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Cellularity of a space of subgroups of a discrete group

A. LEIDERMAN, [.V. PROTASOV

Abstract. Given a discrete group G, we consider the set £(G) of all subgroups of G
endowed with topology of pointwise convergence arising from the standard embedding
of £(G) into the Cantor cube {0,1}¢. We show that the cellularity ¢(£(G)) < Rq for
every abelian group G, and, for every infinite cardinal 7, we construct a group G with

c(L(G))=T.
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Let G be a discrete group and exp GG the set of all subsets of G. We identify
exp G with the Cantor cube {0,1}¢ and consider the set £(G) of all subgroups
of G as a subspace of {0,1}C. Let F(G) be the family of all finite subsets of G.
Given any F, H € F(G), we put

[F,G\H)={AeL(G): FCACG\H}.

Then the family {[F,G \ H] : F,H € F(G)} forms a base of the topology in
L(G). Tt is easy to see that L(G) is a zero-dimensional compact space.

We denote by ¢(X) the cellularity of a topological space X. Remind that ¢(X)
is the supremum of cardinalities of disjoint families of open subsets of X.

We say that a topological space X has Shanin number w (see [4] or [1, Prob-
lem 2.7.11]) if any uncountable family U of non-empty open subsets of X has an
uncountable subfamily V C U with (|V # (. Evidently, if a space X has Shanin
number w then ¢(X) < Ny.

Given any topological group G, we denote by L(G) the space of all closed
subgroups of G endowed with the Vietoris topology. By [3, Theorem 2], ¢(L(G)) <
Ng for every compact group G.

Theorem 1. For every discrete abelian group G, the space L(G) has Shanin
number w, in particular, ¢(L(G)) < V.

PROOF: By [6, Theorem 24.1], G is a subgroup of some divisible group D. By [6,
Theorem 23.1], D is a direct sum ®,c7Gq of some family of countable groups.
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Thus we suppose that G is a subgroup of ©nc;Ga. Let {Ug : f € J} be an
uncountable family of non-empty open subsets of L(G). For every 5 € J, we pick
finite subsets Fg, Hg of G such that () # [Fjg, G \ Hg] C Ug, and put

Kg={aecl:pr,g#0 forsome g€ FgUHpg}.

Then {Kg : # € J} is an uncountable family of finite subsets of /. By the A-
Lemma, there exist an uncountable subset J; C J and a finite subset K C I such
that KgN Ky = K for all distinct 8,7 € J1. We put

Gg={9€G:pr,g=0 forevery a ¢ K}.

For every subset X of G, we denote by (X) the subgroup of G generated by X.
Every subgroup of a finitely generated abelian group is finitely generated, hence it
follows that for every 3 € Jy, the subgroup (Fjg) NG is finitely generated. Since
G is a countable group, there are countably many finitely generated subgroups
of G, and therefore there exist an uncountable subset Jo C J; and a subgroup
A C Gk such that (Fjg) NGk = A for every § € Jo. We put S = (Ugey, F3)
and prove that S € (\ge 5, [F3, G\ Hgl. It suffices to show that Hg NS = () for
every (8 € Ja.

Pick any element g € S and fix § € Ja. Clearly, if g = 0 then g ¢ Hg because
of 0 € (Fg) and 0 # [Fjg, G\ Hgl. If g # 0, we can write g as

9=9gas T+ Gay,,

where go; € Go; \ {0} for every i € {1,...,n}. If a; ¢ Kg for somei € {1,...,n}
then, by definition of K3, we have g ¢ Hg.

Now consider the possibility of {a1,...,an} C Kg. We claim that in this case
g € (Fg). Let us assume the contrary, g ¢ (Fg).

By the choice of J2, we have (F3)NG g = (Fy)NG for every distinct 3,y € Ja,
therefore by definition of S, there exist v € Ja \ {8} and j € {1,...,n} such that
aj € Ky \ K. On the other hand, KgnN Ky = K, hence o; ¢ Ky, and we get a
contradiction with {a1,...,an} € Kg. So, g € (Fj) which implies that g ¢ Hpg.

O

Remind that a Hausdorff compact space X is called dyadic if X is a continuous
image of some Cantor cube. If G is a compact abelian group, by [5, Theorems 3, 4],
the space L(G) is dyadic if and only if the weight w(G) < X;. A natural question
arises to characterize discrete groups G for which £(G) is a dyadic space.

Theorem 2. For a discrete abelian group G, the space L(G) is dyadic if and
only if |G| < Rj.
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PRrOOF: By [2, Theorem 3], for every compact abelian group G the space L(G)
is homeomorphic to £(G), where G is the dual group to G. Therefore, by Pon-
tryagin’s duality and by above-mentioned [5, Theorems 3, 4], the space £(G) is
dyadic if and only if |G| < Nj. O

Our last theorem shows that, in contrast to Theorem 1, there are non-abelian
groups G with arbitrary large cellularity ¢(£(G)).
Theorem 3. For every infinite cardinal T there exists a discrete group GG such
that ¢(L(G)) = |G| =T.
PROOF: Let F be a free group generated by the set {zq,yq : @ < 7} of free
generators. We shall define a group G as the quotient G = F//N, where N is
a certain normal subgroup of the free group F' containing all the words ZC?X, ygé,
TRTATFYa, ¢ < B < T

We fix a < 7 and put

A= <a06> X <b0l>= B= ®o¢<ﬁ7’<cﬁ>7

where (aq), (ba), (cg) are the cyclic subgroups of order 2. Then we define a group

Go as the semidirect product Go = AN B with cgaacg = bq for all a < 3 < 7.
Let fo : F — G4 be a homomorphism defined by the rule

fa(xy) = fa(yy) =1 forall A <a,
fa(xa) = OQq, fa(ya) = ba,

fa(zg) = fa(ys) =cg forall a<pg<rT
Finally, we define

N:ﬂ{Ker fara <7}, and G=F/N.

Clearly, fa(:tg\) = fa(yi) = 1 for every A < 7, and it easily could be seen
that fo(zgryrg) = fa(yy) for all A < B < 7. Hence, N is a normal subgroup
of the free group F' containing all the words xa, yg, TgTaT/Ya, @ < B < T,
but xa,ya,xay(;l ¢ N. It follows that 2o N # 1, yoN # 1, 2o N # yoN in
the quotient group G = F/N. In the sequel we denote the cosets wN, i.e. the
elements of the group G, simply by w.

In order to finish the proof of Theorem 3 we show that ¢(L(G)) = |G| = 7. Let
us consider the family {[{za},G \ {¥a}] : @ < 7} of non-empty open subsets of
L(G), and show that this family is disjoint. We assume the contrary and choose
«, (3 such that o < § < 7 and

{za}, G\ {ya}] N Hzp}, G\ {yp}] # 0.

Then the subgroup (4, 2g) generated by x4, z3 is in the above intersection.
On the other hand, yo = Tgrarg, so

Ya € (Ta, 28), (Ta, z8) € {25}, G\ {ya}]
and we get a contradiction. ([l
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Question. Does there exist a nilpotent group G such that ¢(L(G)) > Rg ?
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