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Surjectivity results for nonlinear
mappings without oddness conditions

W. FENgG, J.R.L. WEBB

Abstract. Surjectivity results of Fredholm alternative type are obtained for nonlinear
operator equations of the form AT'(x) — S(z) = f, where T is invertible, and T, S satisfy
various types of homogeneity conditions. We are able to answer some questions left open
by Fucik, Necas, Soucek, and Soucek. We employ the concept of an a-stably-solvable
operator, related to nonlinear spectral theory methodology. Applications are given to a
nonlinear Sturm-Liouville problem and a three point boundary value problem recently
studied by Gupta, Ntouyas and Tsamatos.

Keywords: (K, L,a) homeomorphism, a-homogeneous operator, a-stably solvable map
Classification: 4TH15, 47H12, 34B10

1. Introduction

The authors of [1] studied various surjectivity results for nonlinear operator
equations of the form

(1.1) AT (z) — S(z) = f

when T is invertible. They considered various types of homogeneity conditions, in
particular a key assumption was that T was a so-called (K, L, a)-homeomorphism.
The precise definition of this and other concepts mentioned in the introduction is
given a little later.

In their paper [1], the authors gave theorems of Fredholm alternative type under
the assumptions that 7" is an odd (K, L, a)-homeomorphism and S : X — Y is
an odd compact (completely continuous) operator. Furthermore, they established
existence of a solution of the equation (1.1) for each f € Y provided A # 0 if T' is
an odd a-homogeneous map and S is an odd b-strongly quasihomogeneous map
with a > b. In the case a < b they proved the same assertion in finite dimensional
spaces but the infinite-dimensional case was an unsolved problem.

In this paper, we employ different methods which allow us to answer some of
their open questions. By introducing the concept of an a-stably-solvable operator,
we obtain some surjectivity results for AXT" — S under weaker conditions. One of
the theorems generalizes the result of existence of a solution of (1.1) in case a < b
to the infinite-dimensional case. These results seem not to be able to be proven
by their methods.
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It is possible to give simple examples that show that our results are real ex-
tensions of the earlier ones, but we prefer to give more substantial applications.
We discuss a nonlinear Sturm-Liouville problem on the half line following work
by Toland [4]. He studied eigenvalues and asymptotic bifurcation points whereas
we obtain surjectivity when ) is not one of these eigenvalues.

We also discuss existence of solutions to a three point boundary value problem
recently studied by Gupta, Ntouyas and Tsamatos, in [6], [7], [8]. The boundary
conditions are of the type 2(0) = 0, z(1) = axz(n). Those authors assume that
a < 1/n but we suppose only that a # 1/7n. We obtain a different criterion for
existence which improves on Theorem 4 of [6] in some cases but is less good in
others.

2. Prerequisites

We will make use of the class of k-set contractive maps and of the theory of
degree for I — f where f is k-set contractive, see for example [5]. We give some
notations and definitions that we shall use.

Given any continuous map f from a subset D(f) of a complex Banach space X
into a Banach space Y written f: D(f) C X — Y, let a(2) denote the measure
of noncompactness of the bounded set 2 (see for example [5]), and let

a(f) =inf{k > 0: a(f()) < ka(R?) for every bounded Q C D(f)},
w(f) =sup{k >0:a(f(Q)) > ka(Q) for every bounded Q C D(f)},

B0 PR T GOl P FCO]

[z —o0,zeD(f) ||| |zl —oo,zeD(f) I1Zll

Here | f| is called the quasinorm of f and f is said to be quasibounded if | f| < oc.
Maps with «(f) < 1 are k-set contractive (also condensing) with k£ = «(f). Note
that a map f satisfies a(f) = 0 if and only if f is compact, that is, f(Q) is
compact for every bounded set (2.

We shall also use of some notions employed by Furi, Martelli and Vignoli [2]
in their theory of spectrum of nonlinear operators. We recall some of these.

Definition 2.1. Let f : X — Y be a continuous map from a Banach space X
into a Banach space Y. The map f is said to be stably-solvable if the equation

has a solution = € X for any continuous compact map h : X — Y with quasinorm
|h| = 0.

f is said to be regular if it is stably-solvable and d(f) and w(f) are both positive.
When Y = X, the resolvent set of f is the set

o(f)={) e C,AI — f is regular}
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and the spectrum of f is o(f) = C\ o(f).

If f is invertible then a(f~!) = 1/w(f), so regular invertible maps have k-set
contractive inverses.
We will consider a generalization of the concept of stably-solvable maps below.

3. Surjectivity theorems

We begin with a result which generalizes Theorem 1.2 and Corollary 1.1 in
Chapter II of [1]. Those authors studied operators T' that are (K, L, a)-homeo-
morphisms, where a (not necessarily linear) map 7' : X — Y is said to be a
(K, L, a)-homeomorphism if

(a) T is a homeomorphism of X onto Y, and

(b) there exists real numbers K > 0,a > 0, L > 0 such that

L|z||* < || T(x)|| < K||z||* for each z € X.
We do not assume so much.

Theorem 3.1. Let T : D(T) C X — Y be an operator satisfying the following
conditions:
1. T is one to one, onto and T~ : Y — D(T) is continuous;
2. there exist real numbers L > 0,a > 0 and b > 0 such that
IT(z)|| > L||z||* — b for every z € D(T);

3. T is bounded, that is, maps bounded sets into bounded sets.

Let S: X — Y be bounded, continuous and suppose that

S
lim sup I (xgH =
2€D(T), |z|—oo |IZll

Then AT — S maps D(T) onto Y under any one of the following conditions:

- Al > max{4, %};

. S is compact, and |\| > %;
. 'Y is a finite dimensional space, and |\| > %;
. S is compact, A =0, and A # 0.

N O R

PRrROOF: Clearly it suffices to prove case 1. Also it is clear that AT'—.S maps D(T)

onto Y if I—F maps Y onto Y where F' : Y — Y is defined by F(y) = ST~ (y/\).
For any bounded set 2 € Y, we have

a(F() = a(ST~HQ/A)

< a(ST Ha(/N)

1 oS

Wma(ﬁ).

(
(
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Therefore,
1
_@ <1
Al w(T)
[If S is compact or Y is finite dimensional, then «(F) = 0.]
Also we have,

a(F) <

[F| = limsup | F(y)|/ [yl

llyll—o0

= limsup ||ST~(y/ NI/ |ly]-

lyll—o0

Writing = T~ 1(y/\), we have Tz = y/\, and we obtain
S
|F| = limsup IS @)
I Tal|—oo ATl

1IS@)I
= lim sup
2eD(T), [zl —oo INIT[]

< limsp 5@
T 2eD(T), |z]|—oo [A(Llz]|* = b)

A
|/\|L<1

Hence, by the results of [2], 1 € o(F'), in particular I — F maps Y onto Y. O

Remark 3.2. A result similar to Theorem 3.1 was obtained in [3], where a dif-
ferent method was used.

Remark 3.3. Theorem 1.2 of [1] requires that T is a (K, L, a)-homeomorphism
and that T, S are both odd with S compact, but allow either |A| > % or |A] < %,
A #0.

The following simple example shows that for 0 # A € C, even when T is a
(K, L, a)-homeomorphism there is no result similar to Theorem 3.1 in the case
[A] < % without some extra hypothesis (such as oddness of the maps).

Example 3.4. Let T and S : C — C be defined by
T(z) =z, S(x +iy) = |z| + iy,

andlet A=1/2. Thena=1, K =L =1,Tisodd, Sisnot odd. Also A=1,5T
are compact maps, but AT — S is not onto since z/2 — S(z) = 1 has no solution.

We recall the following concepts from [1].
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Definition 3.5. Suppose that a > 0.

(a) Amap Fp: X — Y is called a-homogeneous if Fy(tu) = t*Fy(u) for every
t>0and ue X.

(b) F: X — Y is said to be a-quasihomogeneous relative to Fy if Fy : X — Y
is a-homogeneous and

tn W0, up — ug, teF(up/th) > g€Y

together imply that g = Fy(ug). [Here u, — ug denotes weak convergence.]

(¢) F: X =Y is said to be a-strongly quasihomogeneous relative to Fy if

tn \\ 0, up — ug imply that t3F(upn/tn) — Fo(ug) €Y.

It is known ([1]) that in case (c) Fy is a-homogeneous and also must be strongly
continuous, that is u, — wug implies Fyu, — Fyug.

By applying Theorem 3.1 instead of Corollary 1.1 of [1], we obtain the following
generalization of Theorem 4.1 of [1], where we can dispense with the assumption
that T',.S are odd maps.

Theorem 3.6. Let X be reflexive and let T satisfy the conditions of Theorem 3.1.
Let S: X — Y be a compact b-strongly quasihomogeneous operator relative to
So and suppose that a > b. Then for A # 0, XT — S maps D(T) onto Y.

PrOOF: By Theorem 3.1, part 4, it suffices to show that

1S ()]l

im = =0.
]| —o0, zeD(T) ||z|]

This was proved in Theorem 4.1 of [1] but we include the proof for completeness.
If this is false, there is a sequence {zp} with ||z,| — oo and € > 0 such that
1Szn|l/||znl|* > e, for all sufficiently large n. Letting u, = xn/||zy| and ¢, =
1/||zn|| we have, for a subsequence, that

S(@n)/llen]l” = So(uo)-

Since a > b this gives S(xn)/||zn||* — 0, a contradiction. O

Remark 3.7. The authors of [1] say that the case a < b seems to be unsolved in
the infinite dimensional case. We shall give an answer below, see Theorem 3.12.

We introduce the following extension of the concept of stably solvable maps
which is appropriate to our needs.
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Definition 3.8. A continuous map f : D(f) C X — Y is said to be a-stably-
solvable for some a > 0 if the equation

has a solution € D(f) for any continuous compact map h: X — Y with

lh@)] _

el

|h|q := limsup
ll]| =00

Lemma 3.9. Suppose T : D(T) C X — Y is as in Theorem 3.1. Then T is
a-stably-solvable.

PROOF: Let h: X — Y be a compact map with |h|, = 0. Then a(T~'h) = 0,
and

T-1h
lim sup M = lim sup 1
lzl—oo Nl llzll—occ  [|h(z)[=

1 1
1\a h a
< lim sup (—) (' (x()1”> — 0.
] —o0 \ L [z

Therefore, |T~'h| = 0. This implies that 1 € o(T~1h), so that I — T~ 1A is onto,
that is, there exists € D(T) such that = T~'h(z), that is, Tz = ha. O

lEdli

“lp(z NG
1T hT )l <|h( )II)

Lemma 3.10 (The Continuation Principle for a-stably-solvable maps).
Let f: D(f) € X — Y be a-stably-solvable, h : X x [0,1] — Y be continuous,
compact and such that h(x,0) =0 for all z € D(f). Let

U ={z € D(f), f(z) = h(z,t) for some t € [0,1]}.
Then, if f(U) is bounded, the equation

f(@) = h(z,1)

has a solution.

PrOOF: Let B, ={y €Y, ||y|| <r}, and let » > 0 be chosen so that f(U) C B,.
Let ¢ : X — [0, 1] be continuous and such that

1 fory e FO).
0, for |y >r,

ot = {

and let 7 be the radial retraction of Y onto B,.. Then the equation

f(@) = mh(z, o(f(x)))
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has a solution zg € D(f) since wh is compact and

jwhl, = tim L@ _ o

R 1 IS P

If || f(z0)|| = r, then ©(f(x0)) = 0, and f(xg) = wh(zg,0) = 0, a contradiction.
Thus || f(zg)|| < r, and f(zg) = h(xo,¢(f(zg))), which shows that g € U and
therefore f(xg) = h(xg,1). O

Theorem 3.1 of [1] gave theorems of Fredholm alternative type for the couple
(T, S) when T, S were both odd. Recall that A is said to be an eigenvalue for the
couple Ty, Sy if there is xg # 0 such that \Tyzg — Sgzg = 0. Using Lemmas 3.9
and 3.10 we can give the following result when neither T nor S is odd.

Theorem 3.11. Let X be a reflexive Banach space, and let T be as in The-
orem 3.1 with D(T) = X and also a-quasihomogeneous relative to Ty. Let
S : X — Y be a compact a-strongly-quasihomogeneous operator relative to Sy.
If X #0, and for every t € (0,1], \/t is not an eigenvalue for the couple (Ty, Sp),
then \XT' — S maps X onto Y.

PRrROOF: For arbitrary y € Y, let
U={zeX, T (z)=h(z,t) =t[S(z) +y], t €0,1]}.
We show that U is bounded. If not, there exists z, C U, ||zn|| — oo, such that
AT (zn) = tn[S(zn) + y], tn €10,1],

so that

N (xp) ; (S’(wn) Yy )
— n
iy s( 1 |

Without loss of generality we assume that xy, /||zn| — x0, tn — to € [0,1]. Then
there exists a subsequence {x,, } such that

s (sl

t
T lan a7\ 1 llen, |

lim 7/\T(xnk )

n=00 ||z, [|*

> — toSo(20),

= t0So(z0)-
Since T is a-quasihomogeneous relative to Tp, we obtain

ATo (o) = toSo(zo)-
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However,

AT ()| [A[b
[y | [y |

for ny, sufficiently large so that ||¢9So(zg)|| > 0. Hence tg # 0, and So(zg) # 0.
From the definition of a-strongly-quasihomogeneous operator it is easy to show
that Sp(0) = 0. Thus zg # 0, and A/t is an eigenvalue of (7, Sp), a contradiction.
Thus U is bounded. By Lemma 3.9, AT : X — Y is a-stably-solvable. So by
Lemma 3.10, the equation AT'(z) = S(x) +y has a solution = € X, that is \T'— S
is onto. O

> AL - > [AIL/2,

The next two results extend Theorem 4.2 of [1] to the infinite dimensional case.
Theorem 3.12. Let X be a reflexive Banach space. Let T be a bounded, odd
mapping satisfying the following conditions:

1. T:D(T) C X — Y isonetoone, ontoand T~' : Y — D(T) is continuous;
2. there exist real numbers K > 0,a > 0 and q such that
IT(2)| < K||z||* + q for every x € D(T).

Suppose that S is odd, continuous and b-strongly quasihomogeneous relative to Sy,
and that inf ), —1}[[So(z)|| > 0. If a < b, then for every A with || > a(S)/w(T),
AT — S is a-stably-solvable.

PRrOOF: First we show that there exists R > 0 such that Az — T~1Sz # 0
whenever ||z|| > R. If there exists {zp} C X, ||zn| — oo such that

Aep — T 1S (2,) =0

In
llznll

we may assume that — x9. Then we have

[SCp)ll _ AT(zn) _ AKlzn]® +q

= < — 0.
lznll® llzall® [EA

Since S is b-strongly quasihomogeneous relative to Sp, we have

1 1 Zn/ ||zl
—S(CL‘ ) = S ( — SO((E()).
zn o7 a1/ [l
As Sy is strongly continuous we also have Sy (”;—t”) — So(xg). Since

inf) ;=1 [[So(z)| > 0 it follows that So(zo) # 0, this contradicts the above. Let
Br(0) = {z € X, ||z|| < r}, wherer > R. Then a(T~1S) < |A| and the topological
degree d (I —T~1S/X, B,(0), 0) is odd, hence nonzero (see, for example, [5]).
For a compact operator h: X — Y with h =0 for ||z| =r,

d (1 — T8N — T~ h/A, B (0), 0) £0
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because of boundary value dependence of degree.
For each n € N let 0, be continuous and such that

(@) 1 for ||z|| < n,
€Tr) =
on 0 for ||z|| > 2n.

Then, if h: X — Y is a compact operator, with ||, = 0, for every n > R/2, the
equation

AT (z) — S(x) = on(x)h(x)

has a solution =, € D(T'). If for all n, we have ||zp| > n, then

AT (zn) — S(zn)  on(zn)h(zn)

||$n||b B ||$n||b

Assume that zp,/||zn|| = z¢. Then from

and

= 0onl|\T
A PR

-0 (n—o00),

we reach a contradiction. Hence there exists n, such that ||zp| < n, and then
AT (zy) — S(zn) = h(zy),

and we are done. O

Theorem 3.13. Let X be a reflexive Banach space, T,T1 : D(T) — Y and
5,81 :X — Y beofthe foomT =T, + R, S = S; + R, where T} satisfies
the same conditions as T' in Theorem 3.12, Sy is odd, continuous and b-strongly
quasihomogeneous relative to Sy, and R, R' : X — Y are compact operators with
|R|la = |R/|a = 0. Suppose that a < b, and that inf )z =13 [1S0(z)|| > 0. Then
AT — S maps D(T) onto Y for every A with |A| > a(S)/w(T).

PrOOF: For y € Y, let h(z) = —AR(x) + R/(x) + y, so that h is compact and
|h|a = 0. By Theorem 3.12, the equation

ATy (z) — S1(x) = h(x)
has a solution z¢ € D(T). Hence
AT (zg) — S(z0) = v,

that is XT'— S is onto. O
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4. Applications

The following applications are examples of situations that can be settled by
the above theorems but apparently cannot be handled by the results in [1].

Example 4.1. We consider a nonlinear Sturm-Liouville problem on an unbounded
domain, namely the following nonlinear differential equation:

(41) —(p(2)’ (@) + g(@)u(@) = Mu(@) + g(2) f (u(2))},

' for z € (0,00), and u(0)=0.
In [4] it was shown that certain eigenvalues A are asymptotic bifurcation points.
Under the same assumptions we will show that if v is continuous, the equation

wyy PO @) = Mu@) + ) @)+
) for z € (0,00), and u(0)=0
has a solution when A is not one of these eigenvalues.

We recall the assumptions made in [4].

1. p: [0,00) — R is continuous and continuously differentiable on (0, c0),
with p’ bounded and 0 < P} < p(z) < P < oo for all z € [0, 00).
2. ¢: [0,00) — R is continuous with
0< Q1 <g(z) <Qa < o for all x € [0,0).
3. f is a continuously differentiable function from R into itself, and there
exist positive real numbers P and K such that |f(p)] < Klp|" for all
p > P, for some r < 1.
4. g € H}(0,00).
For u : [0,00) — R and z € [0,00) let H be defined by (Hu)(x) = g(x)f(u(x)).
Let A : H& N W22 — L2 be the self-adjoint extension of the operator Ay defined
by Agu = —(p(z)u/(z)) + q(z)u(x) with domain the set of twice continuously dif-
ferentiable functions with compact support in (0, 00). Then, ([4]), A is a positive
self-adjoint operator in L? and its positive square root A% is a linear homeomor-
phism of H& onto L2, where H& is the closure of Ci° in W2 and Cg° is the linear
space of all infinitely differentiable, real-valued functions with compact support
in (0, 00).
We claim (and will show below) that for 0 < |A| < @ := liminf; . ¢(x), and
A not an eigenvalue of A, the operator

wisu— AT+ NATY2H A2y
from L? — L2 is onto. Assuming this, it follows that the equation

Au= u+ \Hu+v
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has a solution u € H W22 for any v € L? ([4, Lemma 4.18]). Hence if v is
continuous, using the same arguments as in Lemma 4.20 of [4] it follows that the
equation (4.2) has a solution.

We now establish the claim made above. Let ©=1/\, and let T, S : L2 - 12
be defined by

Tu = pu — A, Su= A2 A2,

Suppose that [u| > (A7) = 1/Q ([4, Theorem 4.23]), and that u is not an
eigenvalue of A~1. Then T is a bounded linear operator, which is one to one,
onto, and has a continuous inverse. So it is a (K, L, 1)-homeomorphism of L? onto
L2. Furthermore, T is 1-quasihomogeneous relative to T since it has continuous
inverse. It has been shown that S is a compact operator and the quasinorm
|S| = 0 in the space L? ([4, Lemma 4.17]). Assume that there exist u,, € L? with
Up — uQ, tp \, 0 such that

tnS (un/tn) > e > 0.
Then {||un/tn||2} is unbounded. If ||uy, /tn,|l2 — o0, (ng — o0), then we have

1S (tny /tny) I|2
tny, S (un, /t T T e e/t
[tny,S (ung /) ll2 lwny, ll2/tn,

a contradiction. Thus we have shown that S is a 1-strongly quasihomogeneous
operator relative to So = 0 in the space L2. For any t € (0,1],
(1/)(uI = A" (w) =0 = u =0,

so 1/t is not an eigenvalue of the couple (T,0). By Theorem 3.11, T — S maps L?
onto L2. Thus we have reached the conclusion.

[[uny[l2 = 0,

The following second-order m-point nonlinear boundary value problem (BVP)
has been studied recently by Gupta, Ntouyas and Tsamatos ([6], [7], [8]):

() = ft,z(t),2'(t)) +e(t) 0<t<1,
(4.3) m2
z(0)=0, «(1)= Z a;x(&;).
i=1
It was shown that the problem of existence of a solution for the BVP (4.3) can
be studied via the three boundary value problem

() = f(t,x(t),2 (1)) +e(t) 0<t<1,

(4.4) 2(0) =0, z(1)=az(n),

where n € (0,1) and @ € R.

Some conditions for the existence of a solution for the BVP (4.4) were obtained
in [6] using the Leray-Schauder continuation theorem. Their results suppose that
a < 1/n. By using Theorem 3.1, we obtain the following result which gives a
different condition for the existence of a solution for (4.4) under the more general
hypothesis o # 1/7.

25
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Theorem 4.2. Let f: [0,1] x R? — R be a function satisfying Carathéodory’s
conditions. Assume that there exist functions p(t), q(t), r(t) in L(0,1) such that

[f(t, 1, w2)| < p(O)|21] + q(t)|w2] +7(t)

for a.e. t € [0,1] and all (x1,22) € R?. Also let n € (0,1), a > 0, a # 1/n be
given. Then for any given e € L'(0,1) the boundary value problem (4.4) has at
least one solution in C1[0,1] provided that

(1—an)/2, if an<1,

4.5 + <
(4.5) ol + llqll {(an_l)/gan, if  an>1.

PROOF: Let X denote the Banach space C'1[0,1] with the norm
2]l = max{lzloo, [|2"]|s0}-

Let Y denote the Banach space L1(0,1) with its usual norm.
The linear operator L : D(L) C X — Y is defined by setting

D(L) = {z e W?Y0,1) : 2(0) =0, z(1) = az(n)},

and for z € D(L),

'
Lx=2".

For x € X, let
(Nz)(t) = f(t,z(t),2'(t)), te][0,1].

Then N is a bounded map from X into Y. It can be shown that L : D(L) C X —
Y is one to one and onto when « # 1/n. In fact, L~1 = K, where K is the linear
operator K : Y — D(L) C X defined by

t a 1
(0 = [ ds+ 2 [o-serds— = [0 -sas

an 1—an

For y € Y, we have

an+1
N L
11— an|

where ||y||1 is the norm of y in the space L'(0,1). Also

an+1
Ky) <14+ —— .
0 o < (14 225D s

Thus we have i1
n
ol < (14 225 il



Surjectivity results for nonlinear mappings without oddness conditions 27

Let T =1 and S = KN. Then «(S) = 0 by the Arzela-Ascoli theorem. Also we
have

A = limsup |5 (@)]l
Jzll—oo Il
KN
= limsupw
lzll—oo NIl
1 N
< lim sup (1+ an + ) [N ()11
700 1 —an| ||l

/
< (1 LY by Ll o+ Ll
T ]

llz[|—o0

1
< (1 LY sy Ul D)o 1l

1= anl/ jajl—oc =]
an +1
(1 ST
—
T 7 (lpllx + llgll1)
7 { =5 (Il + llglly)  for an <1
B 2
ana—nl(Hle + HQHl) for an > 1.

By the assumption (4.5) we see that A < 1. Hence, from Theorem 3.1, the
operator I — S =1 — KN maps X onto X.
Hence, given any e € L1(0,1), there exits = € C''[0, 1] such that

x(t) — (KNz)(t) = Ke(t).
Thus x = KNx + Ke € D(L) and
Lr— Nx=ce.

This proves that the BVP (4.4) has at least one solution in C1[0, 1]. O

Remark 4.3. When an < 1, the condition (4.5) gives a better result than The-
orem 4 of [6] in case a(1 —n) > 2 since their condition demands ||p||1 + |l¢|l1 <

al(Ifn)’ but is worse in the case (1 —n) < 2. Also our result can apply when
an > 1.
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