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Nonlinear degenerate elliptic equations with measure data

FENGQUAN LI

Abstract. In this paper we prove existence results for some nonlinear degenerate elliptic
equations with data in the space of bounded Radon measures and we improve the results
already obtained in Cirmi G.R., On the existence of solutions to non-linear degenerate
elliptic equations with measure data, Ricerche Mat. 42 (1993), no. 2, 315-329.
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1. Introduction

This paper deals with the following problem

(P) { —iiv(a(ac,u,Du)) =f in Q,
u=20 on 011,

where f is a bounded Radon measure on (2, and {2 is an open bounded subset of
RN (N >2). v(z) is a nonnegative function on Q such that

a(z, s,€)§ = v(x)[S[

holds for almost every = € Q and every (s,£) € RN*TL,

If we assume that v(x) is a positive constant, the existence of solution for the
corresponding problem (P) involving measure data was studied in [1]-[5]. The
recent progress in this area can be found in [6] (see also the bibliography of [6]).

The existence of distributional solutions of problem (P) belonging to classical

t

weighted-Sobolev space has been proved in [7], assuming v € L*(2), s > t(p_]\fﬂ
and p > %(H— %) In [8] the author studied the existence of the solution of
the corresponding problem (P) with a lower-order term if f € L(Q), but here the
lower-order term played an importance role. In this paper we will discuss existence
results of problem (P) without the assumption that p > % (1—|—%). In order
to overcome this difficulty, we introduce a new type of sets similar to the so-called
T-set, already used in [4] and [8]. Our proof is based on the method used in [4]-[5].
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Thus we improve those results for [7] and we extend some results for [1]-[5] to
the nonlinear degenerate case. Similar results to parabolic equations have been
obtained in [14].

The paper is organized as follows. In Section 2 we will give a new type of
set and specify the link with the classical weighted-Sobolev space. In Section 3
assumptions and statements of the main results will be given. In Section 4 we
will prove the main results.

2. A new type of set

In this paper  is an open bounded subset of RN(N >2), for 1 < p<
00, let v(x) be a locally integrable, nonnegative function on RN and also be
p—admissible. The definition of p—admissible can be seen in [9]. We need to
introduce a new type of sets similar to a space defined in [4] and [8].

Let L9(v, Q) denote the set of all v-measurable functions on . Let

(2.1) Lipy(R) = {¢ € WH(R) : [¢/[” € L} (R), ¢(0) = 0}
For k > 0, we set Ty (o) = max{—k, min{k,c}}, Vo € R. Let

5P, Q) = {u e L2, Q) : ¥ 6 € Lip,(R), 6(u) € Hy" (v, 2),

(2.2) aup /Q U(x)% de s finite for all 5> 0}
and

Lif (v, 9) = {u € L§P(1, Q) : 3C >0
(2.3) /Qu(x)% dz < 0/9(1 + |T(w)]) da, Wk > 0}

For any given m > 1, let

L DTl
L0£(V7Q) — {u eLOp(I/,Q) :3C>0: /Qy(x)m
(2.4) < O(/ (1 + | Ty (w)]) A=A/ (m=1) d:c)l—ﬁ,
Q

Vk>0,vo<)\<1}.

If v(z) is a positive constant, then L(l)’p(u7 Q) is called a T-set in [4]. It is easy to
prove that Hol’p(l/, Q) C L(l)’p(u7 ). Here Lé’lp(u, Q) and Lé’rﬁ(u, (1) are new type
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of sets even if v(z) is a positive constant. If we assume that v(z) is a nonnegative
function on  such that

1
2. L5(Q), — € LYQ
(2.5) v(z) € L*(Q), o) € L' (%),
where s and ¢ are real numbers such that

Nt 2sN —s— N 1 1
2.6 t> N, , 14 - N(l —),
(2:6) NS> T TN TN o LTy <p< N+

then we have better regularity results.

Proposition 2.1. If (2.5) and (2.6) hold, then Lé’p(u,Q) C Hol’q(l/,Q), Yq €
1 - ~_ Nts(p—1)—tp—s]

l++:,9,7= E(N-D)-N]

ProoF: Working as in the proof of Proposition 1.1 of [4] we can prove that for

any given u € Lé’p (v, ), Du(x) exists almost everywhere in 2. For any given
k > 0, Holder’s inequality implies that

/ () DTy ()7 dx
Q

(1+8)qs’ - s’
Hiqu)(p q)/(ps’)

(2.7)
< ([ mp

3

(1+6)gs’ ) (p—a)/(ps")

<o [arm) s g

where C] denotes a positive constant independent of u, k. From now on, C; will
denote analogous constants, which can vary from line to line. By Theorem 3.1
and Corollary 3.5 in [10], (2.7) yields

)

(2.8) (/Q|Tk(u)|q# d:c)qi# <Gyfi+ (/Q(lﬂTk(u)D“;é{jS’dw)@—q)/(ps')}

Nt We can choose § > 0 such that (1+d)gs

where ¢# = N+ =gt =g = ¢#, thus we

can get
(2.9) / |Tk(u)|q# dx < Cs (note that assumption (2.6) implies ¢ < p),
Q

and we obtain

(2.10) /Q ()| DTy (w)|? dz: < Cs.
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Let k — oo in (2.10). By Fatou’s lemma, we can deduce that

(2.11) /Ql/(x)|Du|qu <Gy

Proposition 2.2. If (2.5) and (2.6) hold, then Lé’lp(u,Q) C Hé’q(u, 1), where q
is the number defined in Proposition 2.1.

PrOOF: For any given u € Lé’lp(y, Q), Holder’s inequality implies that
| )DL ds
Q
| DT}, (u)|P a/p / B (p—a)/(sp)
(froasmn )" (f- o)
" (/(1+|Tk(u)|);%qu (p—a)/(ps")
Q
o
3( |0+ T

<
(2.12)
<

Proposition 2.1 implies that
(2.13) /(1 +Jul) dz < C.
Q

Let quSq = g*. Then it follows from (2.12)—(2.13) that

/|Tk )7 d:c * <c/ )| DTy, (w)|? dz

2.14
214) o (p—a)/(ps")
< 05 1 + / 1Ty ()| d:c) }
Q
Noting & > (p — 9)/(ps'), we get

(2.15) /Q ()| DTy (w)|7 dz: < C.

Taking k — oo in (2.15), we obtain u € Hy'4(v, Q). O
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Proposition 2.3. If (2.5) and (2.6) hold then Lé’rﬁ(u, 0) C Hol’q(y, 2),l1<m<
Npt mN[ts(p—1)—tp—s]

M = qNp=N+p) =N Where 4 = Srg oy =N

PrOOF: For any given u € Lé;’r’b(y, Q), by Holder’s inequality we get
[ v@IDT ) de
Q

[ DT (w)|?
: (/Q”@MW )

(2.16) x

=

/P(/st(x) dfc)(p—ﬁ)/(sp)

Let 0 < A <1 and

_ ~d
(2.17) (17/\)7” — 57 Ags = q#

m—1 ERR—

By Theorem 3.1 and Corollary 3.5 in [10], it follows from (2.16) and (2.17) that

( (/Q|Tk<u>|ﬁ# dz)@% sc/ ()| DTy(w)|? da
2.18)
<Gs[1+

l+i_i
/|Tk )" d:v s "ps ’””]

Using the assumptions on m(m < m) and (2.5)—(2.6), we have
(2.19) 4oy lia 4

The inequalities (2.18) and (2.19) yield

(2.20) /Q ()| DTy (w)| do < Cy

and letting k — oo in (2.20) we deduce that u € Hé’q(l/, Q). O
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3. Assumptions and statements of the main results

Let a : Q x R x RV — RV be a Carathéodory function satisfying for almost
every z € Q and every (s,6) e RNTL ¢ e RN ¢/ e RV, ¢ £ ¢/,

3.1) a(z,s,§)€ = v(x)[¢P,
ja(z, 5,)| < Blag(x) + [s/P~" + ¢[P (=),
[a(‘rv 376) - a(x,s,f')][f - 5,] >0,

where v(x) is a nonnegative function on € such that (2.5) and

(3.4) s,t> 1,

1
+ -
S

S

P 1 1
<L i< <N(1 —)
Noityse *3

hold, g is a positive constant, ag is a nonnegative function belonging to ¥ v,
g ging

and p’ = p%l'

Definition 3.1. A function u € Lé’p(y, Q) is called a solution of problem (P) if
a(z,u, Du) € L1 (Q) and

(3.5) /a(m,u,Du)Dwdx:/z/de, Vi € D(R).
Q Q

We denote by Mp(£2) the space of bounded Radon measures on . Now, we
state the main results of this paper.

Theorem 3.1. Let hypotheses (2.5), (3.1)—~(3.4) be satisfied and f € My().
Then there exists a solution of problem (P) in the sense of Definition 3.1.

Remark 3.1. The upper bound p < N(1 + %) is not a limitation. In fact,
Theorem 3.1 is also true when p > N(1+ %) because in the case of p > N (1 + %),
existence of a solution u € H(:)l’p(l/, ) is a consequence of the result of [11] or [12],

and in the case of p = N(1 + %), we only need to modify simply the proof of

Lemma 4.2-4.3 and Theorem 3.1.

Theorem 3.2. Let hypotheses (2.5), (3.1)—(3.4) be satisfied and | f|log(1+|f]) €
LY(Q). Then problem (P) admits a solution u € L(l)’lp(u, Q).
Theorem 3.3. Let hypotheses (2.5), (3.1)—(3.4) be satisfied and f € L™(),

1 <m < m*'. Then problem (P) admits a solution u € L(l)’rﬁ(y, Q).

Remark 3.2. Theorems 3.1-3.3 improve Theorems 1-3 of [7].

'y is the number defined in Proposition 2.3.
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4. Proofs of the main results

In order to prove Theorem 3.1, we consider the approximate problems

—div(a(z, up, Dup)) = fn,  in Q,
(Pn)
Un =0 on 01,

where {fp} C D(R2) and satisfy
(4.1) [[fallLr) < Cllflla @) and fo — f in the weak™* topology of measures.

By the well-known result of [11] and [12], there exists at least a solution uy, €
Hol’p(y, Q) of problem (P,) such that

(4.2) / a(z, un, Duy) D dz = / fotbdx, Y € HyP (v, Q).
Q Q
Lemma 4.1. There exists a positive constant C, independent of n, such that
(4.3) /QV(I‘)IDsf)(Un)IpdSC < Cllf @ ¢ Pl 2wy
for any given ¢ € Lip,(R).

Un

PROOF: Taking ¢(z) = [, (@) |¢/|Pdo as test function in (4.2), we have

/a(ac,un,Dun)Dun|¢'(un)|pd:C:/ fnt(uy) dx
Q Q

< fnllpr oyl Pl L r)-
Thus, inequality (4.3) follows from (3.1), (4.1) and (4.4). O

As a consequence of the previous lemma we have the following corollaries:

(4.4)

Corollary 4.1. There exists a positive constant C1g, independent of n, such
that

(4.5) / v(x)| DTy (un)|P dz < Ciok, for any given k > 0.
Q

Corollary 4.2. For any given § > 0, there exists a positive constant C(§) inde-
pendent of n, k such that

| DT (un) [P
(4.6) /Ql/(x) 0+ T )P dx < C(9).

For any given k > 0, Corollary 4.1 implies that {Tj(un)} is a bounded set
in Hé’p(y, Q). Thus there exists a subsequence of {Tj(un)}(still be denoted by
{T(un)}) such that Ty (uy,) converges weakly in Hé’p(u, ), strongly in LP(2)
and almost everywhere in Q. In order to pass to the limit in (4.2) we have to
prove that the sequence (Duy,) converges to Du almost everywhere in .
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Lemma 4.2. There exist two positive constants C11, C12 independent of n, k
such that

_ _Nt(p—1)
(4.7) meas{|up| > k} < C11k NO+H-pt,
(4.8) measy {|un| > k} = / v(z)dz < C1ak™P1,
{lun|>k}

Nt(p-1)(s—1)
[N(1+t)—pt]s *

PRrROOF: Let k > 0. Working as in [5] and using Theorem 3.1 and Corollary 3.5
of [10] and estimate (4.5), we have

for allm € N, k > 0, where p1 =

1
(4.9) [Tk (un)ll ot ) < Cr8l| DT (un) || o v,0) < Crak?,
where p# = %. For 0 < ¢ < k, we have {|up| > e} = {|Tk(un)| > }.
Hence
T, p*
Tl s,
(4.10) meas{|up| > e} < — < Cisk P e,

Setting ¢ = k, we obtain (4.7). Moreover, Holder’s inequality implies that

measy {|un| > k} = v(z)dz
{lun|>k}
1 .
(4.11) < (/ v(x)® d:c) * meas{|up| > k}Tl
Q
< C1¢ meas{|up| > k}il.
Thus one can deduce (4.8) from (4.11) and (4.7). O

Lemma 4.3. There exists a positive constant C17 independent of n such that

(4.12) meas,{|Duy| > h} = v(z)dx < C17h™P2,
{|Dun|>h}

forallm e N and h >0
Ntp(p—1)(s—1)
N—pt+Ntp)s—Nt(p—1)"
Proo¥F: Let h,k > 0. Then

where py = (

(4.13) measy {| DTy (un)| > g} S/ ['DL;W

]pu(:zr) dzx < Clgﬁ.
Q 3 h?
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Thus, from (4.8) and (4.13) it follows that

h
measy {|D(up)| > h} < meas, {|Duy, — DT (up)| > 5}

h
+ meas, {| DTy (up)| > 5}

(4.14) .
< measy{|un| > k} + meas, {| DTy (un)| > 5}
k
—-p1 -
< Crik + C1g o
Setting k = hP2/P1 in (4.14), we get (4.12). 0

Remark 4.1. Lemmas 4.2-4.3 generalize Lemmas 4.1-4.2 of [5].

PrOOF OF THEOREM 3.1: Lemma 4.2 implies that Ve > 0, there is a large k
such that

3

(4.15) meas{ |up| > k} + meas{|um| > k} < 5

holds for all m and n. For the above k > 0, since {Tx(upn)} converges almost
everywhere in Q, {T}(up)} is a Cauchy sequence in measure in Q, Vo > 0, Ve > 0,
there is a large N such that

(4.16) meas{|T (un) — T (um)| > o} < %

holds for all m,n > N. (4.15) and (4.16) yield

meas{|up — um| > 0} < meas{|uy| > k} + meas{|um| > k}
(4.17) + meas{|Ty(un) — Tp(um)| > o}
<e, Vm,n> N.

Thus (4.17) implies that {up} is a Cauchy sequence in measure in 2, hence we
get

(4.18) up — u a.e. in Q (up to a subsequence).

It follows that

(4.19) Ty (upn) — Ti(u) strongly in LP(Q) and a.e. in
and

(4.20) Ti(un) = Tp(u) weakly in H(:)l’p(l/, Q).

655
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Working as in the proof of Theorem 2.1 in [13] we can prove that {Duy} is a
Cauchy sequence in measure in Q. Hence there is a measurable function w(zx) in
Q such that

(4.21) Duy, — w in measure or a.e. in Q.
Using (4.18), (4.20) and (4.21), we can deduce that Du = w and
(4.22) Duy, — Du a.e. in Q (or up to a subsequence).

Letting n — oo in (4.3) and (4.6), Fatou’s lemma yields

(4.23) /Q v(@) Do) di < C(6),
DTy (u)lP
(4.24) /Q m@% dz < C(5).

Thus we obtain u € L(l)’p(l/, Q). Moreover, (4.18) and (4.22) imply that
(4.25) a(x, un, Dup) — a(x,u, Du) a.e.in €.

By Lemma 4.2-4.3 we can get
Nt(s—1)
|u|p—1 € MINOH—1T: (1, Q) 2,

) Ntp(s—1)
|Du|P~ € M (N=pt+Nep)s—Neto=1) (1, ),

hence we have

1 Ntp(s—1)
——a(x, up, Duy) € M N=ptNtp)s=Nilp-D) (1, Q) C Li(v,Q),

v(x)

Ntp(s—1)
> (N—pt+Ntp)s—Nt(p—1)

gel ). Vitali’s theorem implies that

1 1

(4.26) =~a(z,up, Dup) — —a(z,u, Du) strongly in Li(v,Q).
v v

By virtue of (3.4) it follows

(4.27) a(x, un, Dup) — a(z,u, Du) strongly in L(9).

2The definition of M" (v, ) is as follows: For 0 < r < +00, M" (1, ) can be defined as the
set of measurable function v : @ — R such that meas, {|v| > k} = f{\u\>k} v(z)de < Ck™T,

Vk>0,C < +oo.
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Taking ¢ € D() in (4.2) and letting n — oo, we get

(4.28) /Qa(:v, u, Du)Dy dx = /Qz/de, Vi € D(R),

which concludes our proof. O
PROOF OF THEOREM 3.2: Let {fn} C D(2) be such that

(4.29) fn — f strongly in L'log L'().

Since f € L'log L'(Q) ¢ L1(Q), by Theorem6 3.1, we obtain u € L(l)’p(u, ) and

(3.5) holds. Hence we only need to prove that V& > 0, there is a positive constant
C19 independent of k such that

| DTy (w)[P /

4.30 /l/xidxgc 1+ T(u))dz.
(4.30) A ( )(1—|—|Tk(u)|) 19 Q( k(w))
As a matter of fact, taking ¢(z) = OTk (un()) ﬁ\tl dt as test function in (4.2), we
have

a(x, un, Duy,) /

— = DT (up)dz < log(1 + |T%(u dx
(4.31) < [ 1faltog(t+ ) da

+ /Q (1+ [T (uum)])

The assumption (3.1) and inequality (4.29) imply that

| DT}, (un) [P /
4.32 /V:v —— " dx < Oy 14+ T(uy)) dz.
(432 o T DD A
Letting n — oo in (4.32), Fatou’s lemma yields (4.30). O

PROOF OF THEOREM 3.3: Let {fn} C D(2) be such that
(4.33) fn — f strongly in L™(Q).

By Theorem 3.1, we get u € L(l)’p(y, Q) and (3.5). Hence we only need to prove
that Vk > 0, V0 < A < 1, there is a positive constant Cy; independent of k such
that

@39) [ o) 2k do < o ([ (0 B =m0 ) T



658

F.Q.Li

Set ¢(x) = f(;fk (un(@) _L__ it as test function in (4.2). We have
(4.35)

(A+[t)>

(DT ()P 1
/. O et S Tl

_ 1
< ([ @ DalanG=Am/ o g)
Q

< 022(/ (1+ ITk(un)|)(1—>\)m/(m—1) d:c)l_%_
Q

Letting n — oo in (4.35) we obtain (4.34). O
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