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Baire-one mappings contained in a usco map

ONDREJ F.K. KALENDA

Abstract. We investigate Baire-one functions whose graph is contained in the graph of
a usco mapping. We prove in particular that such a function defined on a metric space
with values in R? is the pointwise limit of a sequence of continuous functions with graphs
contained in the graph of a common usco map.

Keywords: Baire-one function, usco map, usco-bounded sequence of continuous func-
tions

Classification: 54C60, 54E45, 26A21

Introduction

[y

We study the following question:

Let X be a metric space, Y a convex subset of a normed linear space and
f: X — Y a Baire-one function whose graph is contained in the graph of a usco
mapping. Is there a sequence of continuous functions f, : X — Y pointwise
converging to f such that the graphs of all the fy’s are contained in a usco map
p: X —=Y?

This question appeared in the joint research of R. Anguelov and the author
— see [1]. In the quoted paper a natural convergence structure on the space of
minimal usco maps is introduced and studied. The question we address here is
closely related to the possibility to approximate minimal usco maps by continuous
functions. Namely, if X is a Baire space and the answer to our question is positive,
then continuous functions form a dense subset in the convergence space of minimal
usco maps from X to Y.

Moreover, this question is also natural and interesting in itself as there are
several theorems on the existence of Baire-one selections of multivalued (in par-
ticular usco) maps — see e.g. [4], [5], [7]. In particular, every usco map from a
metric space into a normed linear space admits a Baire-one selection; therefore
Baire-one functions whose graph is contained in the graph of a usco mapping are
quite common.

The work is a part of the research project MSM 0021620839 financed by MSMT and partly
supported by the research grant GACR 201/06/0018 and by Universidad Politécnica de Valencia.
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We do not know the full answer to our question but we prove some partial
results. One of them is that the answer is positive if Y is a closed convex subset
of a finite-dimensional space. This is used in [1] to show that if X is a Baire
metric space then continuous functions from X to R? form a dense subset of the
convergence space of minimal usco maps.

Let us start by recalling and introducing some notions.

A nonempty-valued mapping ¢ : X — Y is called upper semi-continuous
compact valued (shortly usco) if p(x) is a (nonempty) compact subset of Y for
each z € X and {z € X : p(x) C U} is open in X for each U C Y open.

A function f : X — Y is called Baire-one if it is the pointwise limit of a
sequence of continuous functions.

We say that a family of functions (defined on X with values in Y') is usco-
bounded if there is a usco map ¢ : X — Y whose graph, i.e. the set

{(z,y) e X xY 1y € p(x)}

contains the graphs of all the functions from the family. We will use this termi-
nology for single functions and for sequences of functions.

2. Basic facts and examples

An important role is played by the following characterization of usco maps and
maps whose graph is contained in the graph of a usco map.

Lemma 2.1. Let X and Y be metric spaces and ¢ : X — Y a nonempty-valued
set-valued mapping.

(i) The mapping ¢ is usco if and only if whenever xy, is a sequence in X
converging to some x € X and y, € ¢(xy) for each n € N, there is a
subsequence of yy converging to an element of ¢(x).

(ii) There is a usco map ¢ : X — 'Y with ¢ C v (in the sense of inclusion of
graphs) if and only if whenever x, is a sequence in X converging to some
x € X and yp, € p(zp) for each n € N, there is a convergent subsequence
of yn.

PRrOOF: The point (i) is an analogue of [2, Lemma 3.1.1]. The assertion of the
quoted lemma is the same — only X and Y are arbitrary topological spaces and
nets are used instead of sequences. As we are now dealing with metric spaces,
sequences are enough and the same proof works.

Let us show the point (ii). The ‘only if’ part follows immediately from (i). It
remains to prove the ‘if’ part. Let ¥ be the multivalued mapping whose graph is
the closure in X x Y of the graph of ¢. We will show that ¢ is usco using (i).
Denote by d and p the metrics of X and Y, respectively.

Let x, be a sequence in X converging to z € X and y, € ¥(z,) for each
n € N. Then each pair (xy,yn) belongs to the graph of 1. As the graph of ¢
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is dense in the graph of v, there are pairs (z/,,}) in the graph of ¢ such that
d(x),, ) < % and p(y},, yn) < % for each n € N. Then 2], — z, and hence there
is a subsequence ygk converging to some y € Y. Then yj,, converge to y as well.
Hence (2, , yn, ) converges to (z,y). As the graph of ¢ is closed, we get y € ¥(x).
This completes the proof. 0

An important subclass of Baire-one functions consists of so-called simple func-
tions. We recall the definition.

Let X and Y be metric spaces and f : X — Y be a function. The function f
is called simple if there is a o-discrete partition of X into Fj; sets such that f is
constant on each element of the partition.

Recall that a family of subsets of X is discrete if each point of X has a neigh-
borhood meeting at most one element of the family; and a family is o-discrete if
it is a countable union of discrete families.

It is easy to check that f is simple if and only if there is a partition Fy, v € IT',
of X such that

e f is constant on each Fj;
e cach F, can be expressed as an increasing union of closed sets F,;‘ such
that the family F, v € I', is discrete for each n € N.

If Y is a convex subset of a normed linear space (or more generally if Y is an
arcwise connected metric space), then any simple function with values in Y is
Baire-one (see e.g. [6, Lemma 2.13]).

Moreover, we need the following well-known approximation result.

Lemma 2.2. Let X and Y be metric spaces. Then any Baire-one function f :
X — Y is the uniform limit of a sequence of simple functions.

PRrROOF: It follows from [3, Lemmata 1.1 and 1.4] that f has a o-discrete function
base consisting of closed sets (i.e., a o-discrete family B of closed subsets of X
such that f~1(U) is the union of a subfamily of B for each U C Y open). The
assertion then follows by using Lemma 2.7 of [6]. O

Now we are going to give some examples of Baire-one mappings which are
usco-bounded and some which are not. The first one is trivial. It follows from
the fact that the closed bounded sets in R™ are compact.

Example 2.3. Any bounded (Baire-one) function f : X — R"™ is usco-bounded.
Also the second example is trivial:
Example 2.4. (i) The function f : R — R defined by
1
T x 7& 07
ro={;

z =0,
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is a Baire-one function which is not usco-bounded.
(ii) The function f : R — R defined by f(x) = x is usco-bounded (it is
continuous) although it is not bounded.

We continue by two more general statements.

Example 2.5. Let Y be an infinite dimensional normed space. Then there is a
bounded Baire-one function f : R — Y which is not usco-bounded.

PrROOF: Let y, be a sequence in the unit ball of ¥ which has no convergent
subsequence (as Y is infinite-dimensional, the unit ball is not compact and hence
such a sequence exists). Define the function f by the formula

Fa) = { 0, x € (—o00,0]U (1, 4+00),

yn, € (5l neN

n+i’n

Then f is bounded, it is easily seen to be simple, and hence Baire-one. However,

it is not usco-bounded due to Lemma 2.1. Indeed, % — 0 and the sequence

f (%) = yp, has no convergent subsequence. ([
Example 2.6. Let Y be a non-complete metric space. Then there is a sequence
of simple functions f, : R — Y which uniformly converges to a simple function

f:R =Y such that each fy, is usco-bounded but f is not.

PrROOF: Let y, be a Cauchy sequence in Y which is not convergent. Define the
functions fy by the formula:

0, € (—00,00U(1,+00),

1
fo(z) =4 ¥, TE€ (0, ﬁ]a
Ykos xe(k%i_l,%], 1<k<n.
Then each f, is easily seen to be a usco-bounded simple function. Moreover,

as the sequence y,, is Cauchy, the sequence f, uniformly converges to the function
f defined by the formula

0, x € (—00,0]U (1, 4+00),
f(x):{yn, re (2,1 neN.

n+li’'n

This function is simple and is not usco-bounded. This can be proved by the
argument used in the previous example (note that yy, is a non-converging Cauchy
sequence and hence has no convergent subsequence). O

3. Main results

In this section we show some partial positive answers to the question from the
introduction. The first result shows that the answer is positive if f is a simple
function.
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Theorem 3.1. Let X be a metric space, Y a convex subset of a normed linear
space and f : X — Y be a usco-bounded simple function. Then there is a usco-
bounded sequence of continuous functions f, : X — Y which pointwise converges

to f.

ProOOF: We will imitate the proof of the fact that simple functions are Baire-one
n [6, Lemmata 2.12 and 2.13]. Without loss of generality suppose that 0 € Y.
Fix a partition Fy, v € I', of X such that

e f is constant on each Fj;
e cach F, can be expressed as an increasing union of closed sets F,? such
that the family F,?, v €T, is discrete for each n € N.

For n € N and v € T" we define the following functions:

d"(x) = dist(z, | ] FI),
yel’

dist(, F7),

ey (x) = dist(z, U F§')

sel\{r}

ISH
=3
—~

&
~

Il

All these functions are continuous and hence the set
Gy ={re X :dj(x) < %ef‘/(:v)}

is open for each n and . Moreover, as the family F7', v € I, is discrete, we get
" C GY. 1t is proved in [6, pp. 34-35] that the family G}, v € I', is discrete for
each n € N, too.
Denote by y~ the value of f on F, and define the functions f, as follows:

(x) " 7 € X\Uyer G5,
ale) = 4d (@) n
(1_m) Yy, z€GY.

The function f;, is continuous (see [6, pp. 35-36]) and fn(z) = yy for v € FJ.
Hence clearly f;, pointwise converges to f.

It remains to show that the sequence f, is usco-bounded. To see this we will
use Lemma 2.1. Fix a sequence z, converging to x € X and a sequence k,, of
natural numbers. We will be done if we show that the sequence fy (x5) has a
converging subsequence.

Up to passing to a subsequence we can suppose that the sequence ky, is either
constant or increasing. If k, = k for each n, then fy (xn) = fr(xn) converges to
fx(z) due to the continuity of f.
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Hence suppose that ky is increasing. If zn € X \ U er ij” for infinitely
many n’s, then f, (x) = 0 for infinitely many n’s and hence we have converging
subsequence.

Thus suppose that for each n € N there is some v, € I' with z,, € Gl“yg. By
the definition of the set Gﬁ;ﬁ there is some z, € F,’;:L with p(zn,2zn) < %eﬁyz ().
We have fi, (¥n) = cn¥yn, for some c, € [0,1]. Without loss of generality we may
suppose that the sequence ¢y, converges to some ¢ € [0, 1].

Let a € I" be such that « € F,. If v, = « for infinitely many n’s, then there
is a subsequence of fy (zn) converging to cyq.

Finally, suppose that v, # « for each n. Then we have

1 1
~ebn (@) + < p(an, o)

Lk
p(xnvzn) < ge'}/n(xn) S 3 3

for n € N. As there is some ng such that x € F°, e’jz (z) = 0 for n sufficiently
large. Therefore p(zy,2n) converges to 0 and thus z, converges to z. As f is
usco-bounded we get (by Lemma 2.1) a converging subsequence of f(2n) = ¥,-
Then fi, (¥n) = cn¥yy, has a converging subsequence as well. (Il

The next result is an analogue of the standard fact that Baire-one functions
are preserved by the uniform limits. Note, that the assumption that the range is
complete is necessary, while in the standard setting completeness is not needed.

Theorem 3.2. Let X be a metric space and Y be a convex subset of a normed
linear space which is complete in the norm metric. Let f, : X — Y be a sequence
of mappings which uniformly converges to a mapping f : X — Y. If each fy is
the pointwise limit of a usco-bounded sequence of continuous functions, then f
has the same property.

The completeness assumption on Y cannot be omitted.

ProoOF: We will imitate the proof of the fact that Baire-one functions are pre-
served by uniform limits given in [6, Lemma 2.14]. As the quoted proof contains
a large number of misprints, we give a complete proof.

Denote by Z the normed space which contains Y. Without loss of generality
suppose that || fm(z) — f(x)]] < 27 for each x € X and m € N. For each m € N
let (fm,n : n € N) be a usco-bounded sequence pointwise converging to fp,.

We define continuous functions gmn : X — Y as follows:

91n = fl,n for n €N,
fm—i—l,n(x)a ”fm—i—l,n(x) - gm,n(x)H < 2—m+1,

—m-+1 fm+1n () =gm,n(x)
+2 Tt @) —gmn @]

Hfm+1,n(17) - gm,n(I)H > g—mt

gm—i—l,n(x) = gm,n(x)
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We have
Vee XVmeN3Ing € NVn > ng: gmn(z) = fmn(x).

Indeed, let x € X be arbitrary. As g1, = f1,, for all n, the assertion is true for
m = 1. Suppose it is true for some m. As

[fm(2) = fms1 (@) < [ fm(z) = F@) + 11 f(2) = fmsr ()]

<27m 4 omm—l L gmmAl

we have || fo,n(2)— frm41.n(7)|| < 27"+ for n large enough. Now using the induc-
tion hypothesis and the definition of gn, 11,0 (%), Wwe get gmi1.n(2) = frt1n(T)
for n large enough.

Set hy, = gn,n for n € N. Then the sequence h;, pointwise converges to f and,
moreover, is usco-bounded.

Let us show the first assertion. Let x € X and € > 0 be arbitrary. Choose
m € N such that 27™%* < ¢, Fix ng € N such that g n(z) = fmn(z) and
Il fm.n(x) = gm(z)|| < § for n > ng. Then for n > ny we have

[hn(z) = f(@)]] < llgn,n(z) = gmn (@) + [|[gmn(®) = fm(@)[] + | fm(z) — f(2)]]
<2742 [ (@) = fn(@) ]|+ 27

mi3C e

2
This shows that hy,(x) converges to f(z).

Now we are going to prove that the sequence h;, is usco-bounded. So take
an arbitrary sequence z, € X converging to some x € X and a sequence kj of
natural numbers. We need to show that the sequence hy, (z5,) has a converging
subsequence.

If the sequence ky, has a constant subsequence, we are done (as x, — = and
each f}, is continuous). Otherwise we can without loss of generality suppose that
the sequence k,, is increasing.

Now, as (fm,n : n € N) is usco-bounded for each m € N, the sequence f, 1. (n)
has a converging subsequence for each m € N. Thus, we can suppose without loss
of generality that, for each m € N the sequence f, 1 (zn) converges to some
Ym €Y.

Further, for each n € N we have

<27

kn—1

n Fit1 ke (Tn) = 9k, (T0)
h «In ’ )
b (@) = Sk ( Z T 1o ) — 30, )|

where ¢} € (0,277 %! forn € Nand j = 1,..., kn—1. (If fj 11k, (2n) = g5k, (¥n),
we set c? = 0 and suppose the fraction equals some unit vector.)
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We can consider sequences (cgl :j=1,...,kn — 1) as elements of the set
C={(tj:jeN):VjeN:t;€[0,277 1]}

The embedding is done by completing the finite sequence by zeros since the ky,-
th place. The set C is a compact subset of the Banach space ¢1, hence we can
suppose without loss of generality that the sequences (c!') converge (for n — o0)
in the /1-norm to a sequence (c; : j € N) € C.

Observe that for each j € N the sequence g; 1, (zn) converges in Y. Indeed, for
j =1 we have gy . (¥n) = f1 i, (Trn) which converges to y1. Suppose now that
Jj € N is such that g; ;, (zn) converges in Y. Then

Fit1kn (@n) = G5k, (Tn)
9j+1kn (Tn) = 9j k, (Tn) + 7|\f;+1k (#n) = gj hn (20|’

and hence it converges in Z due to the assumption that f; 1, (2p) converges to
Yj+1 and that ¢} converges to ¢;. (If fj+1,kn(Tn) = gj k,(xn) only for a finite
number of n’s, the conclusion is clear. If the equality holds for infinitely many n’s
then by the above convention c? = 0 for infinitely many n’s, and hence c; = 0.
So ¢! — 0 and hence the limit of g; 1k, (zn) is the same as that of g; , (zn).)
Moreover, as Y is complete and the values of each gm, n are in Y, we get that the
limit belongs to Y.

n _Jit1kn (Tn)=gj ey (Tn)
Finally, we have that for each j € N the sequence c5 it @) =gy o @n)]

converges for n — oo to some z; € Z. As |z < 277FL, the sequence (y; +

N 11 zj : N € N) is Cauchy. Moreover, y; + Z;V:_ll zj € Y for each N € N, as

it i 1s equal to

N—
n—00 3 |f]+1 kn( ) gj,kn(fvn)H n—o0 70N

which belongs to Y as Y is complete and gy 1, (zn) € Y for each N and n. Hence
the above sequence converges in Y to y1 + Z]Oi1 zj. Now it is clear that hy, (n)
converges to y1 + Z‘;‘;l zj, which completes the proof of the positive part.

If Y is not complete, Example 2.6 shows that the assertion is not true. Indeed,
there are usco-bounded simple functions f;, : R — Y uniformly converging to a
function f which is not usco-bounded. Each f;, is the pointwise limit of a usco-
bounded sequence of continuous function by Theorem 3.1. On the other hand, f

cannot be expressed as such a limit as in such a case it would be usco-bounded.
O

Finally, we give the result for the case when Y is finite-dimensional.
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Theorem 3.3. Let X be a metric space, Y a closed convex subset of R? and
f : X — Y be a usco-bounded Baire-one function. Then f is the pointwise limit
of a usco-bounded sequence of continuous functions.

In the proof we will need two simple lemmata.

Lemma 3.1. Let X be a metric space, f and g two functions defined on X with
values in R? such that f — g is bounded. If f is usco-bounded, then so is g.

PrROOF: Let z, be a sequence in X converging to some x € X. As f is usco-
bounded, we can suppose that the sequence f(zy) converges. Further, the se-
quence g(zn) — f(xy) is bounded, and hence has a convergent subsequence. It
follows that g(zy) has a convergent subsequence. This shows that g is usco-
bounded. ]

Lemma 3.2. Let X be a metric space, Y be a closed convex subset of R% and
f: X — Y be a usco-bounded Baire-one function. Then f is a uniform limit of a
sequence of usco-bounded simple functions.

PrOOF: Fix ¢ > 0. By Lemma 2.2 there is a simple function g with ||f(z) —
g(x)]] < € for all z € X. By Lemma 3.1 the function g is usco-bounded. This
completes the proof. O

PrROOF OF THEOREM 3.3: Let f : X — Y be a usco-bounded Baire-one func-
tion. By Lemma 3.2 it is the uniform limit of a usco-bounded sequence of simple
functions. Now the result follows from Theorems 3.1 and 3.2. (|

4. Final remarks and open questions

Of course, the main problem is whether the answer to the question from the
introduction is positive in general. However, let us formulate some more questions.

Question 4.1. Let X and Y be metric spaces and f : X — Y a usco-bounded
Baire-one function. Is there a sequence of usco-bounded simple functions uni-
formly converging to f?

The positive answer to this question would imply (using Theorem 3.2) the
positive answer to our main problem under the assumption that Y is complete.
Due to Example 2.6 it would not help to solve the general case.

By Lemma 3.2 the answer to the above question is positive if Y is a closed
convex subset of R%. Moreover, the answer is positive if f is continuous (and X,
Y are general metric spaces). Let us sketch the proof of this (although it yields
nothing new with respect to our main problem).

Let f : X — Y be continuous and € > 0. Then for each x € X there is
an open neighborhood U, of x with diam f(Uz) < e. Let V be a locally finite
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open refinement of the open cover {Uy : © € X} of X. Let {Vi, : @ < Kk} be an
enumeration of V by ordinal numbers. Set

Wa=Va\ J Vs
B<a

for each a < k. If Wy, # 0 choose yo € f(Wy). Define the function g : X — Y
by setting g(z) = yq for © € Wy. It is clear that the distance of f(z) and g(z) is
less than € for each x € X. Further, it is easy to see that g is a simple function.
Finally, as the partition {W, : a < k} is locally finite, the function g is easily
seen to be usco-bounded (using Lemma 2.1).

Another question concerns possible modification of Theorem 3.2.

Question 4.2. Let X be a metric space and Y a convex subset of a normed
linear space. Suppose that the sequence of functions f,, : X — Y is usco-bounded
and uniformly converges to a function f. Suppose, moreover, that each fy is the
pointwise limit of a usco-bounded sequence of continuous functions. Is the same
true for f7?

If Y is complete, the answer is positive (even without the assumption of the
usco-boundedness of the sequence) by Theorem 3.2. Note that the sequence from
Example 2.6 is not usco-bounded.

The positive answer to this question would help to solve the problem if the
following strengthening of the first question has positive answer.

Question 4.3. Let X and Y be metric spaces and f : X — Y a usco-bounded
Baire-one function. Is there a usco-bounded sequence of simple functions uni-
formly converging to f7

Note, that the answer is positive if Y is a closed convex subset of R?. This
follows easily from the proofs of Lemmata 3.1 and 3.2. (Note that if f is usco-
bounded and Y is a closed subset of R™, then the graph of the set-valued map
x +— B(f(x),e) is contained in the graph of a usco map — we can use Lemma 2.1.)

Added in proof.
Question 4.1 was recently answered in the positive by J. Spurny. Therefore the
answer to our main question is positive provided the range space Y is complete.
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