters.

The subset A C D" is said to depend on a set i C k (of coordinates) provided
that « € A and bNi = aNi imply b € A. It is well known that every zero-
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set in D" depends on a countable set (see [M]). Every subset of D" of the form
{a: i Ca C j°, where i,j C k are finite, is called an elementary set (here and
below Y¢ stands for the complement of a set Y'). Elementary subsets of D" form
a standard base for the usual topology of DF.

Note that A%¢9 = A for every subset of D* depending on a countable set i C x.
Indeed, let a € A. Write ¢ as an increasing union of finite sets i, and choose, for
every n,

an € AN{z: inNaCxC (in\a)}.
Put sp, = (anNi)U(a\1); it follows that sy,’s form a sequence in A that converges
to a.

A measure p defined on the Borel o-algebra of a topological space X is said to
be strictly positive provided p(V) > 0 for every nonempty open subset V of X.
A measure p is completion-regular if for every Borel set B there are Baire sets
Az, Ao with A1 C B C Ay and p(A1) = u(A2). Since every finite measure is
inner-regular on the o-algebra of Baire sets, the completion-regularity of  means
that for every Borel set B with p(B) > 0 there exists a zero-set Z C B such that
w(Z) > 0 (see [Wh]).

The usual product measure on D" is strictly positive and completion-regular.
This is a particular case of a theorem due to Kakutani stating that a prod-
uct of any family of strictly positive Borel measures defined on metric spaces is
completion-regular. Recall also that the Haar measure on a compact topological
group has that property (see [Wh] for references, and [Gr| for more recent results
on completion-regularity).

§3. Sufficient and insufficient conditions for continuity of sequentially
continuous maps

1. Theorem. Let X be a dyadic compactum, and let f be a sequentially con-
tinuous mapping of X onto a space Y of countable pseudocharacter. Let us also
assume that, for each y in Y, the preimage of y under f is a space of countable
pseudocharacter. Then the mapping f is continuous, and the spaces X and Y
are metrizable.

PRrROOF: We only have to show that X is metrizable. This already implies that f
is continuous, and that Y is a metrizable compact space. Let us assume that X
is not metrizable. Then X contains a topological copy of the space D“1 (see, e.g.
Theorem 1 (iv) of [H]). It follows that there exists a nonempty countably compact
sequential subspace Z of X such that none of the points in Z is a Gg-point in Z.
Indeed, take a copy of any Y-product in D“1. Let g be the restriction of f to Z.
Since the space Z is sequential, g is a continuous mapping of Z onto a subspace M
of Y. Take any point y of M. Since {y} is a Gg-subset of M, and g is continuous,
g Yy} is a Gs-set in Z. Clearly, g~ {y} is contained in f~1{y}. Therefore, each
point of the space g_l{y} is a Gg-subset of it. It follows that every point of the
nonempty set g_l{y} is a Gg-subset of Z — a contradiction with the choice of Z.

O

T
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2. Corollary. Every sequentially continuous one-to-one mapping of a dyadic
compactum X onto a first countable Ty-space Y is continuous, X is metrizable,
and Y is either not Hausdorff, or also metrizable.

3. Theorem. Let f be a sequentially continuous homomorphism of a topological
group G of point-countable type into a countably tight topological group F' such
that the kernel A = f~1{e} is closed. Then f is continuous.

ProOF: Let H = G//A be the topological quotient group of G with respect to A,
and let g be the quotient homomorphism of G onto H. Then g is continuous and
there is a unique isomorphism h of H onto F such that f =hog.

Let {yn : n € w} be any sequence in H, converging to a point y € H. Then
there is a sequence {x, : n € w} in G converging to a point z in G, such that
g(xn) = yn for each n € w (see Theorem 3 of [Pas]). It follows that the mapping
h of H into F' is sequentially continuous. Clearly, H is a topological group of
point-countable type. Therefore, there is a compact subgroup P of H such that
the set P has a countable base of neighbourhoods in H. The restriction of A to
P is a continuous mapping by the following lemma:

4. Lemma. Let f be a sequentially continuous mapping of a dyadic compactum
X onto a Hausdorff space Y such that the tightness of every compact subspace of
Y is countable. Furthermore, assume that t(f~1{y}) = w for each y in Y. Then
f is continuous, and the spaces X and Y are metrizable.

PRrROOF: It is enough to prove that X is metrizable. Let us assume the contrary.
Then the space X contains a topological copy Z of the space D“!. By a theorem
of Mazur [M], the restriction of the mapping f to Z is continuous. Then F = f(Z)
is compact; therefore t(F) = w. Also, t(g~1{y}) = w for every y € F. Thus by
Proposition 4.5 in [Al], ¢(Z) = w. Since every dyadic compactum of countable
tightness is metrizable (see [E]), we get a contradiction. O

By Lemma 4, P is metrizable. Since P has a countable base of neighbourhoods
in H, it follows that H is first countable. Thus f is continuous. O

5. Theorem. If f is a sequentially continuous homomorphism of a topological
group G of point-countable type into a countably tight group F' such that the
kernel K = f _1(6) contains a nonempty Baire subset of G, then f is continuous.

PRrROOF: Fix a compact subspace T of G which contains e and has a countable
base of neighbourhoods in G. Since K contains a nonempty Baire subset G,
there is a nonempty Gg-subset P of G contained in K. Clearly, we can assume
that P is also contained in T. Moreover, we can assume that P is closed and
is a subgroup of G (see [Pn], [RD]). Take the quotient space G/P (which is not
necessarily a topological group). It is first countable, since P has a countable
base of neighbourhoods in G (by transitivity of character in Tychonoff spaces,
see [A3]). The natural mapping of G/P into F' is well-defined (since P C K), is
sequentially continuous by Theorem 3 of [Pas|, and thus is continuous, since G/P
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is first countable. Therefore f is a composition of two continuous mappings and
is continuous. (|

The following example shows that some assumptions on the kernel are necessary
in Theorems 3 and 5.

6. Theorem. Let k < 280 pe a real-valued measurable cardinal. Then there
exists a sequentially continuous homomorphism g of D* onto a metrizable topo-
logical group G that is not pseudocompact.

Theorem 6 can be proved quite easily using seminorms and the result of
Varopoulos [Vs]. The reader interested in this approach and in related results
is referred to [U] and [Hu]. Here we present a direct proof that does not de-
pend on Varopoulos’s result. The construction of topological groups used in this
argument will also be needed in the proof of Theorem 16.

Let x be an uncountable cardinal, and let A be an ordinal. Consider a collection
M = {ug : § < A} of probability measures on P (). For { <\, e >0 and X C &,
let U(X,§,e) ={Y C r: pe(XAY) < e}. Let Ty (or just 7 if no confusion
can arise) be the topology on P(k) generated by the subbase {U(X,¢{,e) : X C
k,& < A\ e > 0}, and let S be the usual topology on P(k) (i.e. S is obtained by
identifying P(x) and D" with the product topology).

Define an equivalence relation ~ on P(x) by: X ~ Y iff V& < Apue(XAY) = 0.
Denote G = P(k),~, and let h : P(x) — G be the quotient mapping. We shall
use the same symbol A for operations on P(k) and Gj if X, Y/ € G, then
X/NAY/N = (XAY)/N. Clearly, A is a well-defined operation on G. We also
shall use the same symbol 7 for the quotient topology on G and for the topology
on P(k).

7. Lemma. (a) The mapid: (P(k),S) — (P(k),T) is sequentially continuous.
(b) (P(k),A),T) and ((G,A),T) are topological groups.
(¢) hoid is a sequentially continuous group homomorphism from
((P(k),A),S) onto ((G,A), T).
(d) If X <Ny, then G is metrizable.

PrOOF: Note that if X = limy—00 Xy, (in the sense of S), and p is a proba-
bility measure on P(k), then lim, oo #(Xpn) = u(X) [Hal]. Using this fact, the
verification of (a) is straightforward.

In order to prove that ((P(k),A),7) is a topological group, first note that
X1 = KAX for every X C k. Therefore, it suffices to show that the function
A : (P(k))? — P(k) is continuous with respect to 7. Now it suffices to note
that if 4 is a measure on k, then the function g, : (P(k))? — P(k) defined by
ou(X,Y) = p(XAY) is a pseudometric on P(x) (see [Hal, §40]), 7 is the topology
generated by the collection of pseudometrics {QME : £ < A}, and the function
A : (P(x))? — P(k) is continuous with respect to every pseudometric Oue - For a
similar reason, ((G,A),7) is a topological group.

The verification of (c) is left to the reader.
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The result of (d) will only be used if A = 1. In this case it suffices to note that
Opo is a metric on G, and 7 is induced by this metric. O

PrROOF OF THEOREM 6: Let k be as in the assumption. For convenience of
notation, we shall identify D" with P(k).

Let o : P(k) — [0,1] be a countably additive probability measure such that
p({a}) = 0 for each a < k. Let 7 = Ty 1 be the topology on P(x) defined as in
the discussion preceding Lemma 7, let G be the corresponding topological group,
and h the quotient mapping. Let g = h oid.

Then g is a sequentially continuous group homomorphism by Lemma 7(c), and
G is metrizable by Lemma 7(d). So we will be done if we prove the following:

8. Claim. (G,7T) is not pseudocompact.

PRrROOF: Since (G,7T) is metrizable, it is enough to show that it is not countably
compact. There exists a sequence (X, )new of subsets of k such that u(Xy,) = 0.5
and

(+) wWXpAXpy) =05 forall n<m<w.

This is true in general, and can be very easily observed if we assume that p
extends Lebesgue measure (this does not lead to loss of generality; see [J, p. 302]):
In this case, let (Xp)new be a standard Rademacher sequence.

But note that the X,,’s form an infinite collection A of points whose distance
from each other is 0.5 in the metric g,,. Since 7 is induced by this metric, A is a
closed discrete subspace of (G, 7). Therefore, the space (G,7T) is not countably
compact. (I

The group G constructed in our proof of Theorem 6 is not separable. The
density of the space (G,T) is equal to the Maharam type of the measure u (see
[F1, 2.20]). By a theorem of Gitik and Shelah, the Maharam type of p is at least
as big as min{x ™%, 2"} (see [F2] for an elementary proof). Hence the following
question arises:

Problem 1: What is the smallest possible density of a group G as in Theorem 67
In particular, can one construct an example as in Theorem 6 such that G is
separable (but still not compact)?

9. Remark. The map g in the above example is open. Indeed, since
Va,y € P(r) (|zAy] <Ro = g(x) = g(y)),

the preimage of any point of G under g is dense in P(x). This implies that g
maps every nonempty open subset of P(x) onto G. Thus g is open.

10. Theorem. Let f be a sequentially continuous mapping of a dyadic com-
pactum X onto a space Y of countable pseudocharacter such that the preimages
of all points are closed. Then f is continuous.

PRroOF: The space X is a quotient space of some Cantor cube D™ under a (contin-
uous) mapping h, and it suffices to show that the composition mapping g = foh
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is continuous. Clearly, the images of points under g are closed subsets of D7, and
g is sequentially continuous. Therefore, we may assume that f maps D7 onto Y,
where Y has countable pseudocharacter. If f is sequentially continuous, then f
is continuous on the sigma-product £ = {f € D7 : [f~1{1}| < Rg}, and hence
f|¥ depends only on a countable set of coordinates A (see [E]). Now suppose that
the fibres of f are closed, and let y € Y. Let f(x) = y, and let p = z|A. Then
x € c(Z), where Z = {z € ¥ : z|A = p}. But cl(Z) is all contained in one fibre,
by the choice of A. Thus, the whole function f depends only on the coordinates
from the countable set A; hence f is continuous. O

We conclude this section with a fairly general measurability condition that
implies continuity of a sequentially continuous mapping.

Let X be a compact (Hausdorff) topological space. We denote by Z(X) the
family of all zero subsets of X; we also put Z1(X) = Z(X)\{0}.
We define two families of subsets of X in the following way:

SoX)={ACX: VV(VNA#£0=3ZcZN(X)ZCVNA},
S(X)={ACX:VV3IZecZT(X)(ZCVNAVZCVNAY},

where V' denotes an open subset of X.
We shall list some basic properties of the families S(X) and Sp(X) thus defined.
(i) A € Sp(X) if and only if there exists a family Z C Z(X) such that

UzcAcCUZ;

(ii) So(X) contains all zero-sets and all open sets in X, and is closed under
arbitrary unions;

(iii) S(X) is closed under complements;

(iv) every subset of X having the Baire property belongs to S(X);

(v) S(X) contains p-measurable sets for every completion-regular and strictly
positive measure g on X.

Indeed, it is immediate from the definition of Sp(X) that if A € Sp(X), then
the union of all zero-sets contained in A is dense in A. On the other hand, if
UUZ C ACJZ, then every open set V with ANV # () meets some Z € Z; since
Z NV contains a non-empty zero-set, so does V' N A.

Properties (ii) and (iii) are clear. To check (iv) it suffices to notice that if V
is open and non-empty, and N is a set of the first category in X, then V \ N
contains some Z € Z7(X).

Let 1 be a measure as in (v) and let A be measurable. If V' is open and
nonempty, then either u(V N A) > 0 or u(V'\ A) > 0, so by completion-regularity
we can find a non-empty zero-set either in VN A or in V' \ A.

Let us remark that Sp(X) is the whole power set of X whenever X is first-
countable (since then singletons are zero-sets). It is also worth noticing that S(X)
may be fairly large in other cases.
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For instance, every subset A of D€ (where c is the cardinality of the real line)
can be written as A = BUC with B,C € S(D€). Indeed, there is a decomposition
D€ = M UN, where N is of first category and M is a null-set with respect to the
usual product measure A\ (which is strictly positive and completion-regular). It
follows from the remarks above that A = (ANM)U(ANN) is the decomposition
as required. On the other hand, if P is the family of all countable subsets of ¢,
then P ¢ S(D®). This shows that S(X) need not be closed under finite unions.

In the sequel, we shall say that a real-valued function g defined on a space
X is S(X)-measurable provided g~(H) € S(X) for very open subset H of the
reals (equivalently: for every closed H). It is clear from the above observations
that every function having the Baire property is S(X)-measurable, and so is
every function which is measurable with respect to some strictly positive and
completion-regular measure.

11. Proposition. If X is a dyadic compactum and A € Sy(X), then the se-
quential closure and the closure of A coincide.

PRrROOF: The substantial part of the argument is contained in the following well-
known fact (see [E1], [EK]):

12. Lemma. Let D be a family of subsets of D" such that every D € D depends
on a countable set of coordinates. Then there exists a countable subfamily Do C D
such that |JDg = JD.

In order to prove Proposition 11, suppose that we have a non-empty set A €
Sp(X), and let us fix a continuous surjection 6 from D" onto X. We let Z to be
the family of all zero-sets in X that are contained in A, and put D = {#~1(Z) :
Z € Z}. Since every set of the form #~1(Z), where Z € Z(X), is a zero subset of
D" it depends on a countable subset of k. Now it follows from Lemma 12 and
the remark from Section 2 that [JD = (|JD)*®. Since the union of Z is dense in
A (see (i) above), we get

1=Uz=0(Up) o (UP) =0 ((UP) ) < (0(Un)) <

and we are done. O

13. Theorem. Let g be a sequentially continuous real-valued function defined
on a dyadic compactum X . If g is S(X)-measurable, then g is continuous.

PRrOOF: We shall check first that
(1) g Y(H) € So(X) whenever H C R. is open.
Let V be open subset of X; suppose that g_l(H) NV contains no elements of
ZT(X). It follows that ¢g"1(H®) NV € So(X), and g~ (H®) NV is dense in V.

Thus, applying Proposition 11 and the fact that g_l(H ¢) is sequentially closed,

we have
VCg M H)NV = (g7 {(H)NV)* C g1 (H),
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soVNng L (H)=0.
Now we shall check that
(2) g~1(H) C g~ (H) for every open H.

Indeed, using (1) and Proposition 11 once again, we can write
g~H(H) = (971 (H))* C (¢ (H))*** = g~ ' (H).

Property (2) is equivalent to continuity of g.
Indeed, for a closed set * C R we can find open sets Hp such that F' =
MNhew Hn = Npew Hn. Thus

g F) =g 'H)2 () o' (Ha) 2 () g7 (Hn) 2 g7 1(F),

new new new

so the set g~ 1(F) is closed. O

14. Corollary. If g is a sequentially continuous function on a compact space
X, then g is continuous provided any of the following is satisfied:

(i) X is a dyadic compactum and g has the Baire property;
(ii) X is a compact group and g is measurable with respect to its Haar mea-
sure.

PRrROOF: If (i) holds, the assertion follows from Theorem 13, since functions having
the Baire property are measurable with respect to S(X).

Recall again that every compact topological group is a dyadic compactum
([Iv], [Ku]). As we already noticed, functions that are measurable with respect
to a strictly positive and completion-regular measure on X are S(X )-measurable.
Moreover, the Haar measure is such a one. Thus, by Theorem 13 again, if (ii)
holds, then g is continuous. (I

84. The role of large cardinals and compactness-like properties of the
sequential leader

Some large cardinal assumption is needed in Theorem 6. This was first observed
by Mazur in [M], where it is shown that unless « is at least as big as the first
weakly inaccessible cardinal, all sequentially continuous functions from D" into
metric (and thus, into Tychonoff) spaces are continuous. The lower bound for
was later improved by Antonovskil and Chudnovskii [AC] and Ciesielski [C]. It is
still unknown whether a real-valued measurable cardinal is needed.

The proof of Theorem 6 can be modified to yield further interesting results.
The following theorem answers Question 8 in [A2].
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15. Theorem. If x < 280 js a real-valued measurable cardinal, then there
exists a sequentially continuous isomorphism of the topological group D" onto a
topological group G that is not w-bounded.

PROOF: Let f be a sequentially continuous mapping of a (Tychonoff) space X
onto a (Tychonoff) space Y. Let 77 be the smallest (Tychonoff) topology on the
set X, containing the topology 7 of the space X and all inverse images of open
subsets of Y. The identity mapping i : (X,7) — (X,71), defined by the rule:
i(z) = x for each z in X, is sequentially continuous and one-to-one. Obviously,
is continuous if and only if f is continuous. If X and Y are topological groups,
and f is a homomorphism, then (X,77) is also a topological group, and 4 is an
algebraic isomorphism. One can prove Theorem 15 by applying this technique to

the example of Theorem 6. Of course, the resulting isomorphism is not continuous.
O

W. Comfort and D. Remus asked whether every compact group H of measur-
able cardinality admits a strictly stronger countably compact group topology of
weight 21H| (see Question 5.4(b) of [CR]). The following theorem gives a posi-
tive answer for the group (P(k),A) if k is strongly compact (note that strongly
compact cardinals are measurable, but not vice versa).

16. Theorem. Let k be a strongly compact cardinal, and let S be the usual
(product) topology on P(k). Then there exists an extension © D S such that
(1) ((P(k),A),®) is a topological group,
(2) (P(k),®) is countably compact,
(3) w((P(k),0)) = 27"

PROOF: Let x be a cardinal, and let M = {y¢ : £ < A} be a family of two-valued
r-additive probability measures on k such that A > k and for a < k we have
o (X) =1iff @« € X. Let © be the topology on P(x) induced by the subbasis

Hr Cripe(z) =0} {x Cr:pe(e) =1} £ <AL

It is not hard to see that © = 7. Thus, by Lemma 7, ((P(x),A),0) is a
topological group. 0

17. Lemma. (P(k),®) is countably compact.

PROOF: Let {xy, : n € w} be a countable infinite subspace of (P(x), ). We show
that the set {xy : n € w} has a cluster point. Let F be a nonprincipal ultrafilter
on w, and let e = limrx, (le. o € eif and only if {n € w: «a € zp} € F).
Consider an arbitrary basic open neighborhood U of e. We may assume that
U=UynN...NU for some k € w, and for each ¢ < k there exist £ < A and
g; € {0,1} such that U; = {X C x: pg = ¢i}. For A€ F,let ey = {a €
k:Vne Ala € e ac€ x,)} Clearly, Uyerea = k. Since 2% < k, by
rk-completeness of the measures p¢ there exists an A € F such that pg, (eq) =1
for all # < k. It is not hard to see that the latter implies that =, € U for all
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n € w. Since U was arbitrary, we have shown that e is a cluster point of the set
{zn :n € w}. O

Our work so far did not depend on the size or other properties of the family M
of measures on k. Now we show that if « is strongly compact, then we can find a
family M such that the weight of O is as large as postulated in Theorem 16(3).
We need a technical lemma. In its formulation, the concept of a k-independent
family is used. We call a subfamily A of P(k) k-independent if for every subfamily
B C A such that B = {By, : n < 0 < k} and every function h : ¢ — {0,1} the

intersection B,}; ™ has cardinality #, where B = B and B! = k\B.

n<o

18. Lemma. Let s be strongly inaccessible. Then there exists a k-independent
family A of size 2F in P (k).

This lemma is a slight variation on the theme of a well-known result of Ficht-
enholz, Kantorovich and Hausdorff. Before we prove it, we show how it can be
used to prove Theorem 16. Let {go : o < 2¥} be a set of functions from 22"

into {0, 1} that is dense in 2" D with the product topology. Denote A = 22", Let
{he + € < A} be the set of functions from 2" into {0, 1} defined as follows:

hf(a) = ga(§)-

Note that the functions he are pairwise different: If n # &, then there is some
a such that go(n) =1 — ga(§).

Let A= {Aqn: a < 2"} be a family as in Lemma 18. For each { < A, let I be
the filter on x generated by the family {Aq : he(a) = 1} U {r\Aq : he(a) = 0}.
The family A was chosen in such a way that F¢ can be extended to a x-complete
filter G¢ on r that is uniform (i.e. all elements of G¢ have cardinality ). Since
x was assumed to be a strongly compact cardinal, each G¢ can be extended to
a k-complete nonprincipal ultrafilter He on k. For each { < A, let u¢ be the
two-valued probability measure associated with He, let M = {,u5 : £ < A}, and
let © = Ty.

We show that w(P(x),©®) = A. The inequality w(P(x),0) < A follows im-
mediately from the way the topology was introduced; so we need only prove the
inequality w(P(k),©) > X. Suppose toward a contradiction that B is a base
for this space of cardinality less than A. Since the space P(x) has cardinality
less than A, we can without loss of generality assume that each B € B is of the

form B = {x C r: {of,...,aP} c 2&{aB,,. .. ,a?}ﬂx = 0&#5(1)3(17) =
z,ugég(x) zo&ugfﬂ(:v) =... :,ugég(:v) = 1} for some o, ... ,af € x and

563,... ,ff € X. Now let £ € A be suchthautf;«réffl3 for any B € B and n € w.
Let V = {2z C k: pg(x) = 1}. There must be some B € B with B C V. Assume

B={zCk: {aff,....aP} c x&{aﬁ_l,... ,oz;-g}ﬂ:c = (Z)&ug(j)g(x) =..=

ugf(x) = O&Mﬁf 1(:10) =...= ,U,Eég(l') = 1}. By the choice of the functions gq,
: +

there exists some o # aOB, e ,af such that g4(§) =0, ga(gég) =.. -ga(fl?) =0
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and ga(gli_l) S ga(ff) =1. Leta = (AQU{QOB, ... ,a?})\{aﬁ_l, . ,af}.
A straightforward verification of the relevant definitions shows that a € B. On
the other hand, a ¢ He¢, and therefore, a ¢ V. This contradicts the assumption
that BC V. [l

It remains to prove Lemma 18.

ProoF OoF LEMMA 18: It will be convenient to enumerate the elements of the
family A that we are going to construct by functions g : k — {0,1}. Also since k
is strongly inaccessible (in fact, it suffices to assume that « is strongly limit), we
can enumerate the family [k]<" = {do : a < K} of all subsets of  of cardinality
less than x in such a way that each d € [k]<" appears cofinally often in the
enumeration. Also, we can partition k = {by : @ < £} into pairwise disjoint sets
such that |by| = 921! We enumerate: by = {8% + H:A{0, 1}de — {0,1}}.

After all these preliminaries we are ready to construct A = {4, : g € {0,1}"}.
We set:

By € Ay < H(glda) = 1.

We show that this family is x-independent. Let h : C — {0,1} be a function
defined on a subset C' of {0,1}" of cardinality < k. Let d C k be such that for
each pair of different gg,g1 € C there is some § € d with go(6) # g1(5). Let
H :{0,1}% — {0,1} be any function such that H(g|d) = h(g) for each g € C. Let

o be such that d = do. Then 8§ € Nyep Ag(g). Since there are s many such
a’s, we are done. ]

Let 7 be a cardinal. By Dg,, we denote D7 with the strongest topology extend-
ing the Tychonoff product topology and still preserving convergence of sequences
in DT. We shall distinguish the two different closure operations in D" by writ-
ing cl(X) for the closure in the product topology, and clseq(X) for the closure
operation in DZ.,. The space D7, is called the sequential leader of D7. This
space is Hausdorff, but it need not be a Tychonoff space. In this section we show
that unless some large cardinals exist, the space D7, is pseudocompact. Before
proving it, let us compare this result with some other compactness-like properties

of D7.

19. Theorem. Let 7 be a cardinal. The following are equivalent:
(a) DZ.q is countably compact;
(b) DZ., is sequentially compact;
(c) T is less than the splitting number s.

Theorem 19 is a minor variation on the theme of Theorem 1 in [B], Theorem
5.12 in [Vn], respectively Theorem 6.1 in [vD]. The definition of the splitting
number s can be found in [vD] or [Vn]. For our purposes it suffices to know that s

is an uncountable cardinal not exceeding 280, In particular, it follows that Dg:g

is never countably compact, even if 280 is as small as wy. For pseudocompactness,
we get a very different picture.
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20. Theorem. (a) If 7 is at least as big as the first real-valued measurable
cardinal, then D, is not pseudocompact.
(b) If 7 is smaller than the first weakly inaccessible cardinal, then D7, is

pseudocompact.

PrOOF: Note that (a) follows from Theorem 6: If we consider the function g of
this theorem as a function with domain DF.,, then g is continuous.

We prove (b) by an argument closely resembling the reasoning in [M]. As in
the proof of Theorem 6, it will be convenient to identify elements of D7 with
subsets of 7. Call a subset U of Dg,, special if all finite subsets of 7 are in U, and
T ¢ clseqU. The following lemma was first proved in a different terminology by
Mazur [M].

21. Lemma. Suppose k is such that there exists a sequentially continuous map
f: D* — R that is not continuous. Then, for some T < k, there exists a special
subset U of Dg,, that is both closed and G5 in Di,.

seq
We shall not prove Lemma 21 here. For our purposes, a very similar lemma

will be relevant.

K

22. Lemma. Suppose k is such that D, is not pseudocompact. Then, for some

7 < K, there exists a special open subset U of Dg,,.

PROOF: Let k be as in the assumption, and let {U, : n € w} be a countable
discrete family of nonempty open subsets of Dg,,. By compactness of D" (with
the usual product topology), there must be an n such that ¢l(U,) has empty
interior in the product topology on D". To simplify notation, assume n = 0 is
such.

Let z € Up. There is a finite set F' C k such that if G is a finite subset of
k\F and y € D" is such that Ay C G, then y € Up: If not, then we could
inductively construct a sequence (yp)ren of elements of D*\Uy such that the
sequence (zAyk)peco consists of pairwise disjoint finite subsets of x, and thus
limg_., y = x. The latter is impossible though, since Uy is a neighborhood of x
and no y € Up.

Next observe that there is some y € D"\cl(Uy) with y N F' = 2 N F' (otherwise
Up would contain the basic open neighborhood of z in D* determined by F'). Fix
such y. Then xAy is an infinite set. To simplify notation we may assume that
xAy = 7 for some infinite cardinal 7. Consider the set

V={2Az: z€Uy & Az C 7}.

This set is open in D'Sreq, since if wy, ¢ V for every n € w and limy,—, o0 Wy, = wy,
(in DZ.,), then for each n < w there exists exactly one 2, € D" such that
xAzy = wy. Moreover, limy, .o 2n, = 2w, and 2, ¢ Up since Uy is open in D’;eq.
It follows that w, ¢ V. A similar reasoning shows that 7 = zAy ¢ clseq(V).
Moreover, if G is a finite subset of 7, and zAz = G, then z € Uy (by the choice
of F'), and thus G € V. We conclude that V' is a special open subset of D.,. [
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Now let 7, be the smallest cardinal 7 such that there exists a special open
subset of D,,. In view of Lemma 22, point (b) of Theorem 20 is a consequence
of the following.

23. Lemma. 7, is a weakly inaccessible cardinal.
PrOOF: The proof is based on the following observations.

24. Claim. Suppose U is a special subset of some D, and X C 7 is such that
X ¢ clseqU. Then the family U N'P(X) is a special subset of Ds)gq. Moreover,
UNP(X) is open in DX whenever U is open in Dy

seq

PRrROOF: Follows from the definition of a special subset and the fact that P(X)
can be treated as a subspace of D{,,. O

25. Claim. If U is a special open subset of Dg2,, and X is a subset of 7, of
cardinality smaller than 7., then X € U.

ProOF: Immediate from Claim 24 and the choice of 7. O

26. Claim. If U is a special open subset of 7,, and X is a family of pairwise
disjoint nonempty subsets of 7, such that |X| < 7, and |J X = 7,, then there is a
finite subfamily Y C X such that |JY ¢ clseqU.

PROOF: Suppose X = {X, : a € A < 75} is a counterexample. Then the function
h : P(A\) — P(15) defined by: h(Y) = |J{Xq : « € Y} is a homeomorphism
between P(A)seq and a closed subspace of P(7y)seq.- Let V = h~1U. By the
assumptions on X, A ¢ clseqV, each finite subset of A is in V, and V' is open in
P(N)seqg- Thus A contradicts the choice of 7. O

27. Corollary. 7, is a regular uncountable cardinal.

PROOF: Note that every subset of w is the limit of a sequence of finite subsets of
w. Therefore, 7, > w. Now suppose T, is singular, and consider a partition X of
To into pairwise disjoint subsets of smaller cardinality. Let ) be as in Claim 26.
Then (J Y has cardinality less than 7, which contradicts Claim 25. [l

Since D?gq is the same as DNO, there are no special subsets whatsoever of Dggq.
In other words, 7, is an uncountable cardinal. Thus, the following is the last brick
needed to conclude the proof of Lemma 23.

28. Claim. 7, is a limit cardinal.
PROOF: Suppose 7, = AT for some infinite cardinal . Let {Aac: a< A (<7}

be an Ulam matrix of subsets of 7,. That is,

(A) AqcNAge=0foralla<f <Xand ¢ < 7o
(B) AgeNAge=0forall < Xand £ < ¢ < 7p;
(C) Uaer Aa,c = To\(¢+ 1) for all ¢ < \.
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By Claims 25 and 26, for each ( < 7, there exists a subfamily A; C {Aq,( :
a < A} U{¢ + 1} of size k(¢) < w such that (JA¢ ¢ clseq(U). (For this proof, we
only need that | JA; ¢ U.) Let ((n : n € w) be an increasing sequence of ordinals
less than 7, such that k(¢,) = k for a fixed k and all n € w. Let £ < 75. By (B), £
belongs to at most k among the sets | J.A¢, , and hence there exists a subsequence
(Cng )kew such that either limy U‘AC% = (), or limy_, UAan = Ukew Snx-
This is impossible, since both () € U and {J;¢,, (n,, € U. Since U is open in D7,
an element of U cannot be the limit of a convergent sequence whose terms are all
outside U. O

Problem 2: Determine exactly how large the cardinal 7, has to be. Is it equal to
the first cardinal 7 such that there exists a sequentially continuous, discontinuous
map from D7 into some Tychonoff space?
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