Commentationes Mathematicae Universitatis Carolinae

Botir Zakirov

Abstract characterization of Orlicz-Kantorovich lattices associated with an
Ly-valued measure

Commentationes Mathematicae Universitatis Carolinae, Vol. 49 (2008), No. 4, 595--610

Persistent URL: http://dml.cz/dmlcz/119748

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 2008

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/119748
http://project.dml.cz

Comment.Math.Univ.Carolin. 49,4 (2008)595-610

Abstract characterization of Orlicz-Kantorovich
lattices associated with an Lj-valued measure

BOTIR ZAKIROV

Abstract. An abstract characterization of Orlicz-Kantorovich lattices constructed by a
measure with values in the ring of measurable functions is presented.
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1. Introduction

The development of the theory of integration for measures with values in the
algebra Lg of all real measurable functions has inspired the study of Banach
Lo-modules of measurable functions. The theory of Lj-spaces associated with
a vector-valued measure is given in monographs [7], [10]. Precise description of
Orlicz-Kantorovich spaces L;(V,m) associated with a complete Boolean algebra
V, an N-function M and an Lg-valued measure m defined on V is given in
[13], [14], [15]. Spaces Lps(V,m) are important examples of Banach-Kantorovich
spaces (see, for example, [7], [8], [4] for definition and basic properties).

The abstract characterization of Banach lattices isomorphic to Lj-spaces is
well known (see, for example, [9]). The same is done for Orlicz spaces in [2].
One can expect similar results for Banach Lo-modules L,(V,m) and L (V,m).
This problem was considered in [7] for L,(V,m). Here we solve this problem
for Lps(V,m).

We use terminology and notations from the theory of Boolean algebras from
[11], the theory of vector latices from [12], [5], the theory of vector integration from
[10], [8], the theory of lattice-normed spaces from [7], [8], and also terminology
for Orlicz-Kantorovich lattices from [13], [14].

2. Preliminaries

Let E be a vector lattice, E be the set of all non-negative elements from E.
Any element = € E can be uniquely decomposed as * = z4 —z_, where x4, x_ €
E; and x4 Ax— = 0. The element |z| = x4+ + z_ is called the absolute value
of x, and elements x4 and z_ are called the positive and negative parts of x,
respectively. Elements z,y € E are disjoint iff || A |y| = 0.

595



596

B. Zakirov

Let v € E4. If no non-zero element is disjoint with «, then u is called a weak
order unit. Fix some weak order unit (if it exists) I. An element e € E is called
a unitary element if e A (I —e) = 0. The set V(E) of all unitary elements from
F is a Boolean algebra with respect to the order induced from E. A complement
in V(E) is given as I — e.

A vector lattice is called complete (o-complete) if sup A and inf A exist for
every (countable) bounded subset A.

Let E be a o-complete vector lattice with weak unit I. For every = € E, the
element ey := sup{I A (n|z|) : n € N} is unitary. It is called the support of
z. Define ef := ey_y), . The set {ef }icr is called a family of spectral unitary
elements of x. If x, € E, x = inf 2, then e} = sup,,>1 e;™ for all t € R (see [12,
Lemma IV.10.2]). ;

Suppose that a o-complete vector lattice E is of countable type, i.e. every set
of non-zero mutually disjoint elements from E is at most countable. Then E is
order complete. Moreover, for every bounded set A C E, there exists a subset
{zn}o2, C A, such that sup A = sup,,>1 n.

A Boolean algebra V is called complete (o-complete) if sup A exists for every
(countable) subset A C V. Let E be a complete (o-complete) vector lattice with a
weak unit. Then, the Boolean algebra V(E) (see above) is complete (o-complete).
Evidently, the operation sup is the same in F and V(FE). The decomposition of
a unit in Boolean algebra is an arbitrary set (eq)qc satisfying sup,c 4 ea =1,
ea #0,eqaNeg=0,a# 3, a,B € A

Let (©2,%, 1) be a o-finite measurable space. Let Ly = Lg(Q2) be the algebra
of all real measurable functions on (92, %, 1) (functions equal a.e. are identified).
Lg is a complete vector lattice with respect to the natural order (z > y if x(w) >
y(w) for almost all w). The weak order unit is 1(w) = 1. The set V() of all
idempotents in Lg is a complete Boolean algebra.

The support eg of an element x € Ly is also denoted by s(x). It is clear that
$(z) = X{jz|>0}- Also, zs(z) = z. If zy = 0 then s(z)y = 0. In particular,
|z| A'ly| = 0 if and only if s(x)s(y) = 0.

Let e = x4 € V(). Set eQ = (A, X 4, 1), where ¥4 = {BNA: B € X}. The
rings Lo(ef?) and eL(f) can be canonically identified. The Boolean algebras
V(ef) and eV(Q) = {g € V() : g < e} can also be identified canonically. Define
the map p: V() — [0,00] as u(e) = u(A) if e = x4 € V(). Obviously, p is
a strongly positive (i.e. pu(e) > 0 for e # 0) countably additive o-finite measure
on V(Q).

A sequence {xy} C Lo converges locally with respect to a measure u to the

element z € Lg (notation: zy, Ly, x) if for any A € ¥ with u(A) < oo the sequence
TnX A converges with respect to the measure to xx 4. If u(2) < oo, then local
convergence with respect to the measure coincides with convergence with respect
to the measure. There exists a countable set of non-zero disjoint idempotents
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{en} C V() such that sup,>jen = 1 and p(en) < oo. The algebra Lo(Q) is
canonically identified with the direct product [1521 Lo(en?). Local convergence
with respect to the measure is now identified with convergence of each coordinate
with respect to the measure. Lg({2) with this topology is a complete metrizable
topological vector lattice.
Now we define a Banach-Kantorovich space for an Lg-valued norm.
Let E be a vector space over the field R. A mapping || - || : E — Lg is said to
be a vector (Lo-valued) norm if it satisfies the following axioms:
1. ||z > 0, and ||z]| =0 < 2 =0 (x € E);
2. ||Azll = [N[Jz]| (A € R, & € E);
3. e +yll < llzll + [yl (z,y € E).

A norm || - || is called decomposable or Kantorovich if the following property holds:

Property 1. If e1,e3 > 0 and ||z|| = e1 + eg, then there exist x1,x9 € F such
that x = 21 + x9 and ||zi|| = e (k = 1,2).

If property 1 is valid only for disjoint elements e, eg € Lg, the norm is called
disjointly decomposable or, briefly, d-decomposable.

A pair (E,| - ||) is called a lattice-normed space (shortly, LNS). If the norm
I - || is decomposable (d-decomposable), then so is the space (E, || - ||)-

A sequence {zn} C E (bo)-converges to x € E if the sequence {||zn, — z||}
(0)-converges to 0 in Ly. A sequence {z} is said to be a (bo)-Cauchy sequence

(0)

if sup, g>m [|[2n — 2|l — 0 as m — oo. An LNS is called (bo)-complete if
any (bo)-Cauchy sequence (bo)-converges. A Banach-Kantorovich space (shortly,
BKS) is a d-decomposable (bo)-complete LNS. It is well known that every BKS
is a decomposable LNS.

Suppose that (E, ||-||) is an LNS and a vector lattice simultaneously. The norm
I -1 is called monotone if |x| < |y| implies that ||z|| < ||y||. BKS with a monotone
norm is called a Banach-Kantorovich lattice.

Let E be an Lg-module. It is called a normal Lg-module if

1. for any non-zero e € V(2), there exists x € E such that ex # 0;

2. for any decomposition of unit {e,}52; C V() and any {z,}>, C E,
there exists ¢ € F such that e, = epzy, for all n;

3. if z € F and {ep} € V(Q) is a disjoint sequence, then e,z = 0 for all n
implies that (sup,,~1 en)z = 0.

An ordered normal Lg-module E is called an Lg-vector lattice if for any x,y, z €
E, A € Lo, A > 0, the inequality z < y implies z + z < y + z and Az < Ay.
The simplest example of an Lg-vector lattice is Lg itself considered as a module
over Lg.

Lemma 2.1. Let E be an Lg-vector lattice, x,y € E, x>0,y >0, e,9 € V(),
eg = 0. Then the elements ex and gy are disjoint.
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PrROOF: Let z = ex A gy. Since ex > 0, gy > 0, we have z > 0 and it follows
that 0 < ez < egy = 0, i.e. ez = 0. Further, 0 < (1 —¢e)z < (1 — e)ex = 0, and
therefore (1 —e)z =0, i.e. z = ez = 0. O

Remark 2.2. If x,z € E, e € V(Q) and 0 < z < ex, then z = ez.

Lemma 2.3. Let E be an Lg-vector lattice with a weak order unit I. Then

(i) M # 0 for any non-zero A € Lg;
(ii) (AI) VO = A4I for any A € L.

PROOF: (1) Let A € Lo, A > 0, A # 0. Then X > ce for some e € V(Q2), e # 0,
€ > 0. Hence, A\ > cel. Let us show that el # 0. Select x € E such that
ex # 0. Let x = 4 — x_. Either ex4 # 0 or ex— # 0. Let ex4 # 0. Set
z = (exy) NI # 0. If eI = 0, then by Remark 2.2, 0 < ez = z < el = 0,
i.e. z = 0. Therefore, el # 0 and AI # 0. Let now A be an arbitrary element
from Lg, and A = A; — A_, moreover A_ # 0. Suppose A\yI — A_TI = 0. Then
AT = s(A)A_I = s(A_)A4+I = 0, which is not the case.

(2) It is clear that AT > 0 and A;I— AXI = A_I >0, i.e. AT > AIV 0. On
the other hand, if a = AI V 0, then

a > s(At)a > s(Ap)AI = AL

Hence, A+I = (AI) V0. O
Submodules and morphisms are defined in a usual way.

Proposition 2.4. Let E be an Lg-vector lattice and I be a weak order unit in E.
Then N = {\I: \ € Lo} is a normal Lo-submodule in E and a vector sublattice
in E, canonically isomorphic to Ly. Moreover, N(Q) = {el : e € V(Q)} is a
o-Boolean subalgebra in V(E).

PRrROOF: Only the second assertion needs to be proved. It follows from Lemma 2.1
that N(Q) is a Boolean subalgebra of V.

Let {en} C V(2) and e = supey,. If g € V and g > eI, then I—g < (1 —ey),
and therefore e, (I—g) < en(1—ep)I = 0. Hence, e, (I—g) = 0. Thene(I—g) =0
because F is normal. Hence, el = sup,~; epI. This means that N(Q) is a o-
subalgebra in V(E). - O

Proposition 2.5. Let E be a o-complete Lg-vector lattice, I a weak order unit
in E and let {an} C Lo be bounded from above (below). Then sup,>1(a,I) =

(supn21 an)I (inf,, > (anI) = (inf,>1 o)1, respectively).

PRroOOF: First, let us show that the equality

eal = sup(IAn|all) = s(a)lI
n>1
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holds for any @ € Ly. One can assume that « > 0. Let g, = {a > %} be a spectral
idempotent for « in Lg. It is obvious that g, 7 s(a) and by Proposition 2.4,
gnI 1 s(a)L.

Let fp, = s(a) — gn and B = nafp, n = 1,2,... . It is clear that 0 < 8, <
fn<land Brg; =0foralli=1,2,...,n. Hence, 0 < B, I < frI < f;I<I
as n > i. Let an = supp>, Okl and a = inf,,>1 ap. Since a, < frI, we have
a < fplforalln=12,. .. . We thus have 0 §_ gna < gnfnl =0, ie. gna =0,
n=1,2,... . Hence, s(a)a = (sup,,>1 gn)a = 0. On the other hand, a < f,I <

s(a)I. By Remark 2.2 we obtain a = s(a)a, and so a = 0. Thus, 5,1 L), 0.

Since 1 A na = gn + Bn, it follows that I A (na)I = (1 A na)l = g,I + G,1.
Hence, eq1 = (0)-Im(I A (na)I) = (0)-lim gnI + (0)-lim 8,1 = s(a)I. Now let
us show that inf,,~1(anI) = (inf,;>1 o, )I for any bounded from below sequence
(o) in Lg. Let a = inf,>1 an, © = inf,,>1 oI

Consider in F the families {ef };cr and {e?”l}teR of spectral unitary elements
for x and ayI, respectively. By Lemma 2.3(ii) we have

nl
e = etmand)y = C((—an)l); = €(t1—an),1 = S((t1 = an)4)L
This together with Proposition 2.4 and [11, Lemma IV.10.2] imply that

eF = sup 2! = sup (s((t1 — an)4)1)

n>1 n>1
= (sup s((t1 = an)4) )T = s((11 — @) = g7,
n>1

where {g{*};cr is the family of spectral idempotents for a in L. Similarly, for
the family of spectral idempotents {ef!};cr we have

et = e(1-a1), = 8((t1 —a)4)I = gi'L

Hence, ef = ef‘I for all t € R.

It follows from the spectral theorem for o-complete vector lattices [11, Theo-
rem IV.10.1] that « = oI, i.e. inf,,>1 (anI) = (inf,>1 an)I. If {ay} is a bounded
from above sequence from L, then passing to the sequence {—an}, we obtain
supn21(an1) = (supn21 ap)L O

Remark 2.6. Let E be a o-complete Lg-vector lattice with a weak order unit.
Then Lg can be identified with the normal Lg-submodule N in E. In addition,
operations sup and inf are identical in Ly and N. The Boolean algebra V() is
a o-subalgebra in V(E).
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3. Banach Lg-vector lattices

Let E be a normal Lg-module. An Lg-valued norm || - || : E — Lg is said
to be compatible with the structure of the Lg-module E (shortly, Lg-norm) if
IAz|| = |All|z|| for any € E and A € Lg. Then, the pair (E,|| - ||) is called a
normed Lg-module.

Let E be a normed Lg-module. Let ¢ be the topology of local convergence
with respect to the measure in Lg. A sequence {x,} C FE t-converges to x € E if

lxn — z|| 0. Cauchy sequences are defined as usual. A normed Lg-module E
is called Banach (t-Banach) if any (bo)-Cauchy (t-Cauchy, respectively) sequence
in E (bo)-converges (t-converges, respectively). F is a Banach Lg-module if and
only if it is a ¢t-Banach Lg-module.

Let E be a BKS over Lg. It is possible to define a structure of Lg-module on E.
This structure makes E a Banach Lg-module. Vice versa, any Banach Lg-module
FE is a BKS over L.

If E is a normed Lg-module and simultaneously an Lg-vector lattice with a
monotone norm, then E is called a normed Lg-vector lattice. Any norm complete
Lg-vector lattice is called a Banach Lqg-vector lattice. The class of Banach Lg-
vector lattices coincides with the class of Banach-Kantorovich lattices over Ly.

Let us give examples of Banach Lg-vector lattices.

Suppose V is a complete Boolean algebra. Denote by X (V) the Stone com-
pactification of V. Let Lo(V) be the set of all continuous functions z : X(V) —
[—00, +00] such that 271 ({#00}) is a nowhere dense subset of X (V) (see [10, V,
§2]). Evidently, Lo(V) is a ring and an order complete vector lattice. The func-
tion 1, equal to 1 identically on X(V), is a weak order unit in Lg(V). The
order ideal generated by the element 1 coincides with the space C'(X(V)) of all
continuous real functions on X (V).

A mapping m : V — Lg is called an Lg-valued measure on V if

1. m(e) > 0 for any e € V,
2. m(eVg) =m(e)+m(g) ife,ge VandeAg=0,
3. ifep | 0, en € V, then m(ey) | 0.

A measure m is called strongly positive if m(e) = 0, e € V implies e = 0.
Using Lebesgue construction, one can obtain an integral I, : « — [xdm for
every strongly positive Lg-valued measure m (see [10], [8]). There exists the
greatest order ideal L := L1(V,m) in Lo(V) containing V with the following
properties:

1. Ime = m(e) for any e € V,
2. Ij(ax + by) = alpa + blny, 2,y € L, a,b € R,
(0)

3. if zn,x € L and z,, T x then Ixy — Ino.

The mapping I, satisfying the above properties is uniquely defined. The norm on
L1(V,m) is defined as ||z|1 = [ |z|dm. Now, (L1(V,m), | -|l1) is a (bo)-complete
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LNS over Ly (see [10]).

We suppose that V() is a regular Boolean subalgebra in V, i.e. sup A € V()
for every A C V(£2). We can always obtain this by considering the complete ten-
sor product V ® V() of the Boolean algebras V and V(Q) (see [2, VII, §7.2]).
One can canonically identify Lo(Q2) with a subalgebra in Lo(V). It is also a reg-
ular vector sublattice in Lg(V). Moreover, sup and inf operations in Lg(2) and
Lo(V) coincide. Hence, Ly(V) becomes an Lg-vector lattice (multiplication of el-
ements from Lo(V) by elements from Lg coincides with the natural multiplication
in Lo(V)).

From now on, we require the measure m : V — Lg to be compatible with the
module structure, i.e. m(ge) = gm(e) for all e € V, g € V. In this case, L1(V,m)
becomes a BKS over Ly. In addition, the following property holds:

Let z € L1(V,m) and o € Lg. Then, az € L1(V,m) and [ axdm = o [z dm.
In particular, Lo C L1(V,m) and [ adm = am(1) for all a € Lo (see [6, 6.1.10]).

Let p > 1. Set

Ly(V,m):={x € Lo(V) : |z|P € L1(V,m)}.

Then L,(V,m) is a normal Lg-module and a Banach Lg-vector lattice with
respect to the norm ||z|, := ([ |z|P dm)Y/P (see [1, 4.2.2], or [2, VIIL, §8.2]).

Now we give examples of Lg-valued measures compatible with the module
structure.

Example 1. Let (2,%, ) be a o-finite complete measure space. Let A C X
be a o-subalgebra. Denote by m(e) = FE(e|A) the conditional expectation. It
is clear that m is a strongly positive Lg(Q, A, u)-valued measure on V(Q, %, u)
compatible with the module structure.

Example 2. Let (2,%, ) be the same space as in Example 1, X be another
complete Boolean algebra with a strongly positive scalar measure v. Step map-
pings u : (2,%,u) — X are defined in the usual way. Let I'(X) be the set of all
step mappings v : (2,%, 1) — X. A mapping u : (Q,%, 1) — X is said to be mea-
surable if there exists a sequence {un} C I'(X) such that v(u(w)Aun(w)) — 0
as n — oo for a.e. w € Q, Here, eAg = (e ANCyg) V (CeNg), e,g € X. Let
Lo(2, X) be the set of all measurable maps from (92, X, u) into X. For arbitrary
u,v € Lo(Q,X) we set v < v if u(w) < v(w) for all w € Q. Then, Ly(Q, X)
becomes a Boolean algebra. Its unit is 1(w) = 1x. Its zero is 0(w) = Ox. The
complement is defined as (Cu)(w) = C(u(w)). Moreover (uVv)(w) = u(w)Vo(w),
(uAV)(w) = u(w) Av(w), w e Q.

Consider the ideal J = {u € Lo(, X) : u(w) = 0 a.e.}. Define Ly(Q2, X) as a
Boolean factor-algebra L£o(£2, X)/J. Lo(92, X) is a complete Boolean algebra (see
[1]D). V() ={u € Lo(, X) : u= xa, A € L} is a regular Boolean subalgebra in
Lo(Q, X). If u € T'(X), then the scalar function vou € Ly(f2). Hence, for any v €
Lo(Q, X), the function v(v(w)) = limp—eo v(vn(w)) € Lo(). Here v, € I'(X),
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v(v(w)Avp(w)) — 0. So, we defined a mapping v : Lo(Q, X) — Lo(). It is
an Lg-valued strongly positive measure on Lg(€2, X) compatible with the module
structure (see [1]).

Let (E, || - || be a normed Lg-vector lattice. A norm in F is called order con-
tinuous if for any {xn} C E4, xn | 0 implies ||zp]| Lo

The following order and topological properties of normed Lg-vector lattices can
be proved in the same way as in the case of normed lattices.

Theorem 3.1. Let (E, || - ||) be a normed Lg-vector lattice. Then

1. if {zy} C E is an increasing t-converging sequence, then
lim x, = sup xp.
n—00 n

2. (Amemiya theorem). The following conditions are equivalent:
(a) E is a Banach Lg-vector lattice;
(b) if {xn} is a (bo)-Cauchy increasing sequence from Ey, then {xn}
(bo)-converges in E;
(c) if {xn} is a (bo)-Cauchy increasing sequence from E., then there
exists T = (sup,>1 Tn) € F.

3. Let (E,| - ||) be a o-complete normed Lg-vector lattice with an order
continuous norm. Then E is of countable type. Therefore E is an order
complete vector lattice.

4. Let F be a Banach Lg-vector space. The following conditions are equiva-
lent:

(a) F is an order complete lattice and || - || is order continuous.
(b) Any bounded sequence of positive mutually disjoint elements t-con-
verges to zero.

4. Orlicz-Kantorovich lattices associated with Orlicz Lg-modulators
Let us start with some definitions.

Definition. ¢ : [0,00) — R is called an Orlicz function if it is a convex non-
negative function such that ¢(0) = 0 and ¥(t) > 0 for ¢ > 0. An additional
requirement is the so called (d2, Ag)-condition, i.e. 1(2t) < ei)(t) for all ¢ > 0 and
a constant ¢ > 0.

Let x € Lo(V). By definition, G = {t € X(V) : |z(t)] < oo} C X(V) is an
open and dense subset. Hence, we can define y € Lo(V) as y = ¢ o |x| := ¥(|z]).
Define

Ly = Ly(V,m) :={z € Lo(V) : ¥(|z|) € L1(V,m)}.
It is clear that L, is a normal Lg-submodule and a vector sublattice in Lo(V).

Let P(Lg) = {A >0 € Lg : s(A) = 1}. Obviously, for any A € P(Lg) there
exists AL € P(Lo).



Abstract characterization of Orlicz-Kantorovich lattices

Lemma 4.1. Let z € Ly, There exists A € P(Lg) such that

/w()\_1|:v|)dm <1

PROOF: Let A\g = [4(|z|) dm + 1. It is clear that A\g € P(Lg) and 0 < )\0_1 <1.
Since (st) < sip(t) for all s € [0,1], we are done. O

Hence, we can define an Lg-valued function
12l ¢y = inf {A € P(Lo) : /w(A‘llxl) dm < 1}.

Theorem 4.2. (Ly, || - [[(y)) is a Banach Lo-vector lattice.
We need some lemmas to prove Theorem 4.2.

Lemma 4.3. Let xn,x € Lo(V), 0 < xn T x. Then ¢¥(xy,) T ().
The proof of this lemma is similar to that of Lemma 2.4 from [14].

Lemma 4.4. |z[|(y) is a monotone Lo-norm on Ly, i.e. (Ly, || -|/()) is @ normed
Lg-vector lattice.

PRrROOF: Obviously, || - || is monotone, convex and positive. Assume now that
|#|| = 0 for some x € Ly. Consider A € P(Lg) such that [¢(A7|z|)dm < 1.
Then, AA1 € P(Lg) and 0 < A A1 < 1. Obviously, (A A 1) Ha| = A z|{\ <
1} + [a[{x > 1}. Hence, v((A A1) Hz|) = (A a){X < 1} + ¢(jz){A > 1}.
Therefore,

/ BN D) al)dm = (A < 1} / SO Yal)dm + (A > 1} / () dm
<<+ [wlledm <1+ [ (i) dm,

However, (A A 1)1 z|) > (A A1) 1ep(x). Therefore,
[wtisham < an) (14 [ oaan).

Now, one can take infimum over all such A and obtain [ ¢(|z|)dm = 0. Hence,
z=0. O
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Lemma 4.5. Let x € Ly, e = 1 — s(||z([()). Then

o (1 ) ) dm <

PROOF: Obviously, s(z) = s(||z||(y))- Hence (1—e)|z| = [z|. Since Lg has count-
able type, then there exists a sequence {\,} C P(Lg), such that [(\;1|z]) <1
and Ap |= [[2|(y)- Set an = An(1—€)+e,n=1,2,... . Then ay | ([|zll(y) +e)
and ;' = (A1 (L —e) +e) 1 (|2l + )" Hence, v(ay, |z]) T (Il () +
e)1z|) (see Lemma 4.3). By the monotone convergence theorem (see [6, 6.1.5]),
we have

J o (et +) et} dm = s [ (0o1)

221;;;/1/) 1—e)+e)|:1:|)
= sup /w(A;Hdem <1.

n>1
O

PRrROOF OF THEOREM 4.2: Consider a (bo)-Cauchy increasing sequence {zn} €
(Ly)+- Obviously, the sequence [z () is a (0)-Cauchy sequence in Lg. That is,
[Znll(p) T o Set en =1 — s(zn) and an = [|znl(y) + en. Then 0 < ap <o+ 1.
By Lemma 4.5, [ (a;'a,) < 1. Therefore, [1((a+1)"tzy,) < 1. The sequence
Y((a+1)"1ay,) € Ly is monotone and Li-bounded. Hence, 9 ((a41)"tay,) Ty €
Ly. Therefore, z,, T (o 4+ 1)~ (y) € Ly. O

A Banach Lo-vector lattice (Ly, [|-[|()) is called the Orlicz-Kantorovich space.
See examples after Theorem 5.1.

Denote ®(x) = [ t(|z]) dm. It is easy to see that the mapping ® : L, — Lo
satisfies the followmg properties:

1. ®(x) > 0 and &(z) =0 < z = 0;

O(z) < (y) if |z] < [yl;
(az +(1—-a)y) <a®(z)+ (1 -a)®(y), a€ Lo, 0<a <1
®(22) < ¢®(x) for some constant ¢ > 0;
O(z+y)=2(x)+P(y) if z Ay =0;
®(ex) = ed(x) for all e € V(Q);
D(t1) = p(t)®(1) for all t > 0, where ¢ : [0,00) — [0,00) is a scalar
function.

.\'.@.C“P?"!\’
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Now we define an Orlicz Lg-lattice. Let F be an Lg-vector lattice with a weak
order unit I. A map ® : £ — Lg is called an Orlicz Ly-modulator if ® satisfies
properties 1-7. Obviously, ®(z) = ®(|z|) and ®(az) < a®(z) for a € Lg, 0 <
a < 1. The element ®(I) is invertible in Lg. Indeed, let e = s(®(I)). Then
P((1—e)I) = (1 —e)®(I) = 0. Hence, (1 —e)I =0 and e = 1. Properties 1-7
imply that ¢ is an Orlicz function satisfying the (d2, Az)-condition.

Set B(x) = {\ € P(Lg) : ®(A\"tz) < 1}. If X = ®(z) + 1, then ®(A\~1z) <
A~1®(z) < 1. Hence B(z) is a non-empty set. For any = € E, set ||z||¢ = inf{\ :
A € B(z)}.

Proposition 4.6. (E, || - ||@) is a normed Lg-vector lattice.

PROOF: Obviously, || - ||¢ is monotone, convex and positive. If ||z]|¢ = 0, then re-

peating the proof of Lemma 4.4 and using properties of the Orlicz Lg-modulator @,

we obtain = 0. Let a2,y € E, A1 € B(x), A2 € B(y). Then

(A +X2) M +y) = @A+ A2) AT 4+ Ao (M + A2) A My)
<ML+ A) TR ) F A (M + d) e\ Ty) < 1,

i.e. A1 + A2 € B(z + y). This means that B(z) + B(y) C B(z + y), and so

Iz +ylle < llzlle + lylle-

Let us now show that |lex||¢ = e[|z|/¢ for any idempotent e€lpandz € E.
Take \, 3 € P(Lg) such that ®(A\~1z) < 1 (B we) < 1. Then v = Be + (1 —
e) € P(Lp), in addition y~! = g~le + A71(1 — ¢) and

O(yz) = 2(y twe) + (v (1 -
= @(8 "we) + @A T2(1 - ¢))

= e® (6 ze) + (1 e)P(\" " x)
<e4+(1-¢)=

—_

Hence, ||z||l¢ <~ and therefore e||z|¢ < |lex| o-

Since |ex| < |z|, we have |lex|l < ||z|lg. That is why e|zlle < ellex|e <
ellellg, ie. elzlle = ellealls.

Further, if A € P(Lg) and ®(A\lez) < 1, then (3 tex) = ®(A\"lex) < 1 for
B =Xe+¢e(1—e). Hence ||ex|$(1 —e) =0 and |ez| o = e|ez|o = e||z|o-

Let now « be an invertible element from Lg. Then

llaz||p = inf{)\ € P(Lo) : 8(\Laz) < 1}

= inf{|a|’y c®(ylr) <1,y =Na| b e (LO)} = |al[[z] e

605
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If o is an arbitrary non-zero element from Lg, e = 1 — s(a), then o + e is
invertible in Lg, and therefore

lazlle = [I(a+e)(1 —e)zlle = (laf +€)[[(1 - e)z(le
= (lal+ )1 = ¢)[lz]e = |afl|z(/e-

Thus, (E, || - ||e) is a normed Lg-vector lattice. O
Definition. A norm-complete Lg-vector lattice (E,| - |l¢) is called an Orlicz
Lg-lattice.

The Orlicz-Kantorovich space (Lqy, || - [[()) is a good example of Orlicz Lo-
lattices.

Theorem 4.7. The Orlicz Lo-lattice (E, || - ||g) is an order complete lattice, and
the Lo-norm || - ||¢ is order continuous.

PRrROOF: Consider a disjoint bounded sequence {x,} C E. Since z, < z € Ey,
we have > 7" ; x; < x. Using property 5, we obtain > 1" ; ®(z;) < ®(z). Hence,

D(zy) L), 0. For any fixed i = 1,2,..., ®(2'z,) L), 0. The element A\ =

®(x) + 1 € B(x). Hence, |z||l¢ < ®(x) + 1. Therefore, ||zn|le < 27'®(2%2y) +
27'1. Thus, (o)-lim|lznlle < 27'1 for any i. Hence, (o)-lim|lznll¢ = 0. By
Theorem 3.1.4, we are done. ([l

Lemma 4.8. Let ||z]l¢ <1 and {||z]|l¢ =1} =0. Then ®(z) < ||z ¢.

PROOF: As in Proposition 2.7 from [13], one can choose A\, € B(x) such that
An | |z]le. Let A€ Lo, A >0, [|z]l¢ <A <1and {\=|z|e} =0. Then, A is
invertible. Set f;, = {A < A\p}. Obviously, f, | 0. We have

) (A‘lgy) -3 ((A;l/\nxl) :v)
— f0® (A;lmnxl) F(1— fo)® (A;lx (/\n)\_l (1- fn)))
< fu® (A e d ) 4 (1= )80 )
< fn® O A AT + (1 - ).

Since fn | 0, fn®(\;taA A1) ) 0. After switching to (0)-limit, we obtain

®(A L) < 1. Since X < 1, we have A™1®(z) < (A "1z) < 1.
Let an = [lzllg +n7' (1~ |lz]lp). Then ||z]l¢ < an <1 and {|lz]e = an} = 0.
Hence ®(z) < ap,n=1,2,... and ®(z) < ||z|¢.



Abstract characterization of Orlicz-Kantorovich lattices 607

Proposition 4.9. Let (E, ||-||e) be an Orlicz Lg-lattice, yp, € E. Then ||yn||lo L),
0 if and only if ®(yp) L), 0.

PROOF: Let ®(yy) L), 0. Then, |lynlle L), 0 (see the proof of Theorem 4.7).

Set gn = {llynlle < 1}. Since ||ynlle L), 0, we have g, L), 1. Obviously,

lgnynlle = gnllynlle < 1 and {gnllynlle = 1} = 0. By Lemma 4.8, ®(gnyn) <

lgnvnlle = gnllynlle <2 0. Since (1 — gn) <2 0, we have (1 — g,)®(yn) ~2 0.

Hence, ®(yn) = ®(gnyn) + (1 — gn)ym) ~2 0. 0

Proposition 4.10. Let zy, | . Then ®(zy) T ().
)

PROOF: Obviously, sup,,>1 ®(zn) < ®(z
have 2 = (1 — a)xpn, + a(zy, + =1 (z — ). Using properties of ®, we obtain

Further, for any number a € (0, 1], we

P(z) < (1—a)®(xy) +ad (xn +a Yz - :vn))

< ®(xn) + 2 tac (@(xn) + o (a_l(x - xn))) .

By Theorem 4.7, ||a~(z — 2p)|| o L), 0. By Proposition 4.9, ®(a~(z —z5,)) | 0.

Hence,
&(z) < (0)- lirrln_:qolép (@(:cn) +27ac (@(In) +@ (a_l(:zr - xn))))
=(1+ %ac) 7511;;; D (zp).

Since a is arbitrary, we obtain ®(x) < sup,>q ®(xp). O

5. Abstract characterization of Orlicz-Kantorovich Lg-spaces

Definition (compare with [2]). An Orlicz Lg-lattice (E, || - ||¢) is called compo-
nent-invariant if

B(te) = ®(e)® L (I)B(¢1)
forallt>0,ee V.

The Orlicz-Kantorovich space (Ly(V,m), || - [[(4)) is a component-invariant
Orlicz Lg-lattice. The reverse assertion is proved in Theorem 5.1. This can be
considered as an abstract characterization of Orlicz-Kantorovich spaces in the
class of Banach Lg-vector lattices.
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Theorem 5.1. Let (E, | -||¢) be a component-invariant Orlicz Lo-lattice. There
exists a strongly positive measure m on V, with values in Lg, such that (E, || -||¢)
is isometrically isomorphic to the Orlicz-Kantorovich space (Ly,(V,m), || - [|(y))-

Here 1(t) -1 = ®(tI)®~1(T).

PROOF: F can be identified (see [12]) with a normal vector sublattice in Lo(V) =
Coo(X(V)) so that I coincides with the f = 1. Moreover, e € V if and only if
e is a characteristic function of an open-closed set from X (V). For any e € V,
set m(e) = ®(e). Obviously, m(e) € Lo, m(e) > 0. Iff eAg =0, ¢,9 € V,
then m(e vV g) = m(e) + m(g). Clearly, m(e) = 0 if and only if e = 0. Let
{en} C V and e, | 0. By Theorem 4.7, we have |len||lg | 0. Proposition 4.9
implies ®(ep,) | 0. This means that m is a strongly positive measure on V with
values in Lg. Obviously, m(eg) = em(g). Hence, m is compatible with the module
structure.

Let = be a positive simple element from Lo(V), i.e. = > | A\jg;. Here,
A; > 0 and g; € V are mutually disjoint. supg; = I. Obviously, x € E and
x € Ly(V,m).

Using the component invariance of (E, || - ||¢), we obtain

O(x) =D D(Nigi) = Y_ B(g:)@ M DMBNI) = > b(Ai)m(g:)
=1 =1 =1

— /gw(&)gi dm = /w (Zz: )\igi> dm = /¢(x) dm.

Thus, ||z]|¢ = inf{\ € P(Lg) : ®(A\"1z) <I} = inf{\ € P(Lo) : [N\~ 'z)dm
< I} = [[z[|(y) for any positive simple element z from Lo(V).
However, simple elements are dense in £ as well as in Ly,. ([l

We now use Theorem 5.1 to construct examples of Orlicz-Kantorovich spaces.

Let (©2,%,p),(X,v) be as in Example 2. Let Ly (X,v) be an Orlicz space
associated with (X,v) and with the Orlicz function 1 satisfying the (2, Ag)-
condition. We denote by I'(L,,(X,v)) the set of all step mappings u : (2, %, ) —
Ly (X, v) having the form u = 71" x;x 4, where x; € Ly(X,v), 4; € X, 4; N
Aj=0,i#j4,4,j=1,...,n,neN.

A mapping u : (Q,%, 1) — Ly(X,v), is called measurable if there exists
a sequence {up} C I'(Ly(X,v)) such that [u(w) — un(W)HLw(X,u) — 0 as
n — oo for ae w € Q. Let Lo(f, Ly(X,v)) be the set of all measur-
able mappings from (Q,%,u) into Ly (X,v).  Obviously, Lo(, Ly(X,v))
is an Ly(2)-module, in addition H“(w)HLw(X,u) is a measurable function on
(2,2, p) for all u € Lo(Q2, Ly(X,v)). Consider an Lo(2)-submodule J = {u €
Lo(Q, Ly(X,v)) : u(w) = 0 a.e.} and denote by Lo(£2, Ly (X,v)) the factor-
module Lo(€2, Ly (X,v))/J. Then (Lo(2, Ly (X,v)), | - |) is a Banach Log-vector
lastice [3], where |[al] = [u(w)llz, (x.)]™
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The norm in L, (X, v) is order continuous, and therefore g, g € X, v(gng) —
0 implies that ||gn — QHLw(X,u) — 0. Hence, the complete Boolean algebra
Lo(2, X) from Example 2 is a subset of Lo(2, Ly (X,v)). Moreover, the Boolean
algebra of unitary elements from Lo(2, L, (X, v)) with respect to the weak unit
1(w) = 1x, w € Q coincides with Lo(Q2, X). It is clear that m(e) = [v(e(w))]™ is
a strongly positive Lg-valued measure on Lo(€2, X) and m is compatible with the
module structure (see Example 2).

Theorem 5.2. The Banach Lo-vector lattices Lo(S2, Ly (X, v)) and
Ly(Lo(Q, X),m) are order and isometrically isomorphic.

Proor: Without loss of generality, one can assume that (1) = 1. For any
u =231 2ixa, € T(Ly(X,v)), set

= [wtut) v = ; ( / wuxmdu) (@) w € 9.

Let v € Lo(Q, Ly(X,v)) and {un} be a sequence from I'(L,(X,v)) such that
||”(W)_un(w)||L¢(X,u) — 0asn — oo forae w e Q. Fixw € Q for which [|v(w)—
Un(w)”Lw(X,u) — 0. Let us show that lim, oo ®o(un)(w) = [Y(ju(w)|)dv. If
not, then there exist € > 0 and a sequence {uy, (w)} such that

(1) [otu@Day~ [ o)) ar

Choose a subsequence as = un, (w) which is (0)-converging to u(w) in Ly (X, v)
[11, VII, §2]. Then the sequence {¢(as)} (0)-converges to ¥ (u(w)) in L1(X,v),
which contradicts (1).

Thus there exists a limit

— [ vty = Jim [ o)) dv = tim @o(un)(w)

for a.e. w € Q, in particular, ®g(v) € Lo(). Let ®(u) = [Pg(u)]™. Clearly, @
is a component-invariant Lo-modulator on Lo(£2, Ly (X, v)), in addition ®(t1) =
P(&)P(1), t > 0.

If w e Lo(Q, Ld,(X v)), A € P(Lg), then

>e, k=12,...

(A~ <1<:>/1/) (Whdrv<1lae &

[w(L,(x0) < Aw) ae. & [luf] <A
Hence,
[l = inf{A € P(Lo) : |[u]] < A} = inf{A € P(Lo) : (A~ ') < 1} = [[it] -
Thus, (Lo(£2, Ly(X,v)), || ||) is a component-invariant Orlicz Lo-lattice. In ad-
dition, (Lo(2, Ly(X,v)), [[]]) and Ly (Lo(£2, X),m) are isometrically isomorphic
(Theorem 5.1). O
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Remark 5.3. If ¢(t) = ¢P, p > 1, then Lo(2, Lp(X,v)) is isometrically isomor-
phic to Lp(Lo(Q2, X), m).
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