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On the quantification of uniform properties

R. LoweN, B. WINDELS

Abstract. Approach spaces ([4], [5]) turned out to be a natural setting for the quantifi-
cation of topological properties. Thus a measure of compactness for approach spaces
generalizing the well-known Kuratowski measure of non-compactness for metric spaces
was defined ([3]). This article shows that approach uniformities (introduced in [6]) have
the same advantage with respect to uniform concepts: they allow a nice quantification
of uniform properties, such as total boundedness and completeness.

Keywords: uniform space, approach uniform space, totally bounded, precompact, com-
plete, measure of total boundedness, measure of completeness
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1. Introduction

Suppose that (X, d) is a metric space and that A C X, then

n
p(A):=inf{ecRY|3X,..., X, C X: mréf(diam(Xi) <eAC U X;
1=
i=1

is called the Kuratowski measure of non-compactness of A. An interesting variant
of this measure is the so-called Hausdorff measure of non-compactness defined by

n
pi(A):=infle e RY | Jay,...,an € X1 AC U B(z;,¢€)
i=1

It is easily seen that for any A C X we have pgy(A) < pr(A) <2 pug(A).

These measures express to what extent a metric space is compact. The Haus-
dorff measure can be extended to arbitrary approach spaces ([5]). This article
shows that, in the setting of approach uniformities, the same can be done for
total boundedness, completeness and uniform connectedness.

Recall that an approach uniform space (X, T') is a set X together with an ideal
T of functions from X x X into [0, o], satisfying the following conditions:
(AULl) VyeT'\Vz e X : y(x,x) = 0;
(AU2) V¢ € [0,00)X*X : (Ve>0,VYN <o0:3FyN €T st EAN <AV +¢) =

el
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(AU3) Vy € I,VN < 00,39N e T'sit. Va,y,2 € X : y(2,2) AN < AN(z,9) +
N .
7 (Y, 2);
(AU4) VyeT:~° el

Equivalently, an approach uniformity can be described with a uniform tower,
i.e. a family of filters (U:).cg+ on X x X, such that
(UT1) Ve e RT,YU €U : Ax C U,

(UT2) Ve e RY VU el : U™t el

(UT3) Ve, &' e RT 1 U oUpr D Uz i

(UT4) Ve e RY 1 Ue = Uy Ua

or equivalently, a family (U:).cg+ of semi-uniformities, satisfying (UT3) and
(UT4).

If d is a pseudo-metric, then the collection I'(d) := {7 | v < d} is an approach
uniformity. It is referred to as the metric approach uniformity induced by d.

If U is a uniformity, then the trivial tower (). (U on every level €), is a uniform
tower, defining an approach uniformity I'({/), which is referred to as the uniform
approach uniformity induced by U.

If (X,T) and (Y, ¥) are approach uniform spaces, then a function f : (X,T") —
(Y, 0) is called a uniform contraction iff Vip € U : o (f x f) €.

The category AUnif of approach uniform spaces and uniform contractions is
a topological category. It contains Unif both reflectively and coreflectively and
PMET coreflectively.

For every approach uniform space (X,T') and for any € X we can consider

the set x
A(z) := {(z,-) [v €T} C [0,00]7.
The family (A(z))zcx defines an approach space on X, which we shall call the
underlying approach space of T.
If it is clear from the context we shall write X instead of (X,T') or
(X, (A())aex )
Also recall that in any approach space (X, (A(z))zex) and for any filter F on
X and any x € X, we define
AF(z) ;== sup inf sup ¢(y)
peA(x) FEF yeF
and
aF(x) = sup sup inf o(y).
peA(z) FeF yeF
Let F(X) denote the set of all filters on X, and let U(X) denote the set of all
ultra-filters on X.
Finally recall that given an approach space X, the measure of compactness of
X (mentioned above, see [4]) is defined as
pe(X):= sup inf aF(z)
FEF(x) €X
= sup inf AF(x).
Feu(x) z€X
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2. Precompactness and total boundedness

Recall the following definitions concerning a semi-uniform space (X,U).
(X,U) is totally bounded iff VU € U,3Ay,..., A, C X such that Ji; 4; = X
andVie{l,...,n}: A; x A4, CU.

(X,U) is precompact if VYU € U,3x1,... ,xy € X such that |J'; U(z;) = X.

If (X,U) is totally bounded, then it is precompact. (X,U) is totally bounded

iff every ultrafilter is «/-Cauchy.

Definition 2.1. Let X be an approach uniform space with tower (Ug)s. Then X
is called e-totally bounded (e-precompact) if U is totally bounded (precompact).

Then py(X) := inf{e | X is e-totally bounded} and ppc(X) := inf{e | X is
e-precompact} are called the measure of total boundedness and the measure of
precompactness respectively.

Proposition 2.2. Let X be an approach uniform space. Then
Npc(X) <pp(X) <2 Hpc(X)'

PROOF: Since for any ¢ € R™T, if U is totally bounded, then - is precompact,
it follows that ppe(X) < pyy(X). Conversely, if Ue is precompact, then Ua. is
totally bounded. To see this, it suffices to observe that for any U € Us., by
(UT3), there exists some symmetric V' € U such that VoV C U, and there exist
z1,... 2, € X such that | J; V(z;) = X, and then V(z;) x V(x;) C VoV C U.

O

Proposition 2.5 shows that p;5(X) = ppe(X) if X is a metric approach unifor-
mity.

Example 2.3. Let U: be the discrete uniformity on R if € < 1 and let it be the
trivial uniformity on R if ¢ > 2. If 1 < ¢ < 2, then put Us := ({(z,y) € R? |
xy =0or z =y}).

Then p(R) =2 and ppe(R) = 1.

Proposition 2.4. Let (X,T') be a uniform approach uniform space, say I' =
I'(U). Then the following are equivalent:

(1) pp(X) =0,
(2) ppe(X) =0,
(3) (X,U) is totally bounded.

Quite remarkably, whereas, in the case of approach spaces it is only possible
to give a canonical extension of the Hausdorff measure of non-compactness ([3]),
in the case of approach uniformities the foregoing definitions of iy, and ppe give
canonical extensions precisely of Kuratowski’s measure of non-compactness and
of Hausdorff’s measure of non-compactness respectively.
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Proposition 2.5. Let (X,I") be a cop-metric approach uniform space, say I' =
I'(d). Then we have

(a) ppe(X) = pp(X),
() (X)) = pr(X).

Consequently, the following are equivalent:

(1) pp(X) =0,
(2) ppe(X) =0,
(3) (X,d) is totally bounded.

PrOOF: (a) To prove that pp(X) < pg(X), suppose that pp(X) < e. Then
for any a > ¢, there is some A C X finite, such that X = (J,c4 B(a,a) = {d <
a}(A). Thus ppe(X) <e.

Conversely, suppose that U, is precompact and a > e. Then there is some
A C X finite, such that {d < a}(A) = J,ca Bla,a) = X, and thus pg(X) <e.
Therefore ppe(X) > pp(X).
(b) To see that p;;(X) < pg(X), observe that for any cover Xi,...,Xp of X
such that max’ ; diamX; < e, we have that Va > ¢ : X; x X; C {d < a}, which
means that U is totally bounded. Conversely, if U, is totally bounded, then
Va>e:3Xy,...,X, covering X, such that for each i € {1,... ,n} X; x X, C
{d < a}. Thus, if py(X) < e, then pg(X) <e. O

Proposition 2.6. Let (X,I') be a p-metric approach uniform space, say I' =
I'(d). Then the following are equivalent:

(1) pp(X) < o0,
(2) ppe(X) < oo,
(3) (X,d) is bounded.

PRrROOF: The equivalence of (1) and (2) is clear from Proposition 2.2. To prove
that (3) = (1), observe that if d < M (M € R), then Uy is the trivial uniformity
and thus totally bounded. To see that (1) = (3), notice that ps(X) < 0o yields
some ¢ such that U is totally bounded; fix o > € and choose x1, ... ,zy, such that

"1 B(zi,a) = X. Then d < diam{x1,... ,zn} + 20 < 0. O

The fact that the uniformly continuous image of a totally bounded uniformity
is again totally bounded, is generalized by the following proposition.

Proposition 2.7. Let (X,I") and (Y, V) be approach uniform spaces. If f :
(X,T) — (Y, 0) is a surjective uniform contraction, then py(Y) < py(X) and
Ppe(Y) < ppe(X).

PRrROOF: This follows from the fact that if X is e-totally bounded (or precompact),
then Y is e-totally bounded (or precompact). O

In the category sUnif, total boundedness is stable for initial structures. There-
fore we obtain the following.
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Proposition 2.8. Let J be a set and let (fj X — Yj)jeJ be an initial AUnif-
source, then py,(X) < supjcy ey (Y;)-

Proor: If Vj € J : Y] is g;-totally bounded, then each Yj is sup;¢ y €;-totally
bounded. Consequently, X is sup;¢ ; €;-totally bounded. ([

As immediate consequences of the previous proposition, we obtain the following
results.

Proposition 2.9. Let X be an approach uniformity. If Y is a subspace of X,
then pyp(Y) < pyp(X).

Proposition 2.10. Let J be a set, and let for each j € J, X; be an approach

uniformity. Then Ntb( H X ) = sup tip(X5).
jeJ

PROOF: Since all projections 7; : [] jeJ X; — X are surjective uniform contrac-
tions, we know that Vj € J : py(X;) < th(HX ).
The converse inequality is exactly Proposition 2.8. O

Precompactness is, however, not stable for initial structures. This is illustrated
in the following example.

Example 2.11. Let R be equipped with the approach uniformity in Example 2.3,
and consider its subspace Rg. Then pp(R) =1 and ppe(Ro) = 2.

But we do have the following.

Proposition 2.12. Let J be a set and let (fj X — Yj)jeJ be an initial AUnif-

source, then ppc(X) < 2-supjcy tpe(Yy)-

Proor: If Vj € J :Y; is ¢j-precompact, then each Y; is sup;c ;2¢;-totally

bounded. Consequently, X is 2 - sup;¢ ; £;-totally bounded. O
The measure of total boundedness behaves nicely with respect to completion.

If (X,T) is an approach uniform space, then let X denote the set of all minimal
Cauchy filters on X, w.r.t. the uniform coreflection. For each v € I" and for all

M,N € X, define (M, N) := inf pe ponsup, yep ¥(x,y). Then {7 | v € T}
is a basis for an approach uniformity on X , which is called the completion of X.
The map i : X — X : 2 — & is an embedding, and Vy € T : Joi =~ ([7]).

Proposition 2.13. Let X be an approach uniform space. Then py(X) =
Bip(X).

PROOF: Since X is a subspace of X, we have that pp(X) < utb()A().
Conversely, suppose that py(X) < e. Then U is totally bounded. We have
to prove that vU € Z/{g,EIB]_, ..., By covering )A( such that Vk € {1,...,n} :
B x B, C U. LetUEUg,U—{7<a} (a > €) say. Choosewel"such
that Vu,z,y,2 € X : y(u,2) AN < F(u,z) + ¥(x,y) + V(y, z) for some N > 2e.
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Put U :={¥ < QT“"S} Since (X,U:) is totally bounded, there exist Ap,..., Ay
covering X such that Vk € {1,... ,n}: Ay x A, C U. For every k € {1,... ,n}

put By :=i(Ag). Clearly
k=1

3

Y-

On the other hand, if M, N € By, then 3z,y € A}, :

FM,i) < o= and GV §) < T
and then
AM,N) <M, 2) +7(2,9) + 7N, 9)
< a—£+a+5+a—6
4 2 4
=aq.
Therefore Vk € {1,... ,n}: By x B, C {7 < a}. O

Compact uniform spaces are always precompact. Therefore it is natural to ask
whether the measure of precompactness of an approach uniformity is related to
the measure of compactness of the underlying approach space.

Proposition 2.14. Let X be an approach uniform space. Then pp.(X) <
pe(X).
PROOF: We shall show that if () is the tower on X, then U, (x) is precompact.

Suppose it is not. Then there exist v € T" and p > pe(X) such that VA € 2(X)
{v < p}(A4) # X. Counsider the filter

Fi={X\{y<u}A)|Ae2X)

and the ultra-filter H containing F. Since

1> pe(X)= sup inf A\G
(0= sup 1 26(0),

there exist z € X and H € H such that Vy € H : y(z,y) < p. This means that
H C {v < p}(x) and thus {y < p}(x) € H, while X \ {y < p}(z) € H too, which
is impossible. ([

For metric spaces, we always have ppe(X) = pe(X) = pg(X), but the inequal-
ity in Proposition 2.14 is strict in general. This becomes clear in the following
example.
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Example 2.15. Let M(X) be the set of all probability measures on a separable
metrizable topological space X. Let H be a weakly compact subset of M(X) and
let K be any subset of M (X) containing H. Fix ¢ > 0, and consider the following
subspace of M(X):

Y ={1-¢)P+eQ|PecH,QecK}.

Then p.(Y) < 2¢ (see [5]). We shall show that pp.(Y) <e.

Let o > ¢ and let C be a finite subset of C(X,[0,1]). Since H is weakly
compact, Proposition 2.14 implies that p,.(H) = 0. Consequently, there exists
some G C ‘H finite such that {dg < a —}(G) = H.

For any (1 —¢)P+¢eQ €Y, consider G € G such that do(G, P) < a —e. Then

(1—5)/fdP+5/fdQ—/fdG’
< sup

fec/fdp /fdG'+;1€18 a/fdQ—s/fdP'
=do(G,P) +edo(P,Q)
<«

de((1 - )P +2Q,G) = sup
feC

which proves that Y is e-precompact.

The inequalities in previous propositions quantify a number of well-known clas-
sical results concerning uniform and metric spaces. Conversely, these results can
be deduced from the AUnif-generalizations.

Corollary 2.16.

(a) A subspace of a totally bounded uniform space is totally bounded.

(b) A subspace of a totally bounded cop-metric space is totally bounded.

(¢) A product of uniform spaces is totally bounded iff each factor space is
totally bounded.

(d) A finite product of cop-metric spaces is totally bounded iff each factor
space is totally bounded.

(e) A uniform space is totally bounded if and only if its completion is totally
bounded.

(f) A compact uniform space is totally bounded.

ProOOF: (a) Let X be a totally bounded uniform space and let ¥ C X be a
subspace. Applying Propositions 2.9 and 2.4, we see that (V) < py(X) =0,
and therefore py(Y) = 0. Again using Proposition 2.4, we conclude that Y is
totally bounded.

(b)—(f) Analogously, (b) follows from 2.5 and 2.9, (c) from 2.4 and 2.10, (d) from
2.5 and 2.10, (e) from 2.4 and 2.13, and (f) from 2.4 and 2.14. O
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3. Completeness

For uniform spaces, completeness means that every Cauchy-filter has an adher-
ence point. In the context of approach uniformities we can consider Cauchy-filters
on every level ¢ € R*. Denote the set of all e-Cauchy filters on X (that is, the
set of all filters that are Cauchy with respect to U:) by C(X). If every e-Cauchy
filter ‘clusters up to ¢’, then we call the approach uniformity e-complete.

Definition 3.1. Let X be an approach uniform space. Then X is called e-
complete if V0 > € : suprec,(x) infrex aF(z) < 6.

Then py(X) := inf{e | X is e-complete} is called the measure of completeness
of X.

The letter v in the notation g, stands for the German term Volistindigkeit.

For oop-metric approach uniformities, the measure of completeness is totally
uninteresting. For uniform approach uniformities, however, it generalizes the well
known concept of completeness for uniform spaces.

Proposition 3.2. Let (X,T') be a uniform approach uniform space, say I' =
I'(U). Then the following are equivalent:

(1) po(X) =0,
(2) (X,U) is complete.

PROOF: For arbitrary e € RT, e-Cauchy filters are exactly U/-Cauchy filters. If
y(X) =0, then
VF Cauchy ,3z € X,VU eUY,VF € F: FNU(x) # 0.

Thus every Cauchy filter has a cluster point, and therefore converges.
Conversely, since every Cauchy filter converges, we have that
sup inf aF(z)=0<e.
FeCe(x)reX
O

Proposition 3.3. Let (X,T") be a cop-metric approach uniformity, say I' = T'(d).
Then py(X) = 0.

PRrROOF: Let € > 0 arbitrary. Let F be an e-Cauchy filter and let o > . Then
there is some F' € F such that F'x F' C {d < a}. For arbitrary x € X and G € F,
we know that FNG # 0, y € F NG say, and thus d(z,y) < a. Consequently,

sup inf sup inf d(z,y) <e
FeC.(X) *€X GeF yel

which by arbitrariness of € implies that p,(X) = 0. O

The measure of completeness generalizes different properties of completeness.
If X is an approach uniform space with tower (U:): and a € R, then a subset
Y C X is called a-closed if it is closed with respect to the underlying topology
of Uy.



On the quantification of uniform properties

Proposition 3.4. Let X be an approach uniform space, and let Y C X. If Y is
oy (X)-closed, then py(Y) < py(X).

PROOF: Suppose p,(X) < e. Every e-Cauchy filter F in Y induces an e-Cauchy
filter 7/ in X. Consequently,

Va>e doee X,Vyel'\WFeF,Jye F :vy(z,y) <«
but since Vy € I',Va > ¢ : {y(z,-) <a}NY # 0, we also have that

Va>e doeY VyelLWFe F,Aye F:vy(z,y) < a.
Therefore p,(Y) <e. O
Proposition 3.5. Let J be a set, and let for each j € J, X; be an approach
uniform space. Then ,uv( H Xj) = sup py(Xj).

jeJ ied

PRrOOF: Suppose that Vj € J : puy(X;) < e. If F is an e-Cauchy filter on
[Ijes X;, then Vj € J : m;(F) is an e-Cauchy filter on X;. Since V6 > ¢,3z; €
X; o a(mj(F)) (xj) < 0, we have for © = (z;)cs that VO > ¢ : aF(z) < 0.
Consequently i, (HjeJ Xj> <e.

Conversely, let p, (HjeJ Xj) <eandlet § > candj € J. Every §-Cauchy fil-

ter F on X, generates a 6-Cauchy filter 7 on [Ijes X;. Since _inf aF! ()
xT jeJ Xj

< 0, considering z; = m;(z) yields inf, cx, aF(z;) < 0. By arbitrariness of 6,

this means that p,(X;) <e. O

We now investigate the relationship between the measure of completeness and
other measures.

~

Proposition 3.6. Let X be an approach uniform space. Then pu,(X) < py(X).

PROOF: Suppose that p,(X) < e. Let F be an e-Cauchy filter on X. Then
i~Y(F) is an e-Cauchy filter on X and thus for any 6 > ¢, there is some 2 € X
such that

sup  sup inf vy(z,y) < 0.

vel' Gei~1(F) vEG

Consequently, for arbitrary v € I and F' € F we have
Fy e i (F) :Ad5) = y(zy) <.

Therefore
inf sup sup inf (M, N) <e.
Mez ’YEE—)\ FE‘I;-' NEF’Y( ) o

O

Note that the converse inequality need not be true. Any non-complete uniform
approach uniformity is a counter-example.
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Proposition 3.7. Let X be an approach uniform space. Then p,(X) < pe(X).
PROOF: Suppose p.(X) <e. Then for any 6 > ¢ :

sup  inf aF(z) < sup inf aF(x) <e<6.

FeCy(X) 2€X FeFR(Xx) t€X
Therefore, py,(X) < e. O
Proposition 3.8. Let X be an approach uniform space. Then pupe(X)V py(X) <

pe(X) < pep(X) V po(X).

PROOF: The first inequality is a combination of Proposition 2.14 and Proposi-
tion 3.7. In order to prove the second inequality, suppose py(X)V py(X) <e. If
F is an ultrafilter, then gy, (X) < e implies that F is e-Cauchy. Since p,(X) < e,

we obtain inf aF(x) < e. Thus,
zeX

pe(X)= sup inf aF(z) <e.
Feu(x) z€X

O
Proposition 3.9. Let X be an approach uniform space. Then 1/2 py(X) <

~ -~

pe(X) < pp(X) V po(X).
PRrROOF: Observe that by Propositions 2.13 and 2.2,

1/2 pp(X) = 1/2 pyy (X)
< ppe(X)
< pe(X)
< pgp(X) V o (X)
< puap(X) V (X)),
O

From the results in this section too, different classical theorems concerning
uniform spaces can be deduced.

Corollary 3.10.

(a) A closed subspace of a complete uniform space is complete.

(b) A product of uniform spaces is complete iff each factor space is complete.

(¢) A uniform space is compact if and only if it is totally bounded and com-
plete.

(d) A uniform space is totally bounded if and only if its completion is compact.

PROOF: These theorems are consequences of Propositions 3.4, 3.5, 3.8 and 3.9
respectively. (I
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