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Abstract. We calculate the density of the hyperspace of a metric space, endowed with the
Hausdorff or the locally finite topology. To this end, we introduce suitable generalizations
of the notions of totally bounded and compact metric space.
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1. Introduction

The behaviour of cardinal functions on hyperspaces has not been as well in-
vestigated as that relative to other topological operations. Generally speaking,
this kind of investigation often consists of computing the value of a given cardinal
function on the hyperspace in terms of its value on the base space, and possibly
other topological properties of the latter.

Some recent results showed that it can turn out to be somehow surprising,
such as the possibility that a cardinal function decreases by passing from the base
space to the hyperspace (see [5]).

In this paper, we study the density of the hyperspace of a metric (or metrizable)
space, equipped with the Hausdorff or the locally finite topology. To this end,
besides the density of the base space, two suitable generalizations of the notions
of totally bounded and compact metric space will play a fundamental role. Such
notions turn out to be of some independent interest, and will be studied in detail
in the forthcoming paper ([3]).

In the following, the symbol |A| will denote the cardinality of the set A, while
cof (v) will be the cofinality of the cardinal v. Every topological space is assumed
to be infinite.

2. Generalized total boundedness and compactness

Definitions. For every € > 0 let UD, be the family of all e-uniformly discrete
subsets of X, i.e.

UD. ={AC X |Vz,ye A: (z #y=d(z,y) >e)}.
Let
up = Jup:
e>0
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be the family of all uniformly discrete subsets.
Let UDX** be the subfamily of D, containing all the elements which are
maximal with respect to the set-theoretic inclusion.

Remark 1. For every ¢ > 0, the family UD®* is not empty; this fact follows
by Zorn’s lemma as the collection UD; is clearly inductive. More precisely, every
e-uniformly discrete subset is contained in a maximal e-uniformly discrete subset.

Every U € UDI®* enjoys, in addition to being e-uniformly discrete, the fol-
lowing property, which is easily proved using maximality:

(D) for all z € X there exists u € U such that d(z,u) < e.

Definition. A subset U that satisfies condition (D) is said to be e-dense (see
7))

In fact, the elements of UD®* are exactly the subsets which are e-uniformly
discrete and e-dense at the same time.

Lemma 2. Let (rp)pen (where N = w \ {0}) be a sequence of positive real
numbers such that limy,—co 7, = 0, and let Uy, be an element of UDX®* for every

n € N. Then
dX = sup |Up|.
neN

PROOF: As every discrete subset has cardinality less than or equal to the density
of the space ([7, Theorem 4.1.15]), the inequality
dX > sup |Up|
neN
is obviously true. We have to show the opposite inequality.

First of all, sup,, |Uy| cannot be finite. By contradiction, suppose it is finite,
and let n be an index for which the supremum is attained. Take a point z € X\ Uy,
(such a point exists by our global assumption that X is infinite) and let k be a
suitable integer greater than or equal to n such that ry < min{%rn, %d(z, Un)}.

For every x € U, there exists by the rj-density of Uj, an element ¢(z) € Uy,
such that d(z,¢(z)) < r,. The map ¢ : U, — Uy, is injective because if y € Uy,
satisfies ¢(z) = ¢(y) then

d(w,y) < d(x,6(x)) + d(6(y).y) < ri+ 1 < 5+ 2 =1
and this implies = y by the rp-uniform discreteness of Uy,. As |Ui| < |Up| (by
the choice of n) and both sets are finite, ¢ is bijective.

Furthermore, ri-density of Uy also implies the existence of u € Uj such that
d(z,u) < rE. We have

2y, < d(z,Uy) < d(z, 671 (w)) < d(z,u) + d(u, "1 (1)) < ry + 15 = 214,

which is a contradiction. We have then proved that sup,,cn |Un| > Ro.
Now, consider the set U = |J,enUn : clearly U is dense in X, and by
sup,en |Un| > No we easily obtain that |U| = sup,en |Un|. O
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Corollary 3. If cof(dX) > g then there exists U € UD with |U| = dX.

PROOF: Let us use the notations of the preceding lemma with, for instance,
T = % If for every n it were |Uy,| < dX, then by the definition of cofinality and
the lemma it would follow that cof (dX) = Rg. This contradicts the hypothesis
and so there exists an n for which |Uy| = dX. O

Definition. A metric space (X, d) is said totally bounded in the generalized
sense or simply GTB iff for every € > 0 there exists an e-dense subset N C X
with |[N| < dX.

A totally bounded metric space is a GTB space, as such a space is separable
(i-e. has density Rg) and so the condition |N| < dX means that N is finite.

An equivalent definition of generalized total boundedness is given by the fol-
lowing theorem. In practice, it says that uniformly discrete subsets of a GTB
space cannot achieve the highest cardinality.

Theorem 4. A metric space X is GTB iff U € UD implies |U| < dX.

PROOF: Let X be GTB, and U € UD; with ¢ > 0. Consider a §-dense subset N
with |[N| < dX; then for every x € U there exists ¢(z) € N such that d(z, ¢(z)) <
%. With computations analogous to those performed in Lemma 2 it can be shown
that the application ¢ is injective. Then |U| < |N| < dX and one implication is
thus proved. The other implication is easily proved using the fact that any set in

UDP?* is e-dense. O
Corollary 5. If X is a GTB space then cof (dX) = Y.
PROOF: Apply the theorem with Corollary 3. O

Example 6. If v is a cardinal with cof (v) = Ng then there exists a GTB space
X withdX = v.

PRrROOF: Let v be a cardinal with countable cofinality. Assume v > R as the case
v = N is trivial. Then there exists an ascending sequence of infinite cardinals v,
with v, < v and v = sup,cn vn. For every n let X, be a set with cardinality vy,
(we can suppose the X;, mutually disjoint). Consider the set X = J, ey Xn, and
for every © € X define the “level” I(z) as the unique n € N such that z € X,,.
Endow X with the metric

if x =y,

if x #y and l(x) =l(y) =n,

if I(x) # (y).

This metric induces the discrete topology on X and so dX = |X| = v. On the
other hand, if U is an e-uniformly discrete subset of X, then it is easily seen
that U splits up into two parts, whose one is contained in some Ufyzl X, for a

large enough NN, and the other one has at most countably many elements. Hence
|U| < v, and using Theorem 3 we have that X is a GTB space. O

d(l‘, y) =

= 3= O
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The notion of GTB space leads us in a natural way to introduce a generalization
of compact spaces. We will say that a topological space X is compact in the
generalized sense (briefly, GK) if for every open cover U of X, there exists a
subcover V such that |V| < dX. We will consider only metrizable GK spaces.

The next characterization generalizes the well-known result that a metrizable
space is compact if and only if it has no closed and discrete subset of cardinality
Ng, and will prove to be extremely useful in the following.

Theorem 7. A metrizable space X is GK if and only if it has no closed and
discrete subset of cardinality equal to dX.

PRrROOF: First, suppose that there exists a closed and discrete subset D of X with
|D| = dX = v. By Hausdorff’s extension theorem, there exists a compatible
metric d on X which agrees with the 0 — 1 metric on D. With that metric,
D € UD; and hence we can find D € UDP™ with D C D: clearly, the cardinality

of D is still equal to v. Thus the collection {Sy(x,1) | # € D} is a minimal open
cover of X of cardinality v, and X is not GK.

Conversely, suppose that X is not GK. Then there exists an open cover U of
X which does not admit any subcover of cardinality less than dX. By paracom-
pactness we may assume that U is locally finite.

Let dX = v, and define simultaneously by transfinite induction a v-sequence
(za)aer of elements of X and a v-sequence (Vg )aer of elements of U, such that
both a — x4 and a — V, are one-to-one, and z, € V,, for every a € v; this is
possible as for every a € v, | B<a Vg # X. Now, the local finiteness of U implies
that the set D = {zq | @ € v} is closed and discrete. O

As an easy consequence of the preceding result, we obtain the following theorem
which generalizes the property that a metrizable space is compact if and only if
every compatible metric on it is totally bounded.

Theorem 8. A metrizable space X is GK if and only if every compatible metric
on X is GTB.

Proor: If X is GK with dX = v and d is a compatible metric on X, then given
any & > 0, the open cover {Sy(z,¢) | x € X} (where Sg(x,¢) = {y € X | d(z,y) <
e}) admits a subcover V having cardinality less than v; taking the central point
from each element of V gives an e-dense subset of X, whose cardinality is less
than v.

Conversely, suppose that X is not GK. Then there exists aset D = {zq | « € v}
which is closed and discrete in X. Again, by Hausdorfl’s extension theorem there
exists a compatible metric d on X which agrees with the 0 — 1 metric on D. It is
clear that d is not GTB, since no %—dense subset with cardinality less than v can
be found in X. O

Example 9. If v is a cardinal number with cof (v) = N, then there exists a GK
metrizable space X with dX = v.
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ProOOF: Consider the topological space constructed in Example 5, and add a point
(say “c0”) provided with the fundamental system of neighbourhoods {V,, | n € N}
where V,, = {oo} U (U,/>,, Xn) for every n € N.

It is easily checked that X=XU {00} is a metrizable space whose density is v.
Furthermore, given any open cover U of X, there exists A € U such that oo € A,
and hence we have that J,,/~,, X, C A for a suitable n € N; thus it is clear that
we can obtain a subcover with cardinality at most v,_1 < v.

Notice that the metrizability of X can be easily checked by observing, for
instance, that X has a o-discrete base. Nevertheless, we give here an explicit
compatible metric d for X. Put:

fe) = { (z)  ifzeX,

400 if x = oo,

(where I(z) is the function defined in Example 6) and

~( ) { 0 if x =y,
d(z,y) = 1 :
@ i) LT
The metric d on X does not coincide on X with the metric d of Example 5.
Indeed, the latter cannot be extended to the whole of X. [l

With a slight modification to the preceding example, it is possible to construct
a GK space which is also connected (see [7, Exc 4.1.H(b)]).

Let us investigate more deeply the structure of a GK space. Such spaces present
a sort of “core” of points with high local density which happens to be non-empty,
compact (in the classical sense).

Definition. If z is a point of a topological space X, we call local density of = in
X the cardinal number:

Id(z, X) := min{dV | V is an (open) nbhd of z in X}.
Define the “core” of X as:
AX)={zre X | d(z,X) = v}.
Lemma 10. Let X be an infinite GK metrizable space, and let dX = v. Then
A(X) is compact.

PROOF: By contradiction, suppose A(X) is not compact. Then there exists a
closed discrete subset M of X with |M| = Rg. Write M as {x |n € N}, where
n — xy is one-to-one; then fix a compatible metric d on X, and for every n € N
put e, = d(zn, M \ {zn}). It follows that the family M = {Sy(zn, §)|n € N}
is discrete. Indeed, given any = € X, if x is some z then it is easily shown that
Sq(zn, %Eﬁ) NSp(xn, ) = 0 for n # 7. If, on the contrary, x # x, for every
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n € N, put 6 = d(x, M) : the open ball Sy(z, g) misses all but at most one element
of M.

As cof (v) = R, there exists a strictly increasing sequence (vp,)nen of cardinals
whose supremum is v. For every n € N, we have that dSy(zn,en) = v > vy,
and hence there exists a closed and discrete subset D,, of ?d(xn, €n) such that
|Dyp| = vp; clearly, each Dy, is closed in X too, and the family {D,, |n € N} is
discrete. It follows easily that D = J,,cyy Dn is a closed and discrete subset of X.
This is impossible, as |D| = v and X is GK. O

Lemma 11. If X is an infinite GK metrizable space, then A(X) # 0.

PRrROOF: Let v = dX and (vp)nen be as in the preceding lemma. By contra-
diction, suppose 1d(z, X) < v for every x € X: let us associate to every € X
two open nbhds V,, and W, of x such that dV, = ld(z, X), and W, C V.. By
paracompactness, there exists a locally finite open cover A of X which refines
{Wy |z € X}. For every A € A, the set A is contained in some W, which is in
turn contained in V,, : therefore dA < dV,, = Id(z, X) < v. We have two possible
cases.

15% case: there exists 7 € N such that VA € A:dA < dA < vp.

As X is GK, there exists a subcover A’ of A such that |A’'| < v. For every
A e A, fix a dense subset Dy of A with |[D4| = dA < vz, and put D =
Uaea Da : it is easily shown that D is dense in X, what is impossible, as clearly
|ID| < vp - |A'] <.
ond case: for every n € N, there exists A,, € A such that dA,, > v;,. This implies
that for every n € N, there exists a closed and discrete subset D,, of A, with
|Dp| = vn.

Observe that, for every A € A, the set {n € N|A,, = A} must be finite (as
every A with A € A has density less that v, but the density of the sets A, tends
to v); this implies — as A is locally finite — that the indexed family {4, },en is
in turn locally finite (in the sense that every z € X has a nbhd V such that the
set {n € N|V N A, # 0} is finite), and the same is true for the indexed family
{Dy}nen- Since every Dy, is closed in A, — and hence in X — and discrete, we
easily obtain that the set D = (J,,cyy D is in turn closed and discrete in X; this
is impossible because |D| = v and X is GK. O

Remark 12. If X is a metrizable GK space with dX = v > N, then the subset
A(X) of X has empty interior. Indeed, let = be any point of A(X) and V any
(open) nbhd of x : we have that dV' > ld(z, X) = v > Rg. Thus V cannot be
contained in A(X), as A(X) is compact and hence dA(X) < No.

Remark 13. If X is a metrizable GK space with dX = v > Np, X is not
homogeneous (recall that a topological space X is said to be homogeneous if
for every x,y € X there exists an auto-homeomorphism ¢ : X — X such that
¢(x) = y). As a matter of fact, since the local density of a point is invariant
under homeomorphisms, and since A(X) is nonempty by Lemma 11, if X were
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homogeneous then we would have A(X) = X. The latter would imply that X is
compact by Lemma 10, and so dX = Ng.

3. The density of the Hausdorff and the locally finite hypertopologies

Let (X, d) be a metric space, the hyperspace c¢g(X) is the set of all closed and
non-empty subsets of X. On ¢g(X) the well known Hausdorff (extended) metric
H, is defined as

Hy(A, B) := max(ey(A, B), eq(B,A))

where
eq(4, B) := sup d(a, B).
acA

The topology H,; generated by Hy on cg(X) is called the Hausdorff metric
hypertopology. The purposes of this section is to compute the density of the
hyperspace ¢g(X) endowed with Hy in terms of the density of X and, possibly,
some additional hypotheses on the metric d. To avoid trivialities, we will always
assume that X is infinite. The result we are looking for is already known in the
separable case [1], [2]:

Theorem 14. If X is a separable metric space then:

No if X is totally bounded,

d(co(X),Hy) =
(co(X), Ha) { pAC if X is not totally bounded.

To deal with the general case, we first state two cardinal inequalities. The next
lemma gives an upper bound for the density of any topology on cg(X), as it only
depends on set-theoretical considerations about the hyperspace.

Lemma 15 (Upper bound). For every metric space (X, d) and every topology T
on co(X), we have that d(co(X),7) < 29X,

PROOF: As X is a metric space, its density equals its weight. Thus X admits a
base with dX elements, and then at most 29X subsets of X are closed. Hence
d(co(X),7) < |ep(X)] < 29X, O

Lemma 16. If U € UD, then d(co(X), Hy) > 2IVI.

PrOOF: U € UD; for some positive real €. If A and B are distinct subsets of U,
then it is easy to see that Hy(A, B) > e. So the power set ©(U) is an (e-uniformly)
discrete subset of co(X). As the density of a space cannot be strictly less than the
cardinality of a discrete subset (see [7, Theorem 4.1.15]) we have the estimate.
(]

As is usual in set theory, we denote with the symbol 2<% the quantity SUPg <y 28
for every cardinal v.

355
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Theorem 17. If X is a metric space then

g<dX if X is GTB
d(co(X),Hy) = ’
(co(X), Ha) { 9dX if X is not GTB.

PROOF: Let us consider first the case when X is not GTB. By Theorem 4 there
exists a e-uniformly discrete subset U of X with |U| = dX. Using both Lemmas 15
and 16 we have

24X — olUl < d(co(X),Hy) < 29X
and so equality holds.

Let X be GTB and for every positive integer n choose Uy, € L{Drf}?zx. If¢ <dX,
then by Lemma 2 there exists an integer ng such that £ < |Upy|. Then Lemma 16
above gives

2¢ < 2lUnol < d(co(X), Hy).
As ¢ is arbitrary, we proved that 2<9%X < d(co(X), Hy).
Consider the subset of (co(X), Hy) given by

U= (pn)\{0}).

neN
Let us compute |[U]:
U] <D JpUn) = Y 21U
neN neN
< N - sup 2Un|
neN

<N 2<dX 2<dX

As the other inequality is an immediate consequence of Lemma 2, we have that
] = 2<9X_ The thesis will now follow if we show that U is dense in c(X).
Let F € ¢p(X) and 6 > 0, choose ng such that nlo < 4 and consider the set

H= {:176 Une | d(z, F) < nio}

Clearly H € U and by construction, eg(H, F) < nio. For every x € F there exists,
by maximality of Uno, a u € Uy, such that d(z,u) < i But necessarily v € H
and so d(z, H) < n ; passing to the supremum, we have that eq(F, H) < nlo.

Then Hy(H, F) < nlo < § and so U is dense in (co(X), Hy). O

The interpretation of this result raises an interesting set-theoretic question.
The key point is to decide when, in the relation

(1) 2<1/ < oV
which is always true under ZFC, we can distinguish the equality from the strict
inequality.

We have the following result:
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Theorem 18. The following statements are equivalent in ZFC:

(i) 2<% < 2 for every cardinal v;
(ii) € < v implies 25 < 2V for every couple of cardinals ¢ and v.

PROOF: Suppose that (ii) holds, then, by definition of cofinality

cof (2<%) = cof (sup 2) = cof (v) < v.
E<v

But in ZFC we always have that cof (2”) > v (see [8, Corollary 10.41]) and so (i)
necessarily holds.
Suppose that (i) does not hold, so there exist £ and v with € < v and 28 = 2V.

Then
2u:2§§2<z/§21/

then 2< = 2" and (i) does not hold. O

Let us say that A holds if one (hence both) of the statements of Theorem 18
holds. It is known that both A and —.A4 are consistent with ZFC, and A is implied
by GCH.

(ZFC) If v = X, then 2<¥ = Xy. We already noticed that GTB coincides with
total boundedness in the separable case, so we have old Theorem 14 without
additional set-theoretic axioms.

(ZFC +A) In this case the two conditions

(d1) d(co(X), Hg) = 2<9%;

(d2) d(co(X), Hy) = 29%;

are always mutually exclusive. Then they give necessary and sufficient conditions

for the base space X to be GTB or not.
Furthermore, we have the additional result:

Theorem 19. If (X,d) is GTB then (co(X),Hy) is GTB.

PROOF: For every € > 0 consider in X an §-dense subset N with [N| < dX. As
cof (dX) = Rg by Corollary 5, dX is a limit cardinal and so there exists a cardinal
& with |[N| < € < dX. We want to show that the family

N ={ClA |0+ AC N}

is e-dense in (¢o(X), Hy). To do that, choose an F' € ¢o(X) and call H the closure
of the set {x € N |d(xz, F') < §}. By the same calculations of Theorem 17 it can
be shown that Hy(F, H) < § < € that establishes our claim.

It remains to prove that N has not the highest cardinality, but using axiom A

we have
W] < [p(N)] = 2V < 28 < 9<dX
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as required. O

(ZFC +-.A) By the assumption, there exists a cardinal v with 2<% = 2”. Then
conditions (d1) and (d2) coincide for every space with density v.

Furthermore, we may assume that v is regular, as if it were singular then we
could replace it by Rq41, where R, is any cardinal less than v with 2R = 2V, Let
X be a metric space with density v (e.g. the 0 — 1 space with cardinality v); X
cannot be a GTB space by Corollary 5 and the regularity of v (of course v > Vg),
nevertheless (co(X), Hy) has density 2<”. Thus we have a case where condition
(d1) is not sufficient to prove that X is GTB.

To obtain a case where condition (d2) is not sufficient to infer that X is not
a GTB space, we need to assume something more than —.A4, i.e. that there exists
a cardinal p with both 2<# = 2# and cof (1) = Ng. In that case the GTB space
given by Example 6 will do the job. The additional assumption is consistent with
ZFC as, for example, we can pose (see [6, Theorem 1]) for every ordinal «

oNa _ {Nw+1 ifa<w
o Rt ifa>w

and choose u = N, : then 2<Ru — Ny41 = 2R In this framework, Theorem 19
is false, as if X is GTB with density u then

cof (d(co(X),Hy)) = cof (2#) > p > Ng
and so ¢g(X) cannot be GTB.
Definitions. Let X be a topological space and M any subset of X; we put
Mt :={C€ccp(X)|CC M} and M~ :={C € ¢o(X) | CNM # (}.
Also, if F is a collection of subsets of X, put
F = () F ={Cec(X)|VFeF:CNF #0}.
FeF
The locally finite topology LF on ¢o(X) is that generated by the subbase

Ay = {AT | A is open in X}U
U{F~ | F is a locally finite collection of open subsets of X}.

For every C € ¢g(X), a generic basic LF-neighbourhood of C' is of the form
AT N F~, where A is open in X with C C A, and F is a locally finite collection
of open subsets of X such that VF € F: FNC # (). It is easily checked that
we are allowed to consider only basic LF-neighbourhoods of the form 7~ N AT,
where VF € F: F C A.
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Lemma 20. Let (X,d) be a GK metrizable space with dX = v > Ny, and let F
be a locally finite collection of open nonempty subsets of X : then there exists a
suitable m € N such that for every F' € F, we have that F'\ Sq(A(X), %) £ 0.

PROOF: By the above remark, no element of F can be contained in A(X): thus
we can associate to every F' € F a point zp € F\A(X). As F is locally finite, the
set C = {zp|F € F}is closed. Put r = Dy(C,A(X)): then r > 0 (as A(X) is
compact), and choosing m € N with % < r, we have that C' N Sy(A(X), %) =0.
Therefore, such an m satisfies the thesis. O
Lemma 21. If X is an infinite GK metrizable space, with dX = v, then
d(co(X),LF) <2<V,

PROOF: The case v = g is immediate, as if X is compact, then the locally
finite topology on co(X) coincides with the Hausdorff topology relative to any
compatible metric on X. Therefore, suppose v > Rg. Observe that, for every
m € N, the set Yy, = X \ Sq(A(X), %) has density less than v: indeed, if there
exists m € N such that dY;, = v, then Y;, — as a closed subset of X — is GK,
and hence by Lemma 11 there exists § € Yy, such that v = 1d(7, Yn,) < 1d(7, X),
whence § € A(X), what is impossible by the definition of Y.

For every m € N, take a dense subset Dy, of Y, with |Dy,| = dYy, and
put Dy, = {D' C Dy, | D' is closed in X}; also, let D = |J,,,cy Pm. Clearly,
| D | < 21Dm| <2<V We will complete the proof showing that the collection D
is dense in (co(X), LF).

Let F~NAT be a basic nonempty LF-open set, where A is open in X and F is
a locally finite collection of open subsets of X; as already observed, we may also
suppose that VF € F : FF C A. By Lemma 20, there exists an m € N such that
VE € F:F\Sq(AX),L)#0, that is VF € F : F N Yy, # 0. For every F € F,
choose a point g € F N Dy,: as F is locally finite, the set D = {axp |F € F} is
closed, and hence D € Dy, C D. On the other hand, it is clear that D € F~, and
by the property that VF € F : F C A we obtain as well that D € AT. Therefore
(FTNAT)YND #0. O

We can now get the desired result about the density of the locally finite hyper-
topology, whose symmetry with Theorem 17 is apparent.

Theorem 22. If X is a metric space then

9<dX if X is GK,
d(co(X),LF) = { 9dX if X is not GK.

PROOF: Suppose first that X is not GK. Then there exists a compatible metric
d on X such that (X,d) is not GTB; as d(co(X),Hy) = 29X and H; < LF
(more exactly LF is the supremum of all topologies H,, as p varies among the
compatible metrics on X [4, Theorem 3.3.12]), we have that d(co(X), LF) > 29X
The opposite inequality is the upper bound proved in Lemma 15.
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Suppose now X is GK. The inequality d(co(X),LF) < 2<9X follows from
Lemma 21, and the opposite inequality is easily obtained fixing any compatible
metric d on X and observing that d(co(X),LF) > d(co(X),Hy) = 2<9X by
Theorem 17. (|

Acknowledgment. The authors wish to thank S. Levi for reading the original
manuscript and giving helpful suggestions.

REFERENCES

Barbati A., Strutture boreliane sull’iperspazio, Dissertation, Universita degli Studi, Milano,
1992. (Italian)

Barbati A., Beer G., Hess C., The Hausdorff metric topology, the Attouch-Wets topology
and the measurability of set-valued functions, Journal of Convex Analysis 1 (1994), 107-
119.

Barbati A., Costantini C., On a generalization of totally bounded and compact metric
spaces, submitted for publication.

Beer G., Topologies on Closed and Closed Convex Sets, Kluwer Academic Publishers, Dor-
drecht, 1993.

Bella A., Costantini C., On the Novak number of a hyperspace, Comment. Math. Univ.
Carolinae 33 (1992), 695-698.

Easton W.B., Powers of regular cardinals, Annals of Math. Logic 1 (1970), 139-178.
Engelking R., General Topology, Revised and Completed Ed., Sigma series in pure mathe-
matics, vol. 6, Heldermann, Berlin, 1989.

Kunen K., Set Theory. An Introduction to Independence Proofs, Studies in Logic, vol. 102,
North-Holland, Amsterdam, 1980.

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI MILANO, VIA SALDINI 50, 20133 MILANO,
ITaLy

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI TORINO, VIA CARLO ALBERTO 10,
10123 ToRrINO, ITALY

(Received May 17,1996)



		webmaster@dml.cz
	2012-04-30T17:16:30+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




