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Sign-changing solutions and multiplicity results
for some quasi-linear elliptic Dirichlet problems

REBEccA WALO OMANA

Abstract. In this paper we show some results of multiplicity and existence of sign-
changing solutions using a mountain pass theorem in ordered intervals, for a class of
quasi-linear elliptic Dirichlet problems. As a by product we construct a special pseudo-
gradient vector field and a negative pseudo-gradient flow for the nondifferentiable func-
tional associated to our class of problems.

Keywords: sign-changing, mountain-pass theorem, ordered intervals

Classification: 35J25, 35J65

1. Introduction

Let Q@ C RY (N > 1) be an open and bounded domain with sufficiently smooth
boundary 9. We consider a quasi-linear elliptic boundary value problems of the
form:

div(A(z,u)Vu) = f(A\, z,u), x € Q,
(Px) _
u =0, x € 01,
where f: Q x R — R is a Carathéodory function (i.e., is measurable with respect
to 2 € Q for all (\,s) € R? and continuous in (), s) for almost every = € Q),
such that f(\,z,0) = 0 for almost every (in short a.e.) = € 2, A € R, and
f(\ z,s)s >0 for s # 0. We suppose that f satisfies
(f1) for every bounded set A C (0,00) and for 2 < r < 2%, |f(A\, z,u)| < C(1
|ul") for all A € A, and a.e. z € Q,
(f2) there exist § > 2, M > 0 such that 0 < OF(\,z,u) < uf(A, z,u) for all
|u| > M, X\ € A and a.e. z € Q, where F(\,z,u) = f“ (/\ )ds
and that there exist constants 0 < o < (8 such that
(f3) limg_g M > Buq uniformly in (A, z) € RT x €,

(f4) limsup,_, o M < apy uniformly in (A, x) € RT x €,

where g1 > 0 is the first eigenvalue of the Laplacian operator (with Dirichlet
condition).
Let A: Q2 xR — R be a Carathéodory function such that

395



396

R.W. Omana

(A1) |A(z,u)| < B, for every u € R and a.e. x € Q,

(A2) V(s,8) €R xRN, Az, )¢ - € > alé]?,

(A3) there exists a continuous function w : R* — R such that w(0) = 0, [ % =
+oo and |A(z, s) — A(z,t)| <w(]s —t]), for s and ¢ € R,

(A4) the function u — A(z,u) has continuous and bounded derivative for a.e. x €
Q, and there exists ug > 0 such that A(x,u) is nondecreasing in u € [0, ug].

We can consider the matrix A(x,u) = (a;;(z,u)), 4,5 = 1,2,..., N, with Cara-
théodory coefficients a;; : 2 x R — R such that a;; = aj; and s — a;(z, s) is cl
for a.e. x € Q, a;j(x,u) and 85? (z,s) € L®( x R,R).

The problem (Py) has been extensively studied in semilinear case, including
the case A = 1, see [1]-[6], by means of bifurcation, variational methods, sub-
solution and supersolution method according to the behavior of the function f
(see Ambrosetti at al. [4]-[6] for related topics). In this case, the existence of
multiple and sign-changing solutions has been considered by many authors (cf. Li
Shujie and Wang [15], Dancer and Du Yihon [12], Li Shujie and Zang Zhitao [17],
Alama and Del Pino [1], and references therein). However, it seems that very few
results have been reported on the quasi-linear case (see for instance [7] and [8]),
and at least to the best of our knowledge, sign-changing solutions have not been
considered yet.

Our purpose is to contribute to some nontrivial and sign-changing solutions for
the problem (Py), when f satisfies (f1)—(f4). The main difficulty in this problem
lies in deriving a min-max critical value for the Euler functional associated to
(Py), since this functional is continuous, but may not be Lipschitz continuous
and therefore nondifferentiable. In order to overcome this difficulty, we use some
technical tools used by Struwe [17] for nondifferentiable functionals in Banach
spaces. We also use a mountain-pass theorem in ordered intervals, in the spirit
of Li Shujie and Wang [15], and differential equations theory in Banach spaces to
define a critical point value and to show the existence of sign-changing solutions.
Our results generalize or improve many results obtained for C functionals and
for nondifferentiable functionals in [5], [15] and [7], as shown in Theorems 5, 7
and Remark 6.

2. Main result

Let us consider the functional Jy : VVO1 ’2(9) — R defined by

J)\(u):%/QA(x,u)|Vu|2d:c—/QF(/\,:c,u)da:.

The functional Jy has been considered in [7] by Arcoya and Boccardo, and in [9] by
Artola and Boccardo, where it has been shown that Jy has a directional derivative



Sign-changing solutions and multiplicity results for some quasi-linear elliptic Dirichlet problems 397
J (u)(v) at each u € W(}’Z(Q) along any direction v € W(}’Z(Q) N L%(£), with
1
Jy(w)(v) = /QA(:C,U)VuVU dx + /Q iA;(x,u)|Vu|2v dx — /Q Ff\ z,u)vde,

where A, (z,u) = 3—A(:v u). Clearly for fixed u € W(}’Z(Q) the function J)\(u) (v)
is linear in v € VVO1 2(Q) N L°(Q), and for every fixed direction v € WO (Q) N
L®(Q), J4 (u)(v) is contmuous inue VVO1 2((2) Hence, a critical pomt of Jy(u) is

a function u € W0 (Q) such that J4 (u)(v) = 0 for every v € WO ( ) N L°(Q).
Therefore, for every A € A, a nontrivial critical point of Jy is a nontrivial solution
of the boundary problem

(P)’\) —div(A(z,w)Vu) + %A;(x,u)|Vu|2 = ({%F(A,x,u) = f(\ z,u).

Foru € V[/01’2(Q)7 and in this case for a solution of (P} ), we consider u € Wol’2 Q)N
L°°(Q) such that

/ Az, u)VuVvdr + 2/ Al (z,u) | Vul?v do = / F\ z,u)vde,
Q

for all v € Wy % () N L°().

Let us consider the space Y = W01’2(Q) NL*>°(2) endowed with the norm ||+ ||co,
and the set

M:{uEY\{O}:/QA;(x,u)|Vu|2vd:v=0,VvEY}.

On M, Ji (u)(v) has the form

J;\(u)(v):/QA(:C,U)Vqud:E—/Qf()\,:v,u)vd:v,

for all u € Y. From (A;)-(Az) and (f1), a solution of Ji(u)(v) = 0 is a weak
solution of the boundary value problem (see also [9])
div(A(z,u)Vu) = f(A\z,u), =€,
u =0, x € 0N.

Indeed, for all h € W~12(Q) (the dual space of W01’2(Q)), a weak solution of

div(A(z,u)Vu) = h(z), z€Q,
u =0, x € 09,
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is a function u € Wol’2 (Q) such that
/ Az, u)VuVvde = / h(z)vdx, Vve W01’2(Q).
Q Q

Moreover, if (A3) is satisfied, then this solution is unique (see [9]). Therefore, the
divergent operator

Q(u) = — div(A(z,u)Vu), ue Wy (Q) N L2(Q),

is invertible with continuous inverse.
Let us denote K (u) = Q L(f(\, z,v)). If u is a solution of (Py) then u satisfies

(1) u = K(u).

Thus, the solutions of (1) are zeros of J} (u)(v) = 0, and therefore, critical points
of Jy on M.

Remark 1. (a) If u € Wy '?(2), then by (f1), f(\,z,u) € L"(Q) and by regu-
larity theorems, Q1 (f(\, z,u)) € WOI’Q(Q). Thus, K : W(}’Z(Q) —
Wy2 ().
(b) Under (A1)—(As) and (f1), it can be shown (see [8, Lemma 3.1]) that if
u € W01’2(Q) is a solution of [ A(z,u)|Vul?dz — [ f(\, z,u)udz = 0,
then v € L*°(Q). Therefore K : Y — Y is well definedand - K : Y — Y
is well defined as well.

Lemma 2. Assume that A satisfies (A1)—(A3). Let v € Y be a nonnegative
function. Then u is a positive solution of Q(u) = v if and only if

2) u—Q '(v) =0.
PROOF: Note that « — Q™1 (u) = 0 if and only if
/ Az, u)VuVepdx = / updr, YeoeV.
Q Q

We claim that v > 0. In fact, since v > 0, using (Ag) and taking ¢ = u~ as a
test function, we obtain

aflu”|? < / Az, u)Vu~ Vu~ dx:/ uu~ dx < 0.
Q Q

This implies that ©v~ = 0. (]
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Remark 3. (a) K is continuous and compact, by (f1).
e]
(b) Let P the interior of the positive cone P. If in addition f(),-,-) is C1(Q x

[}
R) and A(z,-) is C', then u € P (see [9, Remarks 2]). We observe that
the regularity condition for f can be relaxed by taking f(\, z,s) + ms
increasing in [0, sg] for some m > 0 and for every sg > 0, and we shall use
this relaxation throughout all the paper if necessary, so we will not require
explicitly this regularity condition. Using the strong maximum principle,
we can prove that K is strongly order preserving for some A € A.

Remark 4. (Aj3) implies that, for a fixed direction A € Y, the function J4 (u)(v)
is continuous in u € VVol’2 ().

Our main result is the following:

Theorem 5. Suppose that (A1)—(A4) and (f1)—(f5) hold. Then there exists Ao >
0 such that, for every A € (0, \g] and A ¢ o(Q), the problem (Py) has at least six
nontrivial solutions. More precisely:

(i) (P\) has at least two positive solutions u] and uj with uf > uj,

J\(u3) < 0 and uj is a local minimizer of Jy(u);

(i) (Py) has at least two negative solutions us; and u, with ug < u,,
Ja(uy ) <0 and u, is a local minimizer of Jy(u);

(iii) (Py) has at least two sign-changing solutions us and ug with Jy(us) < 0,
us is a mountain-pass point of Jy, and ug is outside of [u, , u;]

Remark 6. We do not require f to be C! as in many applications, however, we
assume that f is sublinear and we obtain the same results as in [15], where the
C' condition is required and

f()‘J €, u) = )‘|u|q_1u + g(u)

with g(s) = o(|s|) at 0 and ¢’(s) > —a for some a > 0. Our Theorem 5 also

generalizes a result of [5], where the following strong assumptions were made:

(G1) G € C%(R,R), sG'(s) > aG(s) > 0 for all s € R with 2 < o < 2*, where
2* =2N/(N —2), if N > 2;

(G2) s2G"(s) > aG'(s)s, for all s € R;

(G3) s2G"(s) < C1]s|%, for all s € R (for some C7 > 0),

where G(s) = [ g(t) dt. In comparison with [5] and [15], we get a much stronger
and general result with more information than in [5], using weaker assumptions.

We observe that our result is also valid for A = 1, in which case « = 3 = 1.
Our assumptions (f3), (f4) are the same as in [12], where the author obtains at
least two positive solutions.
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In [7], the authors consider the same assumptions as us for the function A,
with g(s) convex and obtain at least two solutions, using a variant of the usual
mountain-pass theorem; their results, however, do not give any information on
sign-changing solutions.

To deal with the superlinear case, we consider the following hypothesis.

(f;) There exists 2 < § < 2* such that 0 < 0F(\,z) < uf(\, z,u) for all u € R,
A € A and for almost every = € Q.

(f;) There exist a number k£ > 0 and Ag > 0 such that for all 0 < A < Ag, and
fora.e. z € Q, |f(\, z,u) < k| for u € [—c, ¢], where ¢ = maxq e(z) and e(x)
satisfies the boundary value problem —Ae(z) = k in Q and e(z) = 0 on 09Q.

Under the above assumptions we have the following result.

Theorem 7. The results of Theorem 5 still hold under the hypotheses (A1)—(A4),
(t1), (&) and ().

3. Abstract results

Let us start by presenting some abstract results. The abstract framework is
derived from the following hypothesis.

Let (X, ||-||x) be a Hilbert space and Y C X a normed subspace of X endowed
with the norm || - ||y, and densely embedded in X.

Let Px C X be a convex cone and P = Y N Px. Assume that P has a
nonempty interior IOD, and that any ordered interval in X is finitely bounded. Let

® : X — R be a functional in X, which is continuous in (Y| - || + || - ||y) and
satisfies the following assumptions.

(®1) The functional ® has directional derivative ®'(u)(v) at each u € X, through
any bounded direction v € Y. For fixed v € X, the function ®'(u)(v) is
linear in v, and for fixed v € Y, the function ®'(u)(v) is continuous in
uecX.

(®2) The functional ® is bounded from below on any ordered interval in X.

(®3) For any fixed direction v € Y, the function ®'(u)(v) is of the form u —
Kx(u) for each v € K, where Kx : X — X is compact, Kx(Y) C Y
and K = K x|y Y — Y is continuous and strongly order preserving, i.e.

[e]
u>v<e K) > K(v) for all u,v € Y, where u > v < u—wv € P.

(®4) The functional ® satisfies the Palais-Smale ((PS) for short) condition in X,
the deformation property in Y and has only finitely many isolated critical
points.

We shall consider the following compactness conditions.
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(H) There exists a sequence (un),en in Y such that for some sequences (Kp)pen
C RT and (ey,) — 0, the following are satisfied

(3) (®(un))nen is bounded,

(4) lunlly < 2Kn, VneN

and

(5) 1D/ (un) (v)] < s<|}’<ﬂ + |v||X>, for all v €Y.
n

(C) Any sequence (un)pen in dom(®) C Y satisfying for some (K,) C RT and
(en) — 0 the conditions (3), (4) and (5), possesses a convergent subsequence
in X.
We state some abstract results, which will be used to solve the problem (Py).

Theorem 8. Assume that ® satisfies (®1), (P2), (®3), (P4) and u < T is a pair of
subsolution and supersolution for ® (u)(v) = 0, for any bounded direction v € Y.
Then, [u,u] is positively invariant under the negative gradient flow of ®, and u —
@’ (u)(v) belongs to the interior of [u,W| through any fixed and bounded direction
v € Y. Moreover, if u < W is a pair of strict subsolution and supersolution, then
deg(id — K, [u,w],0) = 1.

Corollary 9. If uw < @ is a pair of strict subsolution and supersolution for
®'(-)(v) =0 in X, then K¢ N Ofu,u] =0, where K¢ = {u € X : ®'(u)(v) = 0} is
the critical point set of ®.

Now, we give a suitable version of the mountain-pass theorem in ordered in-
terval in this framework.

Theorem 10. Assume that ® satisfies (®1), (®2), (P3) and (®4). Suppose that
there exist four points in Y : v; < ve, w1 < wa, v1 < ws, satisfying [vy,v1] N
[w1,ws] =0 with v < Kvy, vg > Kvg, w; < Kwy and wy > Kwy. Then, ® has a
mountain-pass point ug € [vi,wa] \ ([v1, w1]).

Proofs of abstract results

PROOF OF THEOREM &: Since [u, W] is finitely bounded and K compact,
deg(id — K, [u, @], 0) is well defined. Consider the negative gradient flow of ® in

X satisfying
{ Sn(t,u) = =/ (n(t,u)(v),
n(0,u) = u,

for any fixed direction v € Y and for all uw € Y. Then, from (®4), u(t,u) € Y.
It suffices to show that for y € P — {0}, and for any bounded direction v € Y,
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e] e]
n(t,u+y) € u+ P and n(t,u—y) € u— P for allt > 0. By (®1), we know that for
any given direction in Y, ®(u + -) is differentiable in Y, for all v € dom(®) C X.
Hence, for any given y € P — {0},

uty—y(u+y)(v) = Kut+y) > Ku)>u,

where @} (u+y) = 8y<1>(u + ). Similar arguments imply that @ —y — ® (7 —

[} [}
y)(v) = K(u—y) < K(u) < u. Therefore, n(t,u+y) € u+P and n(t,u—y) € u— P
for any bounded direction v in Y. Hence, [u,u] is positively invariant and for all
u € [u, 7], u — ®'(u)(v) belongs to the interior of [u, 7] for any bounded direction
v in Y. Now, using this invariance property, the fact that K is strongly order

e]
preserving and compact, P # (), and arguments of H. Amann [2], it is easy to see
that K has a fixed point in [u,@]. If this fixed point is isolated, then its index
is 1, and by the excision property of the Schauder degree, we are done. (Il

PrOOF OF THEOREM 10: Since ¢ is bounded from below and satisfies the defor-
mation property, it has at least one local minimizer in each ordered interval. Let
vg be the minimizer of ® in [vl,v2], and wg the minimizer of ® in [wy,ws]. Let
n(t,u) denote the negative gradient flow of @, and let

I'= {:C(t) :z(t) € C([0,1], [v1,wa]) is such that

x(t) € [vr,wa] \ (Jur,v2] N jwi,we]), if t€ 1, ;)

(s
dn(boea(2)). o ;,x(l)eavl,vz
doon(e-2o(2)). it 2z nn(?) cotasal

Then I' # () is a complete metric space for the metric p(z,y) = max;c[g q) [|(t) —
y(t)||. Let

OJI[\D
wil wl

7 — inf d
(7) c= inf t:ﬁ)pu (z(1))-

Then c is a critical value. In fact, let
KY = {u€ [v1,wa] : ®'(u)(v) =0, ®(u) = c}
for all v € Y; it suffices to prove that KZ N {[v1,w2] \ ([v1,v2] U[w1,w2])}. Let

F(z(t)) = tren[%}i O(x(t)), z(t)el.
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Then, F' is a continuous function, bounded from below on I'. Define

F'(x)(v) = limsup Flo+6h) = Flz)
0—0 0

)

and let B(z) = {s € [0,1] : ®(z(s)) = F(x(s)) = max;cpp,1) ®(z(?))}. From
Ekeland’s variational principle, we have for any given sequence {e,}, &, — 0,
that there exists a sequence {zp} C I' such that

¢c< F(zp)<c+en and F(x) > F(xp) — epplx, zp),
VeFay, ve€l,n=1,2,3....

Hence, for any h € T and 0 €]0,1[, we have

F(xn + 0h) — F(xy) > —ep max_ ||h(t)]].
9 te[0,1]

Taking limit as 6 decreases to zero, we get

F 0h) — F
F'(xy,)(h) = limsup (@n + 9) (zn) > —en max ||h(2)].
6—0 t€[0,1]

Therefore, there exists (sp) C B(x) such that |®'(xy(sn))(v)] < epllv] for all
v € Y, which implies that ®'(zy,(sp))(v) — 0 as n — oco. From the definition of T
and Theorem 1, xn(sn) € [v1,w2] — ([v1, v2] U [w1,w2]), and from (3), (4), (5) and
the deformation property, (25 (sy)) has a subsequence converging in Y to some
ug € [v1,wa] — ([v1,v2] N [v1,ws]). Since ® is continuous in X, we have ®(ug) = ¢
and ®’(ug)(v) = 0. Thus c is a critical value. Substituting vg, wg for v1, wa, and
using the proof of Theorem 8, it is easy to see that vg < ug < wg. From the
deformation property, Theorem 8, and Corollary 9 we have
inf  {®(u)} > P(vg), inf  {®(u)} > P(wp).
u€d[vy,v2] u€d|w1,wa]

Therefore, ¢ > max{®(vp), ®(wp)} and ug is an isolated critical point of ®. Let
V' be a neighborhood of ug such that for any open neighborhood W C V of uy,

[¢]
®° N W # ) and is not path-connected. Let us define critical groups of ug by
Cn(®,v9) = Hp(P°NW, @°NW \ {ug}), n=1,2,...,
[¢]
where ®¢ N W \ {0} # 0, and is not path-connected either. Thus, from the
definition of critical group
Co(®, ug) = Hn (€N W, &N W \ {ug}) = 0.

Using arguments of [11] and [14], we can prove that C1(®,ug) # 0, and from the
argument given in [10], we know that ug is a mountain-pass point. O
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4. Some lemmas and definitions
We first prove the existence of two pairs of subsolutions and supersolutions.

Lemma 11. Assume (A1)—(Ay4) and (f1)—(f4) hold. Then, there exist two pairs
of strict subsolutions and supersolutions of (P)).

PROOF: Let ¢1 be the eigenfunction associated to u; then we may take ||¢1]/co
= 1. For r > 0 sufficiently small, (f3) implies that f(\, z,7¢1) > (Bu1 —e(r))re1,
for some e(r) > 0. Using (A1), we obtain

—div(A(z,ro)V(re1)) < f(\ z,701).

This means that r¢j is a strict subsolution of (Py) for r > 0 sufficiently small.
Hence, by continuity, there exists g > 0 such that this is true for 0 < r < 2rg.
Now, suppose that u is a nonnegative and nontrivial solution of (Py). Then by
the maximum principle, u > 0 in Q and there exists ¢ € (0,2rg) small enough
such that u > ep;1. Using a sweeping argument, we can prove that u > r¢q, for
all r € (0,2rg]. In particular u > 2rgp1 > rop1, and we can take u = rop1.

By (fy), there exist constants C' > 0 and &, with 0 < & < « such that

(8) f(/\,l',u) < dﬂlu"i_c
Therefore, any nontrivial solution of (Py) satisfies
9) —div(A(z, u)Vu) < auyu + C.

Using (A2), we find that Q(u) = — div(A(z, v)Vu) — dpiu has a bounded inverse
Q5 'C in Y, which is strongly order preserving, thus from (9) it follows that every
solution of (Py) satisfies u < ¢ = Q5 1C. Hence, by (8)

—div(A(z, $)A¢) < f(A2,¢) in Q, Ppq-

This means that ¢ is a strict supersolution of (Py), and we can take @ = ¢ if
¢ > rop1; but this can be easily achieved by enlarging C' if necessary. Using
similar arguments, we obtain another pair of strict subsolution and supersolution
v <7 <0, where v = —rgp1 and v = —¢. (I

Now, we prove that Jy satisfies the compactness condition (C).

Lemma 12. Assume that (A1)—(As), (f1), (f2) hold. Then Jy satisfies the com-
pactness condition (C).

PROOF: Let (up) a sequence such that (J)(up)) is bounded and J4 (u)(v) — 0 as
n — oo, for all v € Y. Then, there exist (¢,) C RT, g, — 0, (K;,) C RT, such

that | J (u)(v)] < en [||Kin||y + |\v||] for all v € Y.
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We now prove that (up) is bounded in Y. By (f2), for any 2 < 6, we have
Co + en [llunlly + llunll] > 07\ (un) — J3(un)(un)
=(0— 1)/ Az, un)|Vug|? de
Q
—/ {0F(\, 2, upn) — f(N 2, up)up} do
Q

> (0 — Dallun|? - o(||unl?)

(0 = Drllunl® = o(|lunl¥),

\%

and for r > 0 sufficiently small, (uy) is bounded in Y and, therefore, there exists

a subsequence (uy)) of (un) converging in W01’2(Q) to some u € Y. Since the
function J} (u)(v) is continuous in u € Y for any fixed v € Y, we have J} (un)(v) —

I3 (u)(v).

Consider (up) C M such that J{(up)(v) = 0 for every v € Y. Since M is
closed, if u € Y is such that w,j — u, then u € M and Jj(u)(v) = 0 for any
w € Y. Hence, u is a critical point of J). (]

We recall the following definitions in the regular case (see for instance [14]).

Definition 13. Let ® be a C! functional on a Banach space X. Denote by
Reg(®) = {u € x: ®'(u) # 0}. A pseudo-gradient vector field for ® on Reg(®) is
a locally Lipschitz continuous mapping v : Reg(®) — X such that

(10) lo(w)]| < 1@ (w)]| and (®'(u), v(u)) = [|@'(u)]>.

Let K = {u € X : ®(u) = 0} be the set of critical points of ®. Consider the
initial value problem

% = —o(w), u(0)=upe X\ K.

Since v(u) is locally Lipschitz continuous in X \ K, the initial value problem has
a unique solution v : [0, t(ug)[ — X \ K with t(ug) maximal.

Definition 14. Let N C X. We say that N is an invariant set of descent flow
of @ if the set {u(tg, ug,t),t € [0,t(w)), up € N\ K} C N.

In this paper, the functional Jy is not C1, it has only directional derivatives at
any direction v € Y and, for any fixed direction v € Y, the function (directional
derivative) J4 (u)(v) is continuous in u € Wol’2 (), and linear in v € Y for fixed

u € WO1 2 (Q). Using these properties, we shall construct a pseudo-gradient vector
field for Jy in M.
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Definition 15. We define the set
Reg(Jy) = {u € W01’2(Q) : Jy(u)(v) # 0, for any direction v € Y} and

K, = {u € W01’2(Q) : Jo(u)(v) =0, for any direction v € Y} .

Lemma 16. Assume that (A1)—(Ay4) (f1)—(f4) hold. Then, there exists a pseudo-
gradient flow for Jy such that P, —P, and [u, | are invariant sets of descent flow
of Jy, where {u,u} is a pair of strict subsolution and supersolution of Jy in M.

PRrROOF: We construct a pseudo-gradient vector field for Jy in M, and show that
the flow under that vector field satisfies required invariance property.
For all u € [u,u] we have

(11) u—J\(u)(v) = K(u)> K(u) >u, K{u)< K@) <.

We observe that through any fixed direction v € Y, the directional derivative
function J4 (u)(v) is continuous and u — J4 (u)(v) € int([u,@]), by (11). For all
ug € M\ K€ there exists yo € Y with |lyo]ly = 1 (we can normalize yq if
necessary), such that (J} (uo),y0) > %HJ;\(UO)H%, If ugp € [u,7@] then by (11),
we may require ug + yo € int([u, 7). Let vo = F(||J5(uo0)|ly,y0); then [[vglly <
2|[J3 (w)lly and (J} (uo), vo) > ||} (uo)I5-

From the continuity of the directional derivative for a fixed direction in Y,
there exists a neighborhood U(uo) of ug in M such that

(12) loolly < 2[lJ3(w)]ly and (J}(uo),v0) > |73 (uo) |3
For all U(ug), take

U(uo) if wg € [u,Tl,

Uluo) = { U(uo) N (TN [w])  if uo € 3\ [u,7l,

where M = M\ KY. Let u € P, u # 0. Then K (u) > 0, since K is strongly order
[¢]
preserving. Hence, for any u; € P, we can assume that u;j +y € Pforanyy € Y
such that ||y|y :/1. If we take such u1 in P\ /K a2nd let v = 3|4 (w1)lyy,
then [[vly < 2[|J}(u1)lly, and (J}(u),v1) > [|J{ ()5
From the continuity of the directional derivative for a fixed direction in Y,
there exits a neighborhood U(u1) of up in M such that

(13) lorlly < 2[lJ5(u1)lly and (J}(u),v1) > [[J5 ()3,

for all u € U(uq). Using similar arguments, we can show the existence of a pseudo-
gradient vector field ve for Jy and, get an open covering U (ug) for any ug € P\ K.
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Since Y\ K is paracompact, there exists a family U = {U(u) : v € Y\ K7}, which
is an open covering of P\ K¥. Hence, U has a locally finite refinement (U (u1));er,
and each u € M has a neighborhood 3(u) such that 3(u) C (U(u1));er, for a finite
number of ¢ € I. Let us define

(14) pi(w) = dist(u, M \ U(u;)), iel,

for any u € M, and define

ole) = pilw)
(15) (u) 2 M

Since (U(u1))ier is locally finite, all sums in (15) are finite. Therefore, v(u) is
locally Lipschitz continuous. Since p; vanishes outside U(u;), v(u) is a convex
combination of finite elements satisfying (10). Clearly, it is a pseudo-gradient
vector field for Jy. For the sets [u, @], P and —P, we may define

16 v(u) = Mvz
(16) (u) ;Z?:o/}j(w

Clearly, v(u) satisfies (10) and is locally Lipschitz continuous.

Let N = {u e M : |Jx(u) —¢| <& [|[J5(w)(2)|y < e, for any fixed z € Y},
and consider cut-off functions ¢ and ¢ such that 0 < ¢, ¥ <1, p(u) = 0 on Nf,
w(u) =1on M — NE, |Ix(p(u)) —c| <e ¢(s) =0for |s—c| > 2¢p and p(s) =1
for |s — ¢| < eg, for a given gg such that 0 < ¢g < e. For every u € Reg(J)), i.e.
u such that J} (u)(z) # 0 for any fixed direction z € Y, we define

llv(u)lly
0, otherwise.

oal) = { (I (w)p(u) o i w e M N Reg(Jy),

Then Jy : Reg(Jy) — Y is a pseudo-gradient vector field and an odd continuous
function of u. Consider the initial value problem

o (t,u)
ot

(17) = v (o(t,u)), o(0,u) = u,

for w € M and ¢ > 0. Then, o(t,u) is a global, unique and maximal solution of
(17) for 0 < t < t*(u), where the interval | —¢*(u),t*(u)[ is maximal. Moreover,
the solution o(¢,u) is continuous on R x M. Let n € C([0,1] x M, M) be defined
by

(18) n(t,u) = o(2et, u).
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Then by (17), n(t,u) = v+ fzet (o(r,u)) dr. For ug € P\ K? and for any fixed
yo € B(ug) N P, we have

2¢et
n(t, o) = yo + /0 o (o, y0)) dr

2¢et
(19) =40 +/0 v« (yo) d

[¢]
= yo + 2etv«(yg) € P

for t € [0,1] by (9). Therefore, P is an invariant set.

o
Note that for ug € P\ K¢ such that dist(U(u),dP) > 0, we also get (19) for
every initial value in B¢ (ug), for all € > 0, where (:(ug), a small neighborhood of
]

ug in M. Thus P is an invariant set of descent flow of Jy. By similar arguments,

[¢]
we prove that —P and — P are invariant sets of J. As for [u, @], by (11) and the
definition of v«(u), if ug € [u, @], then

N(t,u) = ug + 2etvs(ug) € [u, vl

for € > 0 small and ¢ € [0,1]. Thus, [u, 7] is invariant set of descent flow for J.
O

Remark 17. The same proof as above shows that under the above pseudo-
gradient flow for any subsolution % and supersolution u, u + P and w + P are
invariant.

Lemma 18 (Deformation Lemma). Assume that (A1)—(A4), (f1)—(f4) are satis-

fied. Then for every € > 0, for every ¢ > 0 and every neighborhood N of K[,

there exist € € [0,€] and a continuous family of odd continuous maps such that
(i) n(t,u) = w if J\(u)(z) = 0 for any direction v € Y ort =0 or if

|J>\( )—cl >¢;

ii) Jy(n(t,u)) is nonincreasing in t for any u € M;

iii) |In(t,u) —ully <46, fort € [0,1], w € M and some § > 0;

iv) n(1,Jy" E\N)CJi <

(v) n has the invariance properties of Lemma 4.

PROOF: Let v : Reg(Jy) — Y be an odd, continuous pseudo-gradient vector field

for Jy such that

lo(lly < 2lT5lly, (T3 (W), v(w) > A5

for all w € M\ KY and any fixed z € Y. Let N¢ :={u e M : [Jy(u) — ¢| <
e, [|[J4(u)]] < /€}. Hence, N C N. Let ¢ be a continuous cut-off function such
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that o(u) = ¢(—u), ¢(u) = 0 on Nf and ¢(u) = 1 outside N¢, in particular
o(u) = 1 for u ¢ N such that |Jy(u) — ¢| < e. Then, we may define a locally

Lipschitz, odd continuous vector field v« (u) = —p(u )” (( )|)| for w e M\ N and
v« (u) = 0 elsewhere. Consider the initial value problem
0
Eo(t,u) = v(o(t,u)),
o(0,u) =

It has a unique global solution o(¢,u) which is continuous on R x M. De-
fine n(t u) = o(2/et,u); since |vi(u)]ly = 1, we obtain lo(t,u) — ully =
I fO v(o(t,u)) dr|ly <t Hence, for § > 2 we have 2— > 1 and [lvs(u)|y < 266
Therefore ||n(t u) —ully <6 for 0 <¢ <1, which is (iii).

For any fixed u € M, we can write 7(t, u) = u+2y/etvs(u), thus the directional
derivative of Jy(n(t,u)) in the direction of v, is equivalent to the derivative of
the function Jy o g(t) at 0, where g : R — R is defined by g(t) = u + 2v/etvs(u).
Hence,

(20) (0 9N,y = (SR, oot )], = 2VELI (), va(0).

If u € J{T9\ N, then [|J{(u)||y > /. In integrating (20) for 0 <t < 1, we get
1
TA(L20) = ) = 25 [ (400,000
1
= 2\/5/0 (Jy(u), —p(u)v(u)) dt
_ ! / v(u)
= =2 [ o) (A, o

1
—-2v& [ 13wl dt < -2,
0

Here we used our choice of p. Hence,
I(n(lu) <c+e—2e=c—e.

Therefore, n(1, J5t°\ N) C J; ¢ which is (iv). From (20), we have for any fixed
uin M,

=<
~_—
U
=

d d
At ) g = 7 I+ 2VEv ()] g

= 2v/e(J}(u), v« (u))
< —2VEp(w)|| (W)} < 0.

Hence, %J)\(n(t, u)) < —2ep(u) for t > 0, so we get (ii) by our choice of . O
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Lemma 19. Assume that A satisfies (Al) (A4), and f satisfies (f1), (f3), (fs)-

Then, there is a path Lo C M connecting P and P such that Jy(¢) < 0, for all
¥ € Lo.

PROOF: Let ¢ € M be a solution of (Py) such that ¢ changes sign. Then, ¢ =

o7 — ¢~. Multiplying — div(A(z, ©)Ve) = f(\ z,0) by pT (o, respectively)
and integrating, we get

(21) [ Awoieti= [ fonnoet da
and
(22) /A ©)|Ve™ |—/f)\:1c,g0 ~ dzx.

By (A1), (21), (22) and (f4) we have

/:ﬂAJMMw+dr<au1/nw-w+¢r=au1/kw+fdw
Q Q Q

and

/:ﬂ%wmww_¢r<au{/4%w_dw=CW1/kw_Vd%
Q Q Q

Thus, Vt € [0,1], if ot = toT + (1 — t)p~, then there exists R > 0 such |¢¢| > R
and

1
W =5 | Aol Vel da = [ FOapr)da
t2 1—1)2 _
=5 [ A eovetPae+ S5 [ awoive P
Q Q
—/F()\,:v,gpt)d:v
Q

t2 t2a 1—-1t)%a _

[ aGnivet Pas - S [ (ot ar - S0 [ (oy2a
Q Q Q

(-2
2

+ﬁu1/Q<P%dfC+

< 0.

/ Al )|V [2 da / F(\z, 1) da
Q Q

Since {tp™ + (1 —t)¢p~, t € [0,1]} is compact in Y, we can choose in M a path
Lo = {lp(t) : t € [0,1]} such that lo(¢) is very close to ¢ for all ¢t € [0,1], ¢ € M,
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[¢] e]
10(0) € P, lp(1) € —P and Jx(lg(t)) < 0. Hence, for every ¢ € Lg and for ¢t > 0
sufficiently small we have

1
Hte) =5 | AwtoVegl do = | FOva.to)da

t2

=5 [ A eorvetPae s [ AwiovePas] - [ Fvate)do
21l /q Q Q
ﬁ A +12 5. 2 . —\2

< (z,tp) VT |7dr —apy | (¢7)de —apr | (¢~ ) dz
tL/a Q Q

+ [ Al o) Tem Pda] + [ 402 da~ [ FOvst)d <0,
Q Q Q

[} o
Therefore, there is a path L = tLg (¢ sufficiently small) connecting P to —P such
that Jy(¢) < 0, for all ¢ € L. Normalizing such ¢ € L, it is possible to improve
L in order to get curves without self intersection on 9By where By is the unit ball
inY. ([

5. Proofs of the main results

5.1 Proof of Theorem 5. From Lemma 10, we know that there exist two pairs of
strict subsolutions and supersolutions of (Py), —¢ < —r¢1 < 0 and 0 < rp; < ¢
where 1 is the eigenfunction associated to the first eigenvalue of the Laplacian
operator —A\ with 0-Dirichlet boundary conditions. From [10], (Py) has a positive
solution ué" and a negative solution u, , such that —¢ < wu; < —rep1, rp; < u; <
¢, uy and uy are local minimizer of .Jy(u) with J)(ug) < 0 and Jy(uy) < 0. We
may assume that u; is the minimal minimizer of Jy(u) and w, is the maximal
minimizer of Jy(u). From Theorem 9, J) has a mountain-pass point us € M such
that us € [—¢, d] \ ([—¢, Tgal] U [rer,¢)) and uy < us < uj. Let us consider

Lr = {u(t) : u(t) € [=¢,¢],¥t € 0,1} such that u(t) € ([=¢, ] \ ([~¢, —r1] U
[re1,d)) if x € (3, %) u(t) = ( —t, u( )) ifo<t< 3, (l) € 0=, rp1]),
u(t) =n(t— 2 (—)) f% <t<1and u(%) € J[rp1,¢]. Hence, T'y # 0 is a
complete metrlc space in Y with the metric 0(u, v) = maxg g [[u(t) — v(t)[|y. We

may choose b(t) € ([3, 3} (¢, ¢] — ([=¢, —r¢1] U [re1, ¢])) such that b (%) =
—rp1, b (2) =rp1 and Jy(b(t)) <0 forall t € [ —]. Define
b i te (4.3,
%—t—rtpl) if te [O,%},
t— 3,r<p1) if te [%,1].

Then, er(t) € I'y and supye(g 1] Ja(er(t)) < 0. By the definition of I' and (7), we
see that us is a critical point given by the critical value inf,ep sup;cjg 1) Jx (u(?))
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< 0. Hence, Jy(us) < 0 and ug # 0. Since we may assume that « = 0 is an
isolated critical point in B(0,r), letting r go to zero, we get that us must be
sign-changing. Let

D={ueM:—¢<u)<d}.

(o]
From Theorem 8, D and D are positively invariant under the descend flow of
Jy (negative pseudo-gradient flow). Let U = {h € M : 3t; > 0 such that

e]
n(tp, h) € D} where 7(t,u) is the unique solution of the boundary value problem

) — ot ),
n(t,0) = 0.

Then, U is an open set in Y and a positively invariant set under the negative
pseudo-gradient flow of Jy in M. Since 7(¢,u) has continuous dependence on
the initial value h, it is also easy to prove that QU is an invariant set under the
negative pseudo-gradient flow. Moreover, Jy is bounded from below on OU and
satisfies the compactness condition (C) and the deformation property in M.

(o]
From Lemma 19, we know that there exists a path L. C M connecting P and

[e]
—P such that Jy(u) < Oforallu € L. Define Z = {tu : t > 0 and v € L} and note
that Z is homeomorphic to the set {(x,y) € R%: y > 0} in R?. We already know
that P and —P are positively invariant sets under the negative pseudo-gradient
flow. Thus, U N Z is a bounded and relatively open set in Z and 9(U N Z) # (.
We may assume that U N Z is connected, since otherwise, we consider a connected
component Z' C Z of UN Z, with (0,0) € Z instead of U N Z and, by result of
[18, Chapter 4], there exists at least one connected component C' C 9Z such that

e] o
CNP#P,CN—P#Pand CN(M — (—PUP)) # 0. To apply the result of [18],
we consider the homeomorphic image of U in R?*, add its reflection to the other

half plane, obtaining so an open set in R2. Moreover, L can be chosen arcwise
connected.

Since P and —P are positively invariant sets under the negative pseudo-gra-
dient flow Jy, let

[e]
Vp={h€ M :3t, >0 such that n(ty,h) € P}, and

[¢]
V_p={he M:3t, >0 such that n(ty, h) € —P}.

From the strongly order preserving property of the inverse operator K, the sets
Vp, V_p, OVp and OV_p are invariant open sets of the negative pseudo-gradient
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flow n(t,u) in M. Let
Cy= inf Jy(u),

uedUNP
C_ = inf Jy(u),
ueallrflﬂ—P A(u)
Co= inf Jy(u).
0= ednt,, I

Then, C4, C_ and Cj attain their minima say ui", us and ug respectively. Since
OUNP # 0, 0UN—-P # () and U N OVy # ) are invariant sets under the
flow n(t,u), we claim that ui", ug and ug are critical points of Jy for any fixed
direction in J. In fact, Jy(uf) # 0 implies that Jy(n(t,u])) < C4 for t > 0,
but (¢, ui") € OUNP for all t > 0, so we get a contradiction with the definition
of Cy. Similar arguments are used to prove that u; and ug are critical points
of J,. We have ui’_ > u;_ >0, ug <wuy <0. From the strong maximum principle
and the fact that ug € U NIV, it follows that ug is sign-changing.

5.2 Proof of Theorem 7. From (f;) and using similar argument as in [4], we
find N = N()A) > 0 satisfying

—A(Ne) > f(A z,Ne).

By the continuity of the function A(x,u) with respect to u for a.e. x €  and by
(A1), we have

—div(A(z, Ne)V(Ne)) > —BA(Ne) > f(\ z, Ne).

Thus, Ne is a strict supersolution of (P)), and for » > 0 small enough, r¢; < Ne
is a pair of subsolution and supersolution, —Ne < —r¢; is another one. By similar
argument as in the proof of Theorem 5, the problem (P)) has a negative solution

uy and a positive solution ué" such that —Ne < uy < —rp1, rp1 < u;_ < Ne,

u; is the minimal positive minimizer, u, is the maximal negative minimizer
of Jy, and Jy has a mountain-pass point us € M such that us € [-Ne, Ne] \
([-Ne,—rp1] U [re1, Nel), uy <us < u;_, us # 0 and is sign-changing.

From (f}), there exists ug > 0 such that f(\,z,u) > 0 and Ij;(a’fc’z)) > % for

all u € max{ug, R} for some R > 0. Hence, F(\, z,u) > Cu? for some C' > 0.
Therefore, there exists a constant C; > 0 such that

Ty() < g(/ﬂ (|Vu|2 _ %ﬁ) d:v) e

Since 6 > 2, if we choose u = tp1 for ¢t > 0 then Jy(tp1) — —o0 as t — oo.
Hence, there exists Ty > N such that

d
(23) Ix(Top1) <0, EJ)\(te)’t:To <0,
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and

d
(24) EJ,\(te)\t:N <0,
since e(z) is fixed in M and v(t) = te(x) is linear. Hence, by implicit functions
theorem, there exists 77 with N < T} < Ty such that Thie € OU. Therefore,
oU N {ug + P} # 0, where w + P = {u = w + v,v € P}. By a similar argument
we get 8Uﬂ{u§‘—P} # (). Let 1 and 9 be the first and the second eigenfunctions
of the problem

—Au — \u, x €9,
u =0, x € 0.

Substituting v € Span{¢j, 2} for e(x) in (23) and (24), and using a similar
argument, we get OU N (M — (—PUP)) # (). Since P, — P are positively invariant
under 7, if Vp and V_p are defined as in the proof of Theorem 5, then by similar
argument, 0Vp, Vp, OV_p, V_p, ug' + P and u; — P are invariant sets. Let

Ct = inf Iy (u),
u€dUN(ug +P)
Cc_ = inf Ix(u),

u€dUN(u, —P)

Co = inf J .
0= ot I

Using a similar argument as in the proof of Theorem 5, we get that our six
solutions ui" > u;' >0, ug <uy <0, us and ug are sign-changing. The proof is
complete.
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