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1973 — ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS
FACULTAS RERUM NATURALIUM — TOM 41

ON RELATIONS AMONG DISPERSIONS
OF AN OSCILLATORY DIFFERENTIAL
EQUATION y"=gq(t)y

MIROSLAY BARTUSEK
( Received June 20, 1972)

1.1. This paper is a generalization of some results of Laitoch [3] and Barvinek
(1]

Consider a differential equation

(@) y'=4q@).y, qeClab),b<s oo

where C"[a, b) (n a non-negative integer) is the set of all continuous functions with
continuous derivatives up to and including the order »n on [a, b). Let (¢) be an oscilla-
tory (t— b_) differential equation on [a, b) (i.e. every non-trivial solution has
infinitiely many zeros on every interval of the form [¢,, b), ¢, € [a, b)).

Let y,, y, be non-trivial solutions of (g)and y,(¢) = 0, y5(t) = 0. If @(¢) (WY(?)) is
the first zero of y,(»3) lying on the right of z, then ¢ (Y) is called the basic central
dispersion of the Ist (2nd) kind (briefly, dispersion of the Ist (2nd) kind). If x(¢) (w(?))
is the first zero of y(y,) lying on the right of 7, then y(w) is called the basic central
dispersion of the 3rd (4th) kind (briefly, dispersion of the 3rd (4th) kind).

The properties of dispersions can be found in !2]. If 6 is the dispersion of the k-th
kind of (q), (k = 1, 2, 3, 4), then § has the following properties:

1) §eC3a, b) if k=1,
deCl'a, b) ifk + 1.
2) . dMB >0 on [a, b). §))
3) o) >t on [a, b).
4) llm 6(¢) = b.
t=b-

Let y be an arbitrary non-trivial solution of () and ¢ < 0 on [a, b). Then

vy = Ye)
@'(1) = ) for y(1) +0,
=ﬁy,2(z) _ , @
y’2(¢(t)) for y(1) =0,
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i = 90 PO o,
YO= ) '

_dt) YO o =0, ‘ 3
a(W(n) y*(¥(1) i
W = - L YO i+,
“O==m v "
_ _,_A_W,yi(t), for y(1) =0, @)

a(x(1) ¥*(x(1)
(w(t)) for y'(1)*0,

W)= —a)- 3
— ). 20 e =0, )
MWy

see [2] §13.3.

2.1. Theorem 1. Let @(y) be the dispersion of the Ist (2nd) kind of an oscillatory
(t > b_) differential equation (q), q € C°la, b), 4 < 0.

Let't, € [a, b). Then

a) ¢(ty) < Y(to) if, and only if ¢"(to) > 0
b) o(to) = o(to) if, and only if ¢"(t) = 0
o) o(to) > Y(to) if, and only if ¢"(to) < 0.

Proof. Let y be a non-trivial solution of (¢), ¥(r) # 0. Then according to (2)
I’ .
t
o'(t) = (‘P( ) ,

(1)
in a neighbourhood of the point 7. From this
p=2." (fz‘))) ((0(0) - 2(0(0) = Y1) (1) ©

Let us put: 9o = ¢(to), Yo = (o).

a) Let us choose such a solution y of (¢) that y(1,) > 0, ¥'(5) = 0. Hence y'(o) = 0.
y'(1) <0 on (o, Yo), ¥'(t) > 0 on (Yo, Y(o)), ¥(@o) < 0 (using separation Theo-
rems, see [2] § 2.3).

Let ¢’(t,) > 0. Then it follows from (6) that y'(¢o) - (@) > 0. As ¥() < 0.
then y'(¢,) < 0 and thus ¢, < V,.

Let @y < ¥,. Then y'(¢,) < 0 and it follows from (6) that

(1) =27 2((“’°)) (¥(90) - ¥(00)) > 0.

The cases b) c) can be proved in the same way as in a).
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Corollary. Let () be an oscillatory (t — b_) differential equation, qe C°!a, b),
q < 0. Then its dispersions of the 1st and 2nd kind coincide

o) = yY(), telab)
if, and only if ¢"(t) = 0, t €[a, b), i.e.
o=ct+d

where ¢, d are suitable constants.
This is the Theorem of Laitoch, see [2], § 16.1 and [3].

Theorem 2. Let ¢({) be the dispersion of the Ist (2nd) kind of an oscillatory (t — b)
differential equation (q), g € C°[a, b), ¢ < 0. Let t, € [a, b).

Then
a) o(to) + Y(to) if, and only if Y'(to) . @'(1y) < q(q!/f(t(t)Z))
b) (ty) = Y(t,) if, and only if Y'(to) . @'(1o) = Z(lﬁ(z(tﬁ)) )

Proof. Let us choose a solution of (¢) such that y(¢y) = 0, y'(t,) > 0. Then accor-
ding to (2) and (3) we have
t 1 2
¥'(to) = alto) . - y,zw"’) , %)
4Wo)  ¢'(1) y”*(%0)
where we put ¢, = ¢@(to), Yo = Y(to).

a) Let y be a non-trivial solution of (¢), y(t;) = 0, ¥'(t,) > 0. From this and from
Separation Theorems it follows that t, < t; < @g. Yo < 15, ¥(t) > 0 on [t;, @),

y(t) < 0on (@, 1], y'(t) < 0on (2, 1),
where

ty = x(to), 1, = x(@o)-

Thus y is an increasing function on (9o, t,] and a decreasing function on [t,, ¢,)

(because

V(1) =qt). y(1) >0 (< 0) on (9o, 1] (11, @o)))-
Let ¢, < Y. Then ’2‘?'[/1; < 1 and the statement is valid according to (7).

Do

Let ¢ > . Then the proof is similar.
Let the inequality

q(to)
t o) < ——%
Y'(to) - ¢'(t0) q(n// )’
. J”Z(‘/’o)
be valid. Then it follows from (7) that —17(——) < 1 and thus ¥ # @o.
Y Qo :
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b)c) We can prove the statement in the same way as in a).

, q(1)
Remark. 1. If ¢ =, t€(a, b), then ¢'(t) = |—/—~.
a(e(1))
As ¢ = C = const (Corollary), then
a1 8
q(ct +d) € ®

(see Laitoch [3]).
Remark. 2. If ¢ = , then the formula (8) is valid and thus ¢ = ¥ if

q(t) 2
CET)) +c¢°, tela,b),
for any constant ¢ > 0, d.

This statement can be used for the proof of noncoincidence of dispersions of some
special differential equations.

Example. Bessel equation.
2!
q(t): -1 — "t”;, IE[a, CO),a >0,

where C; =+ 0 is a constant. As the identity

, 2 2
2 - _ﬂ_ =1+4+c¢ 7,(£idl2‘,tii_’ te[a, OO),
glet +d) t*(ct + d)* + ¢yt
is fulfilled only for constants ¢ = 0, d = 0, we can see that the dispersions ¢,  of the
Ist and 2nd kind of Bessel equation do not coincide on [a, o).

2.2. Theorem 3. Let y(w) be the dispersion of the 3rd (4th) kind of an oscillatory
(t = b_) differential equation (q), q € C[a, b). Let
q <0,t,€la,b). Then

a) w(ty) > x(t,) if, and only if (M—>I <0,

o'(to)

b) o(ty) = x(t,) if, and only if (ﬂﬂ): 0,
o'(to)

c) wlty) < x(to) if, and only if <.g(,tq)->,> 0.
o'(to)

Proof. Let y be an arbitrary solution of (¢) such that y'(t) #+ 0. Then according
to (5) we have

aN_(_yOY_20.0 s 2. (a0 (1) |
(m) ( yz(w)) e =2 QIO )
Let us put: g = w(ty), %o = x(to)-
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Let y be a solution of (g) such that y(t5) = 0, 3'(fg) > 0. Hence y(w) > 0, y(x) = 0,
y'(t) > 0 on [z, xo) and y'(t) < 0 on (Xo: ¢(t0))~
a) Let wy > y,. Then y'(w) < 0 and according to (9) we have

(—‘L) <.
o' it=to

Let (_q%) < 0. Then it follows from (9) that y'(w) < 0 and thus yq < ®,.
o'(t,

b)c) We can prove the statement in the same way as in a).

Remark 3. Proving Theorem 5 of [1] the author has in fact proved a more powerful
statement — the case b) from our Theorem 3.

Remark 4. The following statement follows from Theorem 3:

The dispersions of the 3rd and 4th kind of (¢g) coincide if, and only if

w()= -1,

where C is a suitable constant.
This is the result of Barvinek [1].

Theorem 4. Let y(w) be the dispersion of the 3rd (4th) kind of an oscillatory
(t > b —) — differential equation (q), q € C°[a, b), g < 0. Let

ty € la, b).
Then
2) (to) = x(to) if, and only if 7'(1o) . '(tg) = =AU _
Q(w(to))
61(’0)___

b) w(to) + x(to) if, and only if 7'(ta) - @'(10) < ZeCrbs

Pfoof. We can prove the theorem in the same way as Theorem 2.
2.3. Let (¢) be a differential equation such that its dispersion of the 3rd and 4th
kind coincide, g € C°!a, b):
o) = (1), tela,b).
Then
o) = y(), telab)
(because ¥ = w(y) = x(w) = ).
It follows from Theorem 4 and Remark 4 that

a(t) . q(w) = —1—
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where C is a suitable constant. Thus
L
q(@) . g(@()) = —-,  4q(1) = q(p).
c
According to Remark 1 we get
p=t+d
and relation (2) gives us
@ +d) = —y@).
We can see that the following theorem is valid (see [2] § 16.8.).

Theorem 5. Let (q) be an oscillatory (t — b_) differential equation, q e C°a, b),
such that its dispersions of the 3rd and 4th kind coincide

x(1) = o), tela,b).
Then

o) =y@) =1t +d,

o'(t) = —gc(—?—,

it +d) = —y@),

q(t) = q(t + d), tela, b)

where ¢, d are convenient constants.
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SHRNUTI

O VZTAZICH MEZI DISPERSEMI OSCILACNI{
DIFERENCIALNI ROVNICE y=gq(?)y

M. BARTUSEK

Tato préace se zabyva né€kterymi zavislostmi mezi zakladnimi centralnimi disper-
semi prvniho a druhého, resp. tietiho a étvrtého druhu oscilatorické (+ — b_) dife-
rencialni rovnice

(9) Yy '=qt)y, qeC’a,b), bZco.

Necht ¢(¥) znaci zakladni centralni dispersi prvniho (druhého) druhu. Véty 1 a 2
dévaji nutnou a postacujici podminku pro to, aby v libovolné zvoleném bod¢ ¢ defi-
ni¢niho intervalu [a, b) platilo @(¢t) < Y(t) resp. @(t) > Y(t) resp. @(t) = Y(r). Véty
3 a 4 fesi tutéz problematiku, aviak pro zakladni centralni disperse 3. a 4. druhu.
P¥imymi disledky uvedenych vét jsou nékterd (jiz dfive dokazana jinym zpiso-
bem) tvrzeni o dispersich diferencialni rovnice (g) se splyvajicimi dispersemi prvniho
a druhého, resp. tfetiho a ¢tvrtého druhu.

PE3IOME

O COOTHOMEHMIX MEHUY JICIEPCU §IMII
OCIHUJIIUPYIOUETO JINOGOEPEHIAILHOLO
VPABHEHIS = q(t)y

‘ M. BAPTYHIEK

Jr1a paboTa 3aHEMAETCS HEKOTOPBHIMH OTHOLIEHHSIMY: MeX Ay QyHIaMeHTalIbHBIMU

LEHTPaJIbHBIMI IUCIEPCHSAMH [EPBOrO ¥ BTOPOro (TPEThEro H ;4eTBEPTOro) poaa
nrddepeHIHaNIbHOTO YPOBHEHUS C KOJIEOMIOUMMHACS (m — 6) PELICHUSIMHU
@ YV '=4q®y, qeC%la,n), nz=oo.
Iycte @(Y) byEnaMeHTaNbHAS LEHTPAJIbHAS OHCNEPCHs MepBOTO (BTOpOro) pona.
TeopemsI 1 ¥ 2 1ar0T HaM HEOOXOAUMOE M AOCTATOYHOE YCIIOBHE [JIs TOTO, YTOOBI
B IMPOHU3BOJIbHO BbIOPAaHHOM TOYKE M M3 MHTEpPBaja ONpenesieHus [a, 6) UMeJIo CHILy
yreepxaenue ¢(T) < Y(T) unu xe @(T) > Y(T) unu xe ¢(T) = Y(T). Teopemst
3 ¥ 4 pewaroT 3Ty caMylo NPoGIEMATHKY, HO [UIS LeHTPaJIbHBIX NUCTIEPCHI TPEThero
H 4eTBEepPTOro pona. HemocpenCTBEHHBIMH COEACTBHSAMH 3THX TEOpPEM SBJIAIOTCA
HeKoTophIe (YKe paHuIe APYruM o6pa3oM qOKa3aHHBIE) YTBEPXKICHASA O IUCIEPCHAX
nudpepeHIHANBEHOrO YPOBHEHUS (P) CO COBHAJAIOIIMMH JHCIEPCHAMH IEPBOrO
M BTOPOTO HJIK X€ TPEThEro H 4eTBEPTOro pona.
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