Sbornik praci Pfirodovédecké fakulty University Palackého v
Olomouci. Matematika

Rudolf Oldh

Note on the oscillatory behaviour of bounded solutions of a higher order differential
equation with retarded argument

Sbornik pract Prirodovédecké fakulty University Palackého v Olomouci. Matematika, Vol. 16 (1977), No. 1,
55--60

Persistent URL: http://dml.cz/dmlcz/120051

Terms of use:

© Palacky University Olomouc, Faculty of Science, 1977

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/120051
http://project.dml.cz

1977 — ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS
FACULTAS RERUM NATURALIUM — TOM 53

NOTE ON THE OSCILLATORY BEHAVIOUR
OF BOUNDED SOLUTIONS OF A HIGHER ORDER
DIFFERENTIAL EQUATION WITH RETARDED ARGUMENT

RUDOLF OLAH
(Received on January 16th, 1976)

This paper contains two theorems giving sufficient conditions for bounded sol-
utions of the nth order differential equation with retarded argument to be oscillat-
ory. The assertions of those theorems are not true for the corresponding ordinary
differential equation.

Some theorems which have specific character for the first, second and the nth
order differential equations with retarded argument are given in works [3] — [5].
In [1] D. L. Lovelady had been studying the asymptotic behavior of bounded
solutions of differential equations '

(Pa—1(o PoApit) )Y + (=1 qu = 0,
(Pa- 1) (o p2a ) (PO W' ()Y + (= D" 'F(t,u) = 0
and the oscillatory behaviour of bounded solutions of differential equations
(P P2(pyd))) + (= 1)'qu = 0,
(Pa—1(D) (.. p2(1) (py () W' (1))-.)) + (= 1)"F(t, u) = 0.

We consider the nth order differential equation with retarded argument

Pt (.. (D (P (D Y (@).)) + (=) q(1) w(g(1) = 0, )]
where
P1s es Pu—1 € C'[[0, 0), (0, )], ?2)
q € C[I0, ), [0, 0)], 3)
geC[[0, ), R], g(r) =1, lim g(t) = 0. 4)

A function y e C[[0, c©), R] which satisfies the initial conditions y(t) = &(r),
t £0, deC[E,, R], (E, is the initial set) y*(0) =y, k =1,2,...,n — 1, is
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called a solution of (1) if and only if y is differentiable, p,y’ is differentiable, p,(p,»’)’
is differentiable, ..., p,_;(... po(p,y’)...)" is differentiable, and (1) is true.

A solution y(¢) of the equation (1) is called oscillatory if the set of zeros of (z) is
not bounded from the right. A solution y(t) of the equation (1) is called nonoscillatory
if it is eventually of constant sign. We consider only such solutions that are not trivial
for all sufficiently large ¢.

Theorem 1. Assume that

Piseeos Pt are nonincreasing functions, %)
t—gt)=hy >0, (6)
i t+ho(s n—1
limsup [p,(t) ... pa—is(2) — j e 1)‘— q(s)ds] < 0. @)
1=

Then every bounded solution of (1) is oscillatory.

Proof. We shall use the methods from [1] and [2]. Let y(¢) be a bounded non-
oscillatory solution of (1). We may suppose without any loss of generality that
yit)>0fort =ty tye [O, o) (the case y(t) < 0 is treated similarly). By (4) there
exists t; = t, such that g(t) = ¢, for t = ¢,. Thus, y(g(¢)) > O for t = t;. Let v, =
= )(t), vy = Py}, ..., Uy = Pu_qUp—; ON [1;, c0). Now the system

’ U,
v; = —
P1
v
e
2
®)
’ vn
Un—1
Pn-1

v, = —(=1)"""q)(g)
is satisfied.

By (8), v, is one-signed on [¢,, o), so v, is eventually one-signed. Thus v,_, is
eventually one-signed, so v, is eventually one-signed. Continuing this, we see that
there is 7, in (¢,, o0) such that each v, 1 < k < n, is one-signed on [tz, ). Now
we shall prove that if kK = 2 then v, =< 0 in [r,, ). If k 2 2 and ¢ = ¢, then

t
v-1(t) = vy (t2) + - %(s) )]
ty Pk- 1(5)
Suppose that k 2 2 and v,0; £ 0 fails on [¢,, o0). Since v; and v; are both one-signed
on [t,, ©), we see that v, > 0 on [1,, o) for some k > 2. Thus v, is either eventu-
ally positive and nondecreasing or eventually negative and nonincreasing. In either
case, (9) and (5) say that v,_, is unbounded and has the same eventual sign as v.
Repeating this procedure &k — 1 times, we see that y(¢) is unbounded, a contradiction,
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so we conclude that v, < 0 on [¢,, o) whenever k 2 2. By (8) and vy < 0 for

k z2isy, £ 0on[r,, w)ifkiseven and v, = 0 on [¢,, ) if k is odd. Thus each
v, kK = 1, is either nonnegative and nommreasmg or nonpositive and nondecreasing
Integrating the last equation of (8) from ¢ > #, to co, we have

(=17 o) = 2] = = § a(9) &9 s,
(=17 5) 2 ] 0(9) (e(6) s,
(=" e s 1() 2 [ () () ds.
Integrating the above inequality from 7 to u > t > 1,
(=" 10 00 0) = Pur (D10 = [ Pir(5) 00 i(9)5] 2

2 § (5= 040 (&9 ds + § (0 = (9 oe(9) b
In view of (5) and letting u — oo, we have

(=1 T=uns() 20 (0] 2 (5 = 1a(s) (e(6) I,

(=1 L= a0 P07 0] 2 [ (5 = 0a(9) (g6 .

Proceeding in this fashion we see that for ¢t > 1,

Pa-1(1) ... P2(1) v2(1) = —?(8 )), q(s) (g(s)) ds.

Pi(0) a0 Y() < — U

t

2), q(S)y( () ds.
Integrating the above inequality from 7; > #, to t > 5, we obtain
i) ... Pa—t(8) (1) — pl(ts) oo Pa=1(13) ¥(t3) — f[pl(s) oo Paa(8)] () ds =
< - [ @ as— 14 _3{)", a(5) (e(s) .
With regard to (5) we get

pi(t) ... p.- 1(’))’0) = Pl(ta) oo Pai(t3) (t5) —

_,j P (s —
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For t = t3 + hy we get

Pilts + ho) ... py_1(t5 + ho) ¥(t3 + ho) < pi(t3) ... p,— 1 (t3) ¥(t3) —
t3+ho(s —t )n-—l

- '{ ﬁf q(s) y(g(s)) ds.

In view of (7) we can choose t; so large that

Pt i) < | O a(o)ds,

Then for t € [ts, 1; + hy] we have

Pi(ts + ho) ... pu_1(ts + ho) y(t5 + ho) <
) r;+hq(s _ t3)n—1 d
= y(ta)] palts) - pa-ilts) — :{ W‘I(S) 5|,

which is the contradiction with y(¢) > 0 for t > ¢,.

Corollary. Assume that the conditions (2) —(6) are satisfied and, in addition,

t+ho

lim sup [p,(t) — j q(s)ds] < 0.

| Sadee]
Then each solution of the differential equation with retarded argument
1)y () + q(1) ¥(g(1)) = 0
is oscillatory.
Proof. This follows from Theorem 1 with n = 1 and the observation that each
nonoscillatory solution of (10) is bounded.

Theorem 2. Assume that the condition (6) is satisfied and, in addition,

re C'[[0, o), (0, o0)] is nonincreasing function, (1)
Pi(t)ér(t)’ i = 1 s n—= 1’ (12)
tlirg sup [(i'(t))"_l _ (zn t)l)' q(s) ds] < 0. (13)

Then every bounded solution of (1) is oscillatory.

Proof. Let y(f) be a nonoscillatory bounded solution of (1). We shall assume
that yp(¢) is eventually positive. Now we are proceeding similarly as in the proof of
Theorem 1 and we shall prove that if k = 2 then yv; £ 0 on some interval [,, c0).
If we suppose that y,v; > 0 for some k > 2, then v, is either eventually positive and
increasing or eventually negative and decreasing. In either case with regard to the
inequalities

ve—1(t) Z v y(2;) + j‘ﬂ&)— ds, for v, >0,

r(s)



Uk(s)

ve—1(t) S ve_4(t2) + _\' 6 ds, for v, <0,

and (11) we see that v, _ is unbounded and has the same eventual sign as v,. Repeat-
ing this procedure k — 1 times, we see that y(¢) is unbounded, which is a contradiction.
Thus v, < 0 on [1,, o) if k is even and v, = 0 on [1,, ) if k is odd.

Integrating the last equation of (8) from ¢ > ¢, to co and with regard to (12), we
get

(=" r(1) vy (1) = fq<s) »(8(s)) ds

Integrating the last inequality from ¢ to u > ¢ > t, and then letting ¥ — oo, we have

(=) [=ri (-] 2 J(S—t)q(S)y(g(S))dS-

If we proceed similarly as in the proof of Theorem 1, for re 13, t; + hy] we get

(0t + b0 sty + ) 506 (™ =T a0

3

If we choose 75 so large that

(<"1 C B s

then we get a contradiction with y(¢) > 0 for ¢t > ¢,.
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Shrnuti

POZNAMKA K OSCILATORICKYM VLASTNOSTIAM
OHRANICENYCH RIESENI DIFERENCIALNEJ ROVNICE VYSSIEHO RADU
S ONESKORENYM ARGUMENTOM

Rudolf Olah

Clanok obsahuje dve vety, ktoré davaju posta¢ujice podmienky pre oscilatori¢nost ohranicenych
rieSeni diferencialnej rovnice n-tého radu

Py - P2 )Y + —n"* lqy(g) = 0.

Pesziome

3AMETKA O CBOMCTBAX KOJIEBJIEMOCTU OFPAHUYEHHBIX
PEMEHUN JUOPEPEHIUAJIBHOIO YPABHEHUS—BBICIIETO
MOPAAKA C 3AIMA3JBIBAIOIINM APTYMEHTOM

Pynond Onax

Pabota comepxaer ABe TeOPEMbI NEBAIOLINE NOCTATOYHbIE YCIOBHUs KOJIEGIEMOCTH OTrpaHWYeH-
HBIX pemneHuil qudpepeHuManbHOro ypaBHEeH sl H-TO MOPsAAKa

Py o PoPyY )Y + (D" gp(g) = 0.
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