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Intersections of minimal prime ideals
in the rings of continuous functions

SwAPAN KUMAR GHOSH

Abstract. A space X is called pu-compact by M. Mandelker if the intersection of all free
maximal ideals of C(X) coincides with the ring Cx (X) of all functions in C'(X) with
compact support. In this paper we introduce ¢-compact and ¢’-compact spaces and we
show that a space is u-compact if and only if it is both ¢-compact and ¢’-compact. We
also establish that every space X admits a ¢-compactification and a ¢’-compactification.
Examples and counterexamples are given.

Keywords: minimal prime ideal, P-space, F-space, u-compact space, ¢-compact space,
¢’-compact space, round subset, almost round subset, nearly round subset

Classification: Primary 54C40; Secondary 46E25

1. Introduction

By a space we always mean a completely regular Hausdorff space. It is well-
known that if X is realcompact, then the intersection of all free maximal ideals
of C(X) coincides with the ring Cx(X) of all functions in C(X) with compact
support ([1, 8.19]). A space with the latter property is called p-compact by
M. Mandelker in 1971 ([5]). A subset A of 8X is called round by M. Mandelker
in 1969 if for any zero set Z of X, clgx Z is a neighbourhood of A whenever
clgx Z 2 A ([4, 4]). In 1973, D.G. Johnson and M. Mandelker have shown that
for any space X, there is a smallest u-compact space uX lying between X and
BX ([3, 4.1]). They have also proved that puX is the smallest subspace of X
containing X for which 8X — X is round ([3, 4.3]). We define ¢-compact spaces
in terms of intersections of minimal prime ideals of C(X). The class of all ¢-
compact spaces extends the class of all p-compact spaces. We prove that for
any space X, there is a smallest ¢-compact space ¢ X lying between X and SX.
Mandelker’s definition of round subsets of X characterizes P-spaces. In fact, X
is a P-space if and only if every subset of SX is round ([4, 5.6]). The question
is what type of subsets of X characterize F-spaces? We define almost round
subsets of X. It turns out that a space X is an F-space if and only if every
subset of BX is almost round. We also establish that ¢ X is the smallest subspace
of BX containing X for which X —¢X is almost round. Our motivation to define
¢’-compact spaces is the theorem in which we show that a space is p-compact if
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and only if it is both ¢-compact and ¢'-compact. We prove that for any space X,
there is a smallest ¢'-compact space ¢’ X lying between X and 3X. We define
nearly round subsets of X and similar results as for round and almost round
subsets are established. Finally we show that an F-space X is a P-space if and
only if every subset of X is nearly round.

2. Maximal, prime and minimal prime ideals

As usual, 3X is the Stone-Cech compactification of X. There is a one-one cor-
respondence between the points of 3X and the maximal ideals of C(X), described
in the following theorem ([1, 7.3]).

Theorem 2.1 ([Gelfand-Kolmogoroff]). The maximal ideals of C'(X) are given
by MP = {f € C(X) : p € clgy Z(/)} (b € AX), here Z(f) = {a € X : f(x) = 0}
is the zero-set of f.

Also the set O = {f € C(X) : clgx Z(f) is a neighbourhood of p} is an ideal
of C(X), for each p € 8X.

An ideal T of C(X) is called a z-ideal if Z(f) = Z(g) and f € I implies g € I.

It is clear that for each p € 85X, MP and OP are z-ideals of C(X).

We now write down the following important theorem given in [1, 7.15].

Theorem 2.2. Every prime ideal P of C(X) contains OP for a unique p and MP
is the unique maximal ideal that contains P.

It is well-known that X is an F-space if and only if OP is prime for each
p € BX ([1, 14.25]), and X is a P-space if and only if OP = MP for each p € SX
([1, 14.29]). Clearly every P-space is an F-space, the converse is not true. The
space SR\R is a compact F-space ([1, 14.27]). It fails to be a P-space since every
compact P-space is finite ([1, 4k, 2]).

Every z-ideal in C(X) is an intersection of prime ideals ([1, 2.8]). Since OP is
a z-ideal we have the following theorem.

Theorem 2.3. The ideal OP is the intersection of all minimal prime ideals con-
taining it.

Let Pin(X) denote the class of all minimal prime ideals of C(X). We define
the relation ‘~” on Ppin(X) by P ~ @ if and only if P,Q are contained in a
same maximal ideal. Obviously ‘~’ is an equivalence relation on Py, (X). All
the minimal prime ideals of C(X) contained in MP (i.e. containing OP) for some
p € X form an equivalence class which will be denoted by FEj,. We state the
following important characterization of minimal prime ideals of C'(X') which is an
immediate consequence of [2, Lemma 1.1].

Theorem 2.4. Let P be a prime ideal of C(X). Then P is minimal if and only
if for any f € P, there exists g € C(X) — P such that fg = 0.
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Notations 2.5. Let X C Y C X and p € X. The ideal {f € C(X) :
clyx Z(f) is a neighbourhood of p} of C(X) will be denoted by O% and the ideal

{feC(Y):clyx Z(f) is a neighbourhood of p} of C(Y') will be denoted by oy

We note that every minimal prime ideal in C(X) is a z-ideal ([1, 14.7]). Now
we prove the following theorem.

Theorem 2.6. Let X CY C X and p € §X. If Py is a minimal prime ideal
of C(Y) with Py 2O O{’, and if f € Py then there exists a minimal prime ideal
Py of C(X) with Py 2 O% such that f|x € Px. Also if Px is a minimal prime
ideal of C(X) with Py 2 O% and if f € Px with f¥ € C(Y) then there exists
a minimal prime ideal Py of C(Y) with Py 2 OZ;/ such that f¥ € PY, here f¥
is the continuous extension of f overY .

PROOF: Let f € Py where Py is a minimal prime ideal of C(Y)) with Py 2 OF.
Then there exists g € C(Y') such that fg = 0 and g ¢ Py (Theorem 2.4). Clearly,
g ¢ O} Let ¢ = g|x. Then Z(¢') C Z(g) and hence ¢’ ¢ O%. Let f' = f|x.
Clearly, f'g’ = 0. Now ¢’ ¢ O% implies that there exists a minimal prime ideal
Py of C(X) with Px 2 O% such that ¢’ ¢ Px. Thus f' = f|x € Px.
Conversely let, f € Px with f¥ € C(Y) where Py is a minimal prime ideal
of C(X) such that Py 2 O%. Now there exists g € C(X) with fg = 0 such
that g ¢ Px (Theorem 2.4). Let h = g A 1. Since g ¢ Px and Pyx is a z-ideal,
h ¢ Px. Clearly fh = 0. Let hY be the continuous extension of h over Y.
Then, f¥YhY = 0. We claim that there exists a minimal prime ideal Py of c(Y)
with Py DO Of/ such that »Y ¢ Py-. If not, then hY € Of/ and so there is a
neighbourhood V' of p in X (= BY) such that Z(hY) D V nY ([1, 7.12(a)]).
Thus, Z(h) =X NZ(RY)2VNYNX =V NX and so, h € O% ([1, 7.12(a))).
Hence g € Og( since OI;( is a z-ideal. This shows that g € Px, a contradiction.
So, hY ¢ Py for some minimal prime ideal Py of C(Y') with Py D Of, and thus
1Y e py. O

3. ¢-compact spaces and almost round subsets

Recall the equivalence relation introduced in Section 2. Let us now give the
following definition.

Definition 3.1. Let A C X. A family F of minimal prime ideals of C(X) is
said to be adequate for A if F N E, # ¢ Vp € A. A space X is defined to be
¢-compact if (| F C Cg(X) for every family F of minimal prime ideals of C'(X),
adequate for S X — X.

Examples 3.2. (a) Every F-space is ¢-compact. In fact, if X is an F-space
then E, = {OP} Vp € $X. So if F is a family of minimal prime ideals of C(X),
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adequate for X — X then OP € F Vp € fX —X. Clearly, F C (,epx_x OF =
Cg(X) and thus X is ¢-compact.

(b) Every p-compact space is ¢-compact (hence every realcompact space is ¢-
compact). In fact, if F is any family of minimal prime ideals of C'(X), adequate for
BX—X thenF C ﬂpgﬁX—X MP. Now if X is y-compact then ﬂpgﬁX—X MP =
Ck(X) and thus (| F C Ck(X). So X becomes ¢-compact.

(¢) The Tychonoff plank T is not ¢-compact. We know that there is only one
free maximal ideal, say M? in C(T). Also O' is not prime ([1, 8J, 6]). Thus if
P is any minimal prime ideal of C(T") with P C M" then Of S P and hence T
cannot be ¢-compact.

Our next theorem shows that every space X admits a ¢-compactification.

Theorem 3.3. For every space X, there is a smallest ¢-compact space ¢pX lying
between X and 8X. So X is ¢-compact if and only if X = ¢X.

PRrROOF: Let ® denote the set of all ¢-compact spaces lying between X and 5X.
Clearly @ # ) since X € ®. Let ¢X = [ ®. To complete the theorem we shall
show that ¢X is ¢-compact. Consider any family F of minimal prime ideals of
C(¢X), adequate for B(¢pX)—¢X (= X —¢X) and suppose f € (| F. LetY € &
and p € BX —Y. Then p € fX — ¢X. Since F is adequate for X — ¢ X, there
is a minimal prime ideal Pyx of C(¢X) in F with Pyx 2 Ofy. So f € Pyx.
Clearly f € C*(¢X) and let f¥ be the continuous extension of f over Y. By
Theorem 2.6, there is a minimal prime ideal Py of C(Y') with Py 2 O‘T;/ such that
fY € Py. Thus ' = {Py : Py is a minimal prime ideal of C(Y) with f¥ € Py}
is adequate for Y — Y and f¥ e N F'. Since Y is ¢-compact, Y e Cg(y).
So, cly (Y — Z(fY)) is compact and hence so is Nyeocly (Y — Z(fY)). Clearly,
clox (X =Z(f)) € Nyea y (Y =Z(f¥)). Let p € Nyeq cly (Y = Z(fY)). Then
peY VY € & and so p € $X. Take any neighbourhood U of p in ¢X. Then
there is a neighbourhood V of p in Y (where Y € ®) such that V N ¢X = U.
Also, VN (Y = Z(fY)) # 0. Thus, VN (Y — Z(fY)) is a non-void open set in Y.
Since ¢X is dense in Y, pX NV N (Y — Z(fY)) # 0 ie. UN (¢X — Z(f)) # 0. So

p € cyx (9X — Z(f)). Thus, elyx (6X — Z(f)) = Ny cg y (Y — Z(fY)). Hence
f € Cx(¢X) and ¢X becomes ¢-compact. O

We now define almost round subsets as follows.

Definition 3.4. A subset A of 5X is said to be almost round if () F C (¢ 4 OF
for every family F of minimal prime ideals of C'(X), adequate for A.

Obviously X is ¢-compact if and only if 3X — X is almost round. We also note
that the union of any collection of almost round subsets of X is almost round.
We now prove the following two lemmas.
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Lemma 3.5. Let X CY CvX. Then f € Og( if and only if 1Y e OI;/ where
fY is the continuous extension of f over Y.

PRrOOF: The lemma follows from the fact that clgx Z(f) = clgx Z(fY). O

Lemma 3.6. Let X CY CvX. ThenY is ¢-compact if and only if BX —Y is
almost round (with respect to X).

PRrROOF: Let Y be ¢-compact and let F be a family of minimal prime ideals of
C(X), adequate for X —Y. Suppose f € (| F and f Y is the continuous extension
of fover Y. If p € X — Y then there is a minimal prime ideal Px € F with
Px D O‘:l;(, F being adequate for X —Y. So by Theorem 2.6, there is a minimal
prime ideal Py of C(Y) with Py D OY, such that f¥ € PY. Thus 7/ = {Py : Py
is a minimal prime ideal of C(Y) with f¥ € Py} is adequate for 3X — Y and
f¥Y e NF. Since Y is ¢-compact, f¥ € Cg(Y). Thus f¥ € Of VpepX —vY.
So by Lemma 3.5, f € OI;( Vp € BX — Y. Consequently, (F C (epx_y OI;(
and so fX —Y is almost round.

Conversely let X —Y be almost round. Suppose F’ is any family of minimal
prime ideals of C(Y), adequate for 3Y —Y (= X —Y) and suppose f € [|F'. Let
f1i=flx and p € 3X — Y. Since F’ is adequate for 3X — Y, there is a minimal
prime ideal Py € F' such that Py D Og),. Also f € Py. By Theorem 2.6, there
is a minimal prime ideal Px of C(X) with Px 2 O% such that f; € Px. Thus
F = {Px : Px is a minimal prime ideal of C(X) with f; € Px } becomes adequate
for 3X —Y and f1 € (| F. Since fX —Y is almost round, f; € O% Vp e fX —Y
and so by Lemma 3.5, f € O}, Vp € BX —Y. So N F' C MNpepx—y 0} =Cg(Y)
and hence Y is ¢-compact. (|

Corollary 3.7. For any space X, X — ¢X is almost round.
We now use Lemma 3.6 to prove the following theorem.

Theorem 3.8. For any space X, ¢.X is the smallest subspace of X containing
X for which X — ¢X is almost round.

PrOOF: Let X CY C X such that 8X —Y is almost round. Then (X —¢X)U
(X -Y)=pX —(¢X NY) is almost round. Clearly X C ¢X NY C vX and so
Lemma 3.6 implies that ¢ X NY is ¢-compact. Since ¢pX is the smallest ¢-compact
space between X and X, ¢X C ¢X NY. So ¢X CY and the theorem follows.

O

Almost round subsets characterize F-spaces in the following way.
Theorem 3.9. X is an F-space if and only if every subset of 38X is almost round.

PROOF: The necessity follows from the fact that for an F-space X, E, = {OP}
Vp € BX.
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To prove the sufficiency let p € 8X. Since {p} is almost round, OP = P for any
minimal prime ideal P with P O OP. Thus OP is prime and so X is an F-space.

Let X be a ¢-compact space. If 7 : X — Y is a homeomorphism then 7 has an
extension to a homeomorphism 71 : 3X — Y such that 7gx_x : X — X —
BY —Y is also a homeomorphism. Also the map ¢ : C(Y) — C(X) defined by
f — for is an isomorphism. If 7 = {Py} : @ € A} is a family of minimal prime
ideals of C(Y'), adequate for Y —Y then clearly Fx = {¢(Py}) : a € A} becomes
a family of minimal prime ideals of C'(X), adequate for X — X. It is now easy
to see that Y is ¢-compact. Hence we have the following theorem. ([

Theorem 3.10. ¢-compactness is a topological property.

Example 3.11. Let Y = SN — {p} where p € SN — N. Then Y is an F-space

and hence ¢-compact. The lone free maximal ideal of C(Y) is MY = {f € C(Y):
p € clgy Z(f)}. Clearly p € clgn(Y — N). Define f : N — R by f(n) = + and
suppose h = fP|y. Then h € C(Y) and Z(h) =Y — N. Thus h € My, Now
cly (Y — Z(h)) = cly N =Y which is not compact and so h ¢ Ck (Y). Hence YV

is not p-compact.

4. ¢'-compact spaces and nearly round subsets

Recall the definition of a family F of minimal prime ideals of C'(X), adequate
for X — X (Definition 3.1). Let us now give the following definition.

Definition 4.1. A space X is said to be ¢'-compact if for any f € mpeﬁX—XMpv
there is a family F of minimal prime ideals of C'(X), adequate for X — X such
that f € N F.

Example 4.2. Every p-compact space is ¢/-compact (hence every realcompact
space is ¢’-compact). In fact, if X is p-compact and if f € mpG,@X—X MP then
f € Cx(X) and so f is in every free minimal prime ideal of C'(X). So if F is the
collection of all free minimal prime ideals in C(X) then f € (F. Clearly F is
adequate for fX — X.

The following theorem relates p-compact spaces, ¢-compact spaces and ¢/'-
compact spaces.

Theorem 4.3. A space is u-compact if and only if it is both ¢-compact and
¢'-compact.

PROOF: Necessity follows from 3.2(b) and 4.2.

For sufficiency we assume that X is both ¢-compact and ¢’-compact. Let
fe mpeﬁX—X MP. Since X is ¢'-compact, there is a family F of minimal prime
ideals of C'(X), adequate for X — X such that f € [|F. Now ¢-compactness of
X implies (F C Ck(X). Thus f € Cx(X) and so X is y-compact. O
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Example 4.4. Recall the space Y = 8N — {p} where p € SN — N given in 3.11.
The space is ¢-compact but not ji-compact. Hence the space is also not ¢’-compact
by the previous theorem.

Notations 4.5. Let X C Y C X and p € 8X. The maximal ideal {f €
C(X) :p € clgx Z(f)} of C(X) will be denoted by M¥% and the maximal ideal
{feC(Y):pecdclgy Z(f)} of C(Y) will be denoted by M?..

In our next theorem we shall show that every space X admits a ¢’-compacti-
fication.

Theorem 4.6. For any space X, there is a smallest ¢'-compact space ¢' X lying
between X and BX. Thus X is ¢'-compact if and only if X = ¢'X.

PROOF: Let ® be the family of all ¢’-compact spaces lying between X and SX.
Then ® # ) since 83X € ®'. Let ¢ X = [ ®'. To prove the theorem we shall show
that ¢/ X is ¢’-compact. So let f € Npepx—¢'x Mg,X and let p € BX — ¢'X.
Then there is Y € & such that p € X — Y. Now f € C*(¢/X) and let f¥ be
the continuous extension of f over Y. Let ¢ € X — Y. Clearly q € 8X — ¢'X.
So f € Mg,X. Hence ¢ € clgx Z(f) C clgx Z(fY). Thus f¥ € M)q,. So
Ye ﬂqE,@X—Y M)q,. Since Y is ¢’-compact and p € SX — Y, there is a minimal
prime ideal Py of C(Y) with Py D OY such that f¥ € Py. So by Theorem 2.6,
there is a minimal prime ideal Py x of C(¢'X) with Pyx 2 Og, y such that
f € Pyx. So F = {Pyx : Pyx is a minimal prime ideal of C(¢'X) with
f € Pyx} is adequate for X — ¢’ X and f € (| F. Thus ¢'X is ¢'-compact. [
We now define nearly round subsets as follows.

Definition 4.7. A subset A of X is said to be nearly round if f € mpEA MP
implies f € [ F for some family F of minimal prime ideals of C'(X), adequate
for A.

Obviously X is ¢’-compact if and only if 3X — X is nearly round. We note
that the union of any collection of nearly round subsets of X is nearly round.
We also note that a subset of X is round if and only if it is both almost round
and nearly round.

We now prove the following lemma.

Lemma 4.8. Let X CY CvX. ThenY is ¢'-compact if and only if X —Y is
nearly round (with respect to X).

Proor: Let Y be ¢'-compact and let f € mpE,@X—Y Mg(. Let fY be the
continuous extension of f over Y. Then clgx Z(fY) = clgx Z(f) and thus
Y e mpE,@X—Y M{i. Suppose p € BX — Y. Now ¢'-compactness of YV im-
plies that there is a minimal prime ideal Py of C(Y) with Py D Of, such that

629



630

S.K. Ghosh

fY € Py. So by Theorem 2.6, there is a minimal prime ideal Py of C'(X) with
Px 2 O‘:l)’( such that f € Px. Thus F = {Px : Px is a minimal prime ideal of
C(X) with f € Px} is adequate for 3X —Y and f € (| F. Consequently X —Y
is nearly round.

Conversely let SX —Y be nearly round and let f € (),cpx_y M{}. Let f|x =
g. Then clgx Z(f) = clgx Z(g) and so g € ,epx—y M%. Let g € BX — Y.
Since X —Y is nearly round, there is a minimal prime ideal Py of C(X) with
Px D Og( such that ¢ € Px. Hence by Theorem 2.6, there is a minimal prime
ideal Py of C(Y) with Py 2 Og, such that f € Py. Thus 7/ = {Py : Py is a
minimal prime ideal of C'(Y) with f € Py} is adequate for 3X —Y and f € (F'.
Thus Y is ¢'-compact. O

Corollary 4.9. For any space X, X — ¢' X is nearly round.
We now use Lemma 4.8 to prove the following theorem.

Theorem 4.10. For any space X, ¢' X is the smallest subspace of 3X containing
X for which 3X — ¢' X is nearly round.

PRrROOF: Let X CY C 3X such that X —Y is nearly round. Then (83X — ¢/ X)U
(BX —Y) =pBX — (¢’ XNY) is nearly round. Clearly X C ¢'XNY C vX and so
by Lemma 4.8, ¢’ X NY is ¢'-compact. Since ¢’ X is the smallest ¢’-compact space
between X and X, ¢’X C ¢’ XNY. So ¢ X CY and the proof is complete. [

The following theorem gives a necessary and sufficient condition for an F-space
to be a P-space.

Theorem 4.11. An F-space X is a P-space if and only if every subset of X is
nearly round.

PROOF: Let X be a P-space and A C BX. Suppose f € [),c4 MP. Then
f €NpeaOF. Thus F = {OP : p € A} is a family of minimal prime ideals of
C(X), adequate for A with f € (JF. So A is nearly round.

Conversely let X be an F-space and every subset of 53X be nearly round. Let
p € BX and suppose f € MP. Since {p} is nearly round there is a minimal prime
ideal P of C(X) with P 2 OP such that f € P. Also since X is an F-space,
P = OP and thus f € OP. So OP = MP and hence X is a P-space.

Let X be a ¢'-compact space. If 7 : X — Y is a homeomorphism then 7 has an
extension to a homeomorphism 71 : X — BY such that 71[gx_x : X — X —
BY — Y is also a homeomorphism. Also the map ¢ : C(Y) — C(X) defined
by f — for is an isomorphism. If f is in the intersection of all free maximal
ideals of C(Y") then ¢ (f) is in the intersection of all free maximal ideals of C'(X).
Now ¢'-compactness of X implies that there is a family Fx = {P§ : a € A} of
minimal prime ideals of C(X), adequate for 85X — X with ¢(f) € (V\Fx. Then
Fy = {7 (P§) : « € A} becomes a family of minimal prime ideals of C(Y")
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adequate for 3Y —Y and f € (| Fy. Thus Y is also ¢/-compact. So we have the
following theorem. (|

Theorem 4.12. ¢'-compactness is a topological property.

Notation 4.13. Let w; denote the space of all countable ordinals. Let T* =
(wi+1)X (wog+1)and T =T* — {(w1,wp)} be the Tychonoff plank.

Let us denote for computational convenience, («,wi) X {n} ((o,w1] x {n}) by
(o, {n}) ((er, {n}], respectively), where @ S wy and n € (wp + 1).

Lemma 4.14. For each f € M'—O?, there exists g ¢ O! such that fg = 0 where
t= {(wl,wo)}.

PROOF: Since f € Mt ie. t € clgr Z(f), every neighbourhood of ¢ must meet
Z(f). Also f ¢ O' and so clgr Z(f) is not a neighbourhood of t. Now any
neighbourhood of ¢ is of the form (o, w;] x N’, where N’ Cwp+ 1, a S w; and
(wp+1)— N’ is at most a finite set. Thus there exist infinite subsets N1, No of wq
with NyUN2 = wp and o S wq, such that, for each n € Ny, f((«, {n}]) = 0 and for
eachn € Na, f((a,{n}]) # 0. The choice of single « is possible here because of the
non-cofinality character of any denumerable subset of wy. Also f((a, {wp})) = 0.
Choose g : T — R by defining g((a, {n}]) = %, for each n € Ny, g((a, {n}]) =0
for each n € No and assign 0 on rest of the region. Clearly, g is continuous in
[0,a] x (wp + 1). Choose (v,n) € (a,{n}], n € wy. Then (a,{n}] is an open
neighbourhood of (v,n) and g((a, {n}]) is either = 0 or % Thus f is continuous
at (v,n). If now (v,wp) € (o, {wo}), then g((v,wp)) = 0. Choose any ¢ = 0. Then
there exists n € wp such that % Se Take M = (wg+1)—{r €wg: 7 < n}. Then
(a,w1] x M — {t} is an open neighbourhood of (,wp) and g(((a, w1] x M) —{t})
is contained in (—e, €). Hence g is continuous at (y,wq). Thus g is continuous on
T. Also since T — Z(g) contains (a,w1] x N1, g ¢ O'. Clearly, fg = 0. O

Using the above lemma, we now show that the Tychonoff plank T is ¢’-compact
but not p-compact.

Example 4.15. Since T is not ¢-compact (Example 3.2(c)), it is neither u-
compact. We now show that T is ¢'-compact. So let f € mpGﬁT—T MP ie.

f € M!. We have to produce a family F of minimal prime ideals of C(T),
adequate for 3T — T = {t} such that f € (F. If f € O, then it becomes
obvious, if not then fg = 0 for some g ¢ O' by Lemma 4.14. Since O! is the
intersection of all minimal prime ideals containing it, there is a minimal prime
ideal, say P containing O! such that g ¢ P. So f € P since P is prime. Let
F = {P}. Clearly F is adequate for 3T — T and f € [ F.
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