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Katedra matematické analýzy a numerické matematiky přírodovědecké fakulty 
Vedoucí katedry. Prof RNDr. Miroslav Laitoch, CSc. 

CONJUGATE P O I N T S OF S O L U T I O N S OF A F O U R T H - O R D E R 
ITERATED LINEAR DIFFERENTIAL EQUATION 

V L A D I M I R VLCEK 
(Received on February 11th, 1976) 

4 
The four-parameter space Y = y(l, C 1 ? ..., C 4) = £ C{ s in4 _ i t c o s i - 1 t, te 

i = 1 

G (— co, + oo), Cj e R, i = V ..., 4, of all solutions of the fourth-order iterated linear 
differential equation 

/ I V>(0 + 10y"(t) + 9y(t) = 0, (1) 

with base [sin3 t, sin2 t cos t, sin t cos2 t, cos3 t ] is broken up — with reference to 
triviality and nontriviality of the values of the parameters Ci (i = 1, ..., 4), respect­
ively—into the following fifteen subspaces: 

I. four one-parametric (Yj, Yl
2, Yl

3, Y4), 
II. six two-parametric (Y?2, Y!/3, Y1^, Y j 3 , Y1^, Y1^), 

III. four three-parametric (Y\u
23, Y ^ 4 , Y™34, Y ^ 4 ) , 

IV. one four-parametric (YJ2 34)-

This paper investigates the existence and the form of the conjugate points relating, 
to the zeros of any (nontrivial) oscillatory solution of (1) of all subspaces cited in 
I . - I V . 

Explanation to the Notation 

Besides the standard logical symbols 3 and V (existential and universal quantifier), 
3 (non-existing), A (V, =>, <=>) conjunction (disjunction, implication, equivalence), 
-> (such that), : (holds), R(C) denotes the set of all real numbers (integers) and 
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v(/)... the multiplicity of the zero /, N(/ x , ..., /„) ... the number of the zeros /,, ...,/„ 

(including their multiplicities), p</k, /k +„> ••• the length of the closed interval 

</k, /k + n>, i.e. the distance of the zeros tk, /k + „, ij^/o) ... the first conjugate point 

of the point t0, i.e. the smallest number f. > t0 such that the nontrivial solution 

y(/) of (1) with zeros t0 and tx has exactly four zeros including their multiplicities 

o n < / 0 , / i > . 

1.(1) 

V[/e(-oo, + oo)]AV[C 1 e/?-{0}]3[y(/ ,C 1 ) = C 1 s in 3 / 6 Y' 1 -> . 

- y<IV>(/, C ) + 10y"(z, CO + 9y(t, C t ) = 0 ] ; 

{[y(/, Q ) = 0] ~V(k e C); [rk = k/r, v(/k) = 3] A 

A [/k, tk+i e</ k , /k + 1> -> (/k < / k + 0 ] A [p</k, / k + 1 > = 7i, N(/ k , / k + 1 ) = 6]} => 

= * 3 T , , ( / 0 . 

1.(2) 

V[f e ( - o o , + co)] A V[C2 e R - {0}] 3[y(/, C 2 ) = C 2 sin2 / cos / e Y2 -> 

- y ( 'V ,(t, C 2 ) + 10y"(/, C 2 ) + 9y(/, C 2 ) = 0 ] ; 

| [y(/, C 2) = 0] o V(k e C) ; f"(/k = kn, v(/k) = 2) A U = y + krr, v(/k) = A 

A [tk, tk+i, tke </k, / k + 1 > -+ (rk < t'k < / k + , ) ] A 

A [p</k, tk+l> = 71, N(/ k , /k + 1 , rk) = 5] A 

A[/ k + i , t'k, t'k+ie(t'k, t'k+1} -+(t'k < tk+l < t'k+iy] A 

A[p</k, tk+i> = тг, N ( / k + 1 , ťk, ťk+l) = 4] 

[3ni(/k)A3^1(/0 = y + (/c+l)7tJJ. 

1.(3) 

V [ ř e ( - o o , +oo)] AV[C 3e/ř - {0}] 3[y(/, C 3 ) = 

= C 3 sin / cos2 / 6 Yl
3 -• y (IV)(/, C 3 ) + 10y"(/, C 3 ) + 9y(/, C 3) = 0 ] ; 

[y(/,C3) = 0 ] o V ( k e C ) : Г(/к = ктг,у(/0 = 1) Л U = у + kn,v(ťk) = 2 VI / 

A[í k , tk+l,ťke«k,tk+l*>-+(tk <ťk< tk+t)]A 

л [p</k, / k + i> = TI, N(/ k, tk+l,ťk) = 4] л 

л [ / к + 1 , ťk, ťk + le(ťk, f f t+1> -+(ťk <tk+í< / k + 1 ) ] л 

Л [p<tk, / k + i> = я, N ( / k + 1 , /k, / k + 1 ) = 5]i=> { 3 ^ , 0 0 = (к + 1) я] Л Зп.О*)}. 
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1.(4) 

V [ ť e ( - o o , + o o ) ] A V [ C 4 e i ř - { 0 } ] 3 [ y ( ř , C 4 ) = 

= C 4 cos 3 1 e Y\ -> y ( 1 V )(í, C 4 ) + 10y"(í, C 4 ) + 9y(ř, C 4 ) = 0 ] ; 

|[y(f, C4) = 0] o V(k e C) : L = y + k-j, v(ťk) = 31 A 

A [ťk, í k + i 6 <ík, í,+ 1> -» (ťk < f fc+1)] A [p<ťk, ť k + 1> = n, N(fk, f k + i ) = 6]J>=>3iA(tk). 

II. (1.2) 

V [ f e ( - o o , + oo)]AV<>C ie/ř- { 0 } , i = 1 , 2 A 

IVcT = sin a Л cos a, ì.e. 
+ C2 

c, 
a = arctg — e( - — 

VcГ+c2 

, o ì u (o, YJl 3[y(f, C . , C2) = C, sin31 + C2 sin21 cos t = 

= V c 2 + C2 sin2 í cos (í - a ) є Y?2 -> y(,v>(f, C. , C 2 ) + 

+ 10y"(ř, C,, C 2) + 9y(ř, C. , C 2 ) = 0 ] ; 

[y(f, C., C 2 ) = 0] <*V(k є C) : Г(ťfc = kя, v(fk) = 2) л 

Л ( ťk = a + — + kя, v(ťk) = 1 ) I Л 
')]• 

[ i 

Л 2 ' 
a є í - i Г , 0 ) = > [ ť k , f k + 1 , í k є < f k , í k + 1 > - > ( f k <ťk< ťk + 1 )] 

0) 

a є Í 0 , y J = > [ ť k , í k + 1 , í k є < f k , í k + i > - > ( f k < í f c < f k + i ) ] 

Л [p<tk, f k + 1 > = я, N(fk, ť k + 1 , ťk) = 5] 

a є í - y , 0 j = > [ ť k + 1 , í k , í k + 1 є < f f c , ť k + i>->(ť f c < ť k + , ,< ť k + 1 ) ] 

«Ц).ћ..,í,(«.«.í.^«<ł«<(łЛ 
л[p<fk, ť fc+1> = я, N ( ř k + 1 , ť k , ť k + 1 ) = 4] 

(2) 

ihi( -Лi(tk) Л 3 | Цy(ťk) = a + y + (k + 1) я } 



//. (1.3) 

a) V[/ є ( - oo, + oo)] Л V[C., C3 є R - {0} Л (sgn C. = sgn C3)] 

3[y(í, d , C3) = C І sin3 / + C3 sin / cos2 / = 

= sin /(Ct sin2 / + C2 cos2 /)є Yïз -> y(IV)(z, C., C3) + 10y"(z, C,, C3) + 

+ 9y(/,C 1 ,C 3 ) = 0]; 

{[y(z, C,, C3) = 0] o V(k є C) : [Zk = kя, v(zk) = 1] л 

Л Ltk, tk+1 , tk + 2, tk + 3 Є <Z k , /k + 3 > —> (Zk < Z k + 1 < Zk + 2 < Zk + 3 ) j Л 

Л[p</k, tk + з> = Зя, N(/k, Z k + 1, Zk + 2 , Z k + 3) = 4]} => Э[ñл(/k) = (k + 3)я] 

b) V[/e(-oo, +oo)]AV{C 1 ,C 3 e/ř- {OjAÍsgnC, + sgn C3) A 

Lvu v §•= l p l > 0 = sin a Л 
+ p ' Vľ = cos a, ì.e. a = 

+ P 

= arct g 7Є(~~T'°)u (°* т) I э [ y ( ř 'C l 'C з ) = Cl si"3'+ Cз siп 'cos2 

= C t sin/(sin2/ - p2cos2/) = - C x ( l + p2)sin /cos(z + a)cos(z - a)є Y','3 

-> y(IV)(ř, C., C3) + Юy"(z, C,, C3) + 9y(z, C,, C3) = 0]; 

z = 

[y(í,C.,C3) = 0]<*.V(*єC) : (Zk = kя, v(zk) = 1) л 

л ( Zk = - a + y + kя, v(zk) = 1 j Л (Zk = a + ~ + kя, v(/k) = 1 

0) 
• <i ("f° [tk, tk+i,tk, tk'є</k,/k + 1>-»(/k < zk < zk < /k +,)] 

«є( 0, y )=> [řk, zk + ,, zk, / k є</ k , zk+1> -> (ť_ < /k < <_ < Zk + ,)] 

л[p<tk, tk+i> = я, N(/k, zk + 1 , /k, _) = 4], 

fИ< 
(2) 

a Є | „___ ч y Ĵ _> 

" ^ LЛ+1 •> řk5 ^k+l 5 ^k+l є Vk» ^k+ 1/ ~* Uk < *k + l < ^k+l < *k+ l)J 

»(*ł)-
-^ L t k + l , tk, tk+1 , tkЄ < t k , tk+l> -* (tk < tk < tk+1 < tk + l ) ] 

л [p</;, t;+1> = я, N(/ k + 1 , _, _+,. »_+.) = N.. .+. , z;, /_+,, /_> = 4] 
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(3) 

Л[P< 

( « \ ť t" t" r/i" t" A -+ (ťl < ti < tk + l < tk+l)j 

- y , 0 ) = > [ í K + l , t k > t k > í k + l e < í k ' í k + l > ^ ^ k ^ k k+1 
I (n n \ r ,' t" t" f=(tí íí + i> -+(tk < tk+l < tk+l < tk+l)3 
a€l0,yJ=^[ ř k + t,t k + i, t k, tk+l6V tk> lk+l/ Vk 

ík, tk+1> = n, N(tk+i> ík> C tk + i) = N( í k + 1 , tk+i, tk, tk+i) = 4]} 

Í3_ ,(tk) = (k + 1)«] Al[iii(íO = -« + ý + ( k + n " ] A 

[řÍ.(íD«« + y + (k+ -)»]}• ЛЭ 

77.(7.4) 

V[fe(-°o, + c o ) ] A v | c 1 , C 4 e 7 î - { 0 } A y - c ^ = PjA 

A r - ^ ^ = s i n a A - ^ = = cosa,i.e.a = arc t g i e ( - | - , o )u (o , - f - ) ]A 

LVi + p2
 V I + P2

 2 ( n \ ( «\"ll 
= cosjS, i.e. j? = a r c t g ^ e ( - f , OJu^O, y j j j Г 2 . „ p 

л - T = ^ = = - - m / З л - 7 = Ł 
LV4 + P2 V4 + 

3 Гy(í, Cj, C4) = C. sin3 t + C 4 cos3 í = C.(sm í + p cos í) x 

x (sin2 ť - p sin í cos t + p 2 cos2 ř) = -Ş-Vl + P2 cos (í - a) x 

x [(4 + p2) cos2 (t + ß) + Зp2 cos21] є Y'Л - У(,V)0> Ci, C4) + 

+ Юy"(t, C., C4) + 9y(í, C., C4) = Oj; 

|[y(ť,C, ,C4) = 0]^V(fcєC) :Гík = a + y + k«,v(ík) = ІJЛ 

Л [ î k , tk+l> tk + 2> řk + 3 Є < t k , í k + 3 > -> ( í k < tk+l < tk+2 < tk+з)]Л 

Л [ö<ík, ík + з> - Зтt, N(ík, í k + ] , ř k + 2 , ř k + 3) = 4]J => 

=>э[ïii(ík) = a + ү + (k + 3)я]. 

77. (2.3) 

V[íє(-oo, +co ) ]Avíc 2 , C 3 e A _ { o} A r ^ = sinaA .__ _ ^ Jk 
Vc2 + c2 
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c 2 

c 3 

cosa, i.e. a = aгctg-^-є( ~~, 0 ) u { 0 , 

3[y(t, C 2, C3) = C2 sin2 / cos / + C3 sin / cos2 / = \lC2 + C3 sin / cos (/ - a) e 

e Y1^ -> y(IV)(/, C 2, C3) + 10y"(/, C 2, C3) + 9y(z, C 2, C3) = 0]; 

|[y(t, C 2 , C3) = 0] o V(k e C) : f"(/k + kn, v(/k) = 1) A U - | - + kit, v(/k) = l\ A 

A(tk = « + y +kn, v(/k) = l ) A 

a e ( - ^ , 0 ) = > [ / k , / k + 1 , / k , / ^ e < / k , / k + 1 > - + ( / k < / ^ < / k < / k + 1 ) ] 

(1) } V 
a e ( ° ' T H ^ k ' t k + u 'k' r * e < ' k ' r « + 1 > "* (tk < ;k < tk < tk+0] 

A [p<tk, tk + i> = n, N(/k, / k + 1 , /k, Q = 4], 

a 6 ( - ^ - , 0 ) = > [ / k + 1 , / k , Z k + 1 , / k + 1 e < / k , / k + 1 > - + ( / k < / k + 1 </k '+, < /k+,)] 

(2) } * ' 
( « e ( o , y J = > [/k + 1, /k, tk+i, tk'e</k, z k + 1 > - + ( / k < zk < /k + 1 < z k + 1 ) ] 

A[p<Zk, Z k + 1 > = %, N ( / k + 1 , Zk, / k + 1 , /0 = N ( / k + 1 , Zk, / k + 1 , 4 ' + 1 ) = 4], 

a e ( _ T ' 0 ) ^ [ f k+l, tk, tk, tk+l 6<tk, tk+l> ->(tk < tk < tk+! < tk+,)] 

( 3 ) ) « \ 

« e( 0, y 1 => [Zk+1, tk +1, tk, tk+1 6 <tk, tk+i> -* (tk < tk+1 < tk+1 < tk+1)] 

A[p<tk, £+1> = n, N(/k+1 , Zk, £, Zk'+1) = N(tk + l , t'k+1, t'i, /£+.) = 4] | 

* {-PhC**) = (k + 1) »] A 3 U(Zk) = y + (k + 1) T.J A 

лз L. (tk) = « + y + (k + 1) •]}• 

11.(2.4) 

а) V[/є(-oo, + o o ) ] л V [ C 2 , C 4 є Ä - {0} Л (sgn C2 = sgn C4)] 

3[y(z, C 2, C4) = C2 sin2/ cos / + C4 cos3 / = cos /(C2 sin2 / + C4 cos2 /)є Y24 

-> y(,V)(/, C 2, C4) + 10y"(/, C 2, C4) + 9y(/, C 2, C4) = 0]; 
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j [y(ř, C 2, C4) = 0] oV(k є C) : Гfk = y + kтr, v(řk) = l l л 

L t k ' tk+1 , tk + 2, tk + 3 Є <fk, í k + з > ~* (fk < f k +l < fk + 2 < tk + з)] A 

A [p<řk, fk+3> = Зтr, N(ffc, ř k + 1 , ř k + 2 , ř k + 3 ) = 4]1 => 

b) V[íє(-oo, + o o ) ] л v j c 2 , С 4 є Ä - {0}л(sgnС2 Ф sgnС 4)л 

>>ы 
. = І P І > 0 , 

c 2 ì L Vi + P 2 

= sin a Л 
Vi + p 2 

a = a r c t g i - J - y , o) uA), y)]J3[y(f, C 2, C4) = 

= C2 sin2 t cos f + C4 cos3 f = C3 cos f(sin2 f — p 2 cos2 i) = 

= - C 2 ( l + p2) cos t cos (f + a) cos (t - a)e Y24 -+ 

-+ y(,v)(f, C 2, C4) + 10y"(t, C 2, C4) + 9y(f, C 2, C4) = 0]; 

cos a, i.e. 

[y(ŕ,C2,C4) = 0]<*V(kєC): fk = y + kтr,v(ffc) = l 
> 

(1) 
ocє 

otє 

(2) 

K = -« + y + kя,v(f0 = 1 j л ( ŕ k = a + y + kтr,v(ífc) = l j 

(-},») = h, 1 .„í . fc, S (.„ 1 1 .^M4<í„<. 1 . , )] 

(łf)-.Ь..„1.4. I.í.л.w«.<í«.«<^.И 

A [p<řk, fk+1> = я, N(ffc, ř k + 1 , řk, fk + 1) = N(fk, ffc+1, fk+1, fk) = 4] 

a є ( - y , 0 ) = > [ ŕ k + 1 , ř k , f k + i ,ř k + 1 є < / f c , ř k + 1 > - + ( í k < ík + 1 < fk+1 < ík + i)] 

| « є ( 0 , y j => [ík, fk, ífc+1) ffcє<ffc, f fc+1> -+ (fk < fk < fk < fk + 1)] 

A [P<řk, řk + 1> = тr, N(ř k + 1 , fk, í f c + 1, ffc+1) = N(řk, fk, г k + 1, ffc) = 4] 

(3) 
«e( - y ,0J^- [fk, fk, ík, fk+1 e<ík, ík+1> -+(/k < fk < rk < rk+1)] 

a e l 0, y 1 => [fk+1, ík + 1 , ffc, í f c + 1 £ <ffc, ffc+1> —>• (ffc < fk + i < fíc + i < fk+l)J 
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л [p<tk, tk+i> = я, N( í f c, tk, tk, ą+1) = N(r k + 1 , ťk+1, ą, ą+1) = 4]1. 

J3 Л1('к) = у + (к + 1)я лЭ r\lKt'k k) = -a + y + (k + 1) ҡ ІЛ 

l [ i( лЭ|ih(íг) = « + + (k + l) 

//.(J.O 

"1 

V[/e(-oo, +oo)]AVJC3,C4eÄ- {0} A | SIП OĹ Л 

c4 
Vc2 + c 2 = cos a, ì.e. a 

Vc2 + c2 

= a r c t g ^ e ( - f , o ) u ( o , | - ) ] J 3 [ y O , C 2 , C 4 ) 

= C3 sin t cos2 / + C4 cos31 = Vc3 + C4 cos2 í cos (ř - a) є Y34 

- y(,V)(/, C3, C4) + 10y"(í, C3, C4) + 9y(/, C3, C4) = 0]; 

[y(í,C3,C4) = 0]oV(kєC) (M 
')} 

+ kтt, v(řk) = 2 ) л 

Л I tk = a + y + kтr, v(řfc) = 1 ) | Л 

a e ( - y . 0 ) = > [ í f c , / k + 1 , / k + 1 є < ř f c , ř k + 1 > - + ( ř k < ^ + 1 < ř k + 1 ) ] 

I / Л aє(0'yj^[řk,tk + i , tkЄ</ f c ,/ f c + 1 >->(/ f c </ f c </ f c + I )] 

Л [ö<tk> tk+i> = я, N(/fc, /k + 1, tk+1) = N(/fc, tk+1,ťk) = 5], 

a є ( - y , 0 J = > [ / k , / k , / k + l Є < / k , / k + l > ^ ( / k < / k < / k + 1 ) ] 

/ \ 
« є ( 0 , y J = > [ / k + 1 , / k , / k + l Є < / k , ř k + 1 > _ + ( ř k < ř k + 1 < ř k + 1 ) ] 

Л ÍQ<łk, tk + i> = я, N(/k, tk, tk+1) = N ( / k + 1 , ťk, ťk+1) = 4]} => 

-> |ЗЛi(řk) Л Э Гïi.CřO = a + y + (k + 1) я " | j . 
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III. (1.23) 

a) V[ŕє(-oo, +oo)]лV< 

Л(4C!C3 - C 2 > 0 ) л 

CteR - {0}, i = 1,2, 3 A(sgnCi = sgnC3)A 

= cos a, 2C, . C 2 

= sin a л 

2C 
i.e. a = arctg-^—e 

LV4C2 + C2 V4C2 + C 2 

-ffИ)ï 
3 y(/, C., C2, C3) = C. sin3 / + C2 sin2 / cos / + C3 sin / cos2 / = 

= ^ - - s i n Z[(4C2 + C2)cos2 (/ - a) + ( 4 C C - C2)cos2 /] e Yf23 -+ 

-> y(,V)(/, C,, C2, C3) + 10y"(í, C , C2, C3) + 9y(/, C , C2, C3) = 01 ; 

{[y(/, C., C2, C3) = 0] oV(k e C) : [zk = kw, v(ík) = 1] A 

A [/k, / k + l , Zk + 2> tk + 3 € <tk> tk + 3> ~* (tk < tk+1 < tk + 2 < tk + 3 ) ] A 

A [<?<tk, /k+3> = 3/r, N(ík, fk+1, fk+2, ík+3) = 4]l=»3[ih(ík) = (k + 3)JT]. 

b) V[fe(-oo, +oo) ]Av |c .£ l ř - { 0 } , i = 1,2, 3A(sgnC. =sgnC 3)A 

Л(4C,C3 = C 2 )л 

2C 

2C. 

LV4c2 + c 2 
siná A c, = cos a, 

i.e. a = arctg c7П-f»)ҶЧ 
V4C2 + C| 

Э[y(/,C,C2,Cз) 

= C, sin3 / + C2 sin2 / cos / + C3 sin / cos2 f = (C. + C3) sin / cos2 (/ - a) e 

eVf23 - y<IV)(/, C , C , C3) + 10y"(/, C,, C , C3) + 9y(í, C,, C2, C3) = 0]; 

|[y(f, C,, C , C3) = 0] oV(k e C) J /k = kn, v(tk) = 1) A 

A (tk = a + y + k?r,v(/k) = 2J A 

(1) a e í - y . O j v a e f o , y j -» {[/k, /k + 1 , /ke</k , /k+1> -

-»(tk < tk < tk+i)] A [p < fk, fk+1> = TI, N(/k , fk+1fk) = 4]}, 

(2) a € Í - y , 0 j v a e Í 0 , y j => {[/k+1 , fk, fk+1 s</k, /k+1> -+ 

-> (tk < tk+i < tk+i)] A [Ktk, tk + i> = tt, N(fk+1, /k, ík + 1) = 5]}j 

=>{3[-J1(tk) = (k + l)-i]A3il1(/0}, 
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c) V[/e(-oo, +00)] A V j c ř ER- {0},i = 1,2, 3 A (C2
2 - 4CiC3 > 0) A 

C 2 + V C 2 - 4 C , C 3 л л C2 
Л I — = P Л 

VC2 - 4C,C3 

2C, 2C, 

p + q Ф 0 ) Л 1 

e ( - y , 0 u 0 , 2 

LVl + p2 

71 

= sm a Л 

= q,pф0,q + 0, 

î 
Vi + -

= cos a, î.e. a = arctg — e 

V l + q 

1 • o q 

= sm ß Л Vi 
= cos/?, 

+ q 

i.e. ^ = a r c t g i e U y , 0 j u k y 

3[y(*> Cj, C2, C3) = CA sin3 l + C2 sin
2 t cos t + C3 sin t cos2 t = 

= Cj sin t(sin t + p cos ?) (sin f + q cos t) = Q V(l + p2) (1 + q2) x 

x sin t cos (t - a) cos (t - ß)E Yf23 -» y(1V)(*, C- , C2, C3) + 
+ 10y"(f, C1? C2, C3) + 9y(t, C l 9 C2, C3) = 0]; 

[ y ť л C C ^ C з ^ O j o V t k є C ) : (řk = kтr,v(rk) = l)л 

A( tk = a + y + k7r,v(řk) = 1 j AU = /? + y + k7t,v(ík') = 1 

(lx) 

(І2) 

y < a < / ? < 0 ) v ( - y < a < 0 < / ? < y J v ( 0 < a < / ? < y 

[tk,tk + i , t k , t k ' є < t k , t k + i > - * ( t k < tk < tk < tk+i)] 

< ß < a < o\v(-y < ß < 0 < a < y J v(o < ß < a < y 

-** [tk, tk+i, tk, tk'e<tk, tk+i> -> (tk < tk < tk < tk+0] 
A [<?<řk, řk+I> = %, N(rk, řk+,, řk, ř̂ ) = 4] 

- y < a < p < o\ v f - y < a < 0 < p < y J vfo < a < /? < y Y j = 

l A + 1 ? *k» ř k+l? řk E Vk? * k + l ) ~* (řk < *k < h+l < *k+lL] 

(2.) 

(22) y < / ? < a < O J v í - < , 9 < 0 < a < M o < / ? < a < 

=* Ltk + l , tk, tk+1 , tk+ 1 є <tk, tk+ 1 >""""* (tk < tk+1 < tk+X < tk + l)J 

A [e<tk, tk + i> = я, N(ŕk+1, ř', îk + ,, t'0 = N(řk+,, ík, r k +i, řk + 1) = 4] 

(30 y < a < / ? < 0 j v í - y < a < 0 < / ? < y j v ( 0 < a < / ? < y 

' L ř k + 1 Î ^ k + l з *k> ř k + l Є Vk? *k+l) ~ * (řk < ^k+l < *k+l < *k+l)j 
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(32) iï-y < ß < oc < o\ V (-ţ < ß < 0 < a < ўj VU < ß < a < | 

=> [ŕk + 1 , tk, t k , t k + 1 є < j k , tk+í) -> (tk < řk < řk + 1 < i*k + ìJJ 

A [p<t;\ C+ ,> = n, N ( / k + , , / k + , , (£, /; '+ ,) = N ( / k + 1 , /k , 4', í j + , ) = 4] 

3[ň I ( t k ) = (k + l)7t]A3 Пi(tk) = « + y + (k + l)тr 

ЛЗ ňi(tk) = /? + y + (k + l)7t 

///. (1.2.4) 

a) V [ / e ( - o o , +oo)] A V J C 1 , C 2 , C 4 6 R - {0} A(sgnC 2 + sgnC 4 )A 

A (27C?C4 + 4C 3 = 0) A fe = - 3p A -J4- = 4p 3, i.e. p = 

.VI + p z 

, c l 

p 

Vi + P 

c. 
4C-. V 4Ct 

P • 1 / fl /A /^ 7Ï 

= sin a A - - = = cosa, i.e. a = arctg — G — —-, 0 u 0. 

LVi + 4p2 
= sin ß Л 

2 

2p 

Vl + 4p2 
cos /?, 

i.e./> = a r c t g ^ є ( - | , o j Ҷ o , | 

3[y(/, C,, C 2 , C 4 ) = CŁ sin3 / + C, sin2 / cos / + C 4 cos3 / = 

= C,(sin / + p cos /)(sin ř - 2p cos tf = Ct V l + p 2 (1 + 4p2). 

cos (/ - a) cos2 (/ + ß) є Y'"24 -> y(1V)(/, C, , C 2 , C 4 ) + 

+ 10y"(/, C,, C 2 , C 4 ) + 9y(/, C,, C 2 , C 4 ) = 0 ] ; 

[ y ( / , C 1 , C 2 , C 4 ) = 0 ] o V ( k є C ) : 

A ( / k = -ß + — + kя, v(/k) = 2 

(1,) ( p > 0, i.e. 0 < / i < a < 

tk = « + y + kя, v(/k) = 1 ) л 

=*[tk>tk+l,tk + i Є<tk,tk + l>-*(tk < tk + 1 < tk+l)] 

(12) ( p < 0 , i.e. - y <a<ß<0 

=>[ tk, tk+l . tkЄ< tk. tk+l>-*( tk< tk< tk + l)] 

Л [p<tk, tk+1> = я» N(ř k, í k + , , Z k +,) = N(/ k , / k + 1 , /k) = 4] 
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(20 í p > 0, i.e. 0 < ß < a < 

^Ük, ťk, ťk+lє{ti tk + í}-+(tk < tk< ťk+ì)] 

(22) (p < 0, i.e. ~ < a < ß < 0 

^ L^k+l > tk9 tk+í є <Jk, ř k + 1 ) -> ( t k < tk+í < lk+ i)J 

Л [p<tk, tk+ ,> = я, N(ř k , řk, ř k + . ) = N ( ř k + , , řk, ř k + , ) = 5] 

i[ñ,( 1,(tk) = a + y + (k + l )я I ЛЭthfó),- • •я lAЭлtrøJ" 

b) V[íє(-oo, + O O ) ] Л V J C 1 ; C 2 , C 4 Є Ä - {0}л 

Л [(p > 0 Л -4p < q < 0 ) v ( p < 0 л 0 < q < -4p)] л (p + q ф 0) л 

(sgn C j Q + sgn q) Л [sgn (C.p - C 2 ) = sgn C 4 ] Л 

^ = p + q)л(§-=-p2q), 

p 2 (C,p - C 2 ) = C 4 Л C Ł C 4 + q(C 2 - C l ) 2 = 0 Л 

1 . . p 

VI + P2 
= sm a Л 

VI + P2 
= cos a, 

1 
î.e. a = arctg — e 

P 
f O u O . І 

LV4 + q2 
= sin/?Л 

V4 
= = cosB, i.e. B = arctg —e( - - ^ , 0 l u i 0 
+ q2 ë q V 2 •m 

y(t, C x , C 2 , C4) = C І sin 3 1 + C 2 sin2 í cos t + C4 cos3 ґ = 

C^sin t + p cos t) (sin2 l + q sin t cos l — pq cos2 /) = 
ґ~ч, , 

~~ yjì + p2 cos (t - a) [(4 + q2) cos2(t - ß) ~ q(4p + q) cos 21] є Y ш 
124 

y(,v>(í, C. , C 2 , C 4 ) + 10y"(t, C, , C 2 , C 4 ) + 9y(ř, C,, C 2 , C 4 ) -ł 
j[y(í, C,, C 2 , C 4 ) = 0] o V ( k є C) : L = a + y + kтr, v(ík) = l j Л 

A L*k> tk + i , tk + 2, tk + 3 Є < t k , tk + 3 ) ~> (tk < tk+í < tk + 2 < tk + 2,)] Л 

A [ p < ř k , tk + зy = Зтc, N ( ř k , tk + u f k + 2 , tk+3) = 4 ] i => 

i.i(ík) = « + y + (k + 3) ł 
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c) V [ í e ( - o o , +oo)] A V Í c i , C 2 , C 4 e i ? —{0} A(sgnC2 + sgn C4) A 

A[(C 1 >OA-Í C Í^Í C ^>O, C ^ A^f~< 0)V 

v ( C l < 0 A M ± 2 7 C Í Q < ( ) A Q > 0 X - | 

c; 

L c i P + Я C І p + q 

p + 2q + 0, q + 2p Ф 0 Л - = sin a Л P = 
J LVl + p2 V l + p 2 

= cos a, 

.e .a = a r c t g i є ( - | , o ) u ( o , f ) ] л [ ^ = s i „ M 7 ľ ^ = = c o s ŕ , 

q V 2 j \ 2 / J LV(p + q)2 + p2q2 ì.e. 

= sin y Л 
pq f p + q 

= cosy, i.e. y = arctgl le 
pq V(p + q) 2 + P 2q 

~ , o ) u (o, y ) l | 3 Гy(/, C_, C 2 , C 4 ) = C, sin 31 + C 
2 sin řcosí + 

+ C 4 c o s 3 г = C . í s in 3 * + p 2 + pq + q2 „ P V „„,з sin ícosř 
p + q p + q cos t = 

= Cj^sin t + p cos t) (sin t + q cos t) ( sin t 

c, 

pq 
p + q 

cos í = 

-V(l + p 2 ) ( l + q 2 ) [ ( p + q) 2 + p 2 q 2 ] c o s ( ř - a ) c o s ( ř - ß)cos(t - y)є 
p + q 

є Yï'24 -> y ( , V )(ř, C , C 2 , C 4 ) + 10y"(í, C_, C 2 , C 4 ) + 9y(/, C , C 2 , C 4 ) = 0 

| [y(ř, C , C 2 , C 4) = 0] o V ( k є C): Г(ř fc = a + + kтr, v(ík) = l ) л 

л ( í „ = /î + y + kтr,v(ík)= l ) л ( ř k = ľ + y + k л , v ( ř k ) = l ) л 

(1) 
1 ^ 1 p + q . n n 7 i . 

— < 0 < — < - - — - , í.e. - — < a < 0 < £ < y < — v 
p q pq 2 2 

, 1 1 _ p + q . 7Г 71 
V — - < - — < 0 < -л— , i.e. - — < a < / ? < 0 < y < - -

p q pq 2 2 )] 
ІA> k̂+ 1 > *k> *k Є Vk> *k + 1/ """"* Vk < *k < *k < ^k+l/J A 

A [ö<řk, řk + i> = тr, N(t k , ř k + l , Гk, ík) = 4], 
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[ ^ k + l ? ҺУ ř k + l » ř k є V k > ř k + l > "** (*k < ř k < ř k + l < ř k + l ) J Л 

л [ K t *k+i> = гт,N(řk + 1,řk, ř k + 1 ,ř k ) = 4], 

[ ř k + l > ^ k + l î řk5 ř k + l Є < ř k? ř k + l > ~* ( ř k < ^k+l < * k + l < * k + l ) J Л 

л [ e < C ř k + 1 > = я, N ( ř k + 1 , ř k + 1 , řk, ř k + 1 ) = 4 ] , 

м ч Г / l л p + q 1 я л л я \ 
(2) ( — < 0 < ~ - < — , ì.e. - — < a < 0 < y < ß < — V 
W L \ P pq q 2 2 j 

V ( — < - — — < 0 < — , ì.e. - — < a < y < 0 < / ? < — 
l p pq q ' 2 7 ^ 2 

Ltk' tk+1 > tk> tk є\tk> tk + l> ""* (tk < tk < tk < tk+l)J Л 

Л [p<tk, tk+i> = я, N(řk, ŕk + 1, ťk, ą) = 4], 

[tk+l> tk> tk+l> tk+1 є\tk> tk+l) ""* (tk < tk + 1 < tk + l < tk+l)J Л 

л[e<- í , tk+i> = я, N ( ř k + 1 , ŕk, ŕ k + 1 , í k + 1 ) = 4], 

Ltk+l > tk> tk> tk+l Є <tk> tk+l) ~* (tk < tk < tk+1 < tk+l)J Л 

Л [(?<tk'> tk+i> = я, N(řk + 1 , řk, (£, ř^+i) = 4], 

(3) 
1 л 1 p + q . ҡ ҡ , 

— < 0 < — < - - , i.e. - — < ß < 0 < a < y < — )V 
q p pq 2 2 

, i * n p + q - n n rл я 

V [ — < — < 0 < - — —, ì.e. - — < ß <a <0 <y <-~ 
q P pq 2 2 

Vk> *k+l ? ř k+l? *kЄ Vk> ř k+l> "* Vk < řk < *k+l < ř k+l)J Л 

л [p<řk, lk + 1> = тc,N(ík, ř k + 1, tk+í, Q = 4], 

[*k> řk, fk+1, ík'є</k, í k + 1 > -> (tk <tk< ťk
f < tk + 1)J л 

л [p<rk, lk+1> = ҡ, N(řk, řk, ř k + 1, Q = 4], 

[ ^ k + l î ř k + l •> ř k ' ř k + l Є Vk> *k+l> "*" Vk < ^k+l < ř k + l < *k+l)J Л 

л [p<í£, ř k + ł > = 7i, N ( ř k + 1 , ík + 1 , řk, í£+1) = 4] , 

(4) [7— < 0 < - І Ü < —, i.e. ~ < / ř < 0 < y < a < 4 l v 

\ q pq p 2 2 
1 p + q . l . т r 0 

V | _ < __Г—JL < 0 < — , ì.e. - — < ß < y < 0 < a < 
q pq p 2 -•)] 

ІA> *Jc+l » *k+l > řk+l Є <řk? řk+l> ~* (̂ k < *k+J < ^k+l < *k+l)J Л 

Л ÍP<tk, tk+1} = ҡ, N(řk, ŕk + 1, í k + 1 , ř k + 1) = 4] , 

[řk> C k̂ + u tke(tk, řk + 1> -» (/k < řk < lk < /k+i)J Л 

л [p<ík, fk' + 1> = я, N(řk, ťk, ř k + 1, í£) = 4] , 

108 



ІA> tk + 1, řk, í k + 1 є <fk, ŕk + 1> -> (řk < tk < ř k + 1 < lk+1)] Л 

A [p<řj, řk+i> = я, Җtk, tk+í,ťk, í + i ) = 4], 

<5) iï--^ < 0 < — < —, i.e. —~ < y < 0 < a < j8 < -1 I w Л pq P q 2 2 ' 

P + 1 л ! • я n 
— — < — < 0 < — , i.e. - — < y < a < 0 < # < 

pq p q 2 
ł)] 

[tk, tk+i, tk, tk+i є<tk> tk+i> -^(tk < tk < tk+i < tk+o]л 

л [P<tk, tk+i> = я , N ( ř k , ř k + 1 , ťk, / k + 1 ) = 4 ] , 

[tk+l> tk> tk + l> tk+1 є< tk> tk + l> ~^ (tk < tk+1 < tk+1 < tk+l)J Л 

Л [ p < t k > tk+l> = Я, N ( / k + 1 , ř k , tk+1, í k + 1) = 4], 

[tk> tk> tk> tk+1 є <tk> tk+l> -» (tk < tk < tk < tk+l)] Л 

л [p<tk> tk + i> = я, N(řk, ťk, ą, t'Ux) = 4], 

/ ^ \ Г / P + / Л І 1 Я n 7l\ 
(6) - — < 0 < — < —, ì.e. - — < y < 0 < ß < a < — V 
УJ V PЯ q p 2 ғ 2 

- P + q < — < 0 < — , i.e. ~<y<ß<0<a< 
pq q p 2 ' -)] 

[ tk> tk+l> tk+1 > tk+1 e <tk> tk+l> "^ (tk < tk+1 < tk + 1 < tk+l)J A 

A [ p < t k , tk+i> = n, N(fk, /k+1, tk+i> tk+i) = 4], 

[tk, tk, tk+1 , tk+1 e <tk> tk+l> ~* (tk < tk < tk+1 < tk+l)J A 

A [<?<tk, tk+i> = «, N ( / k , rk, / k + 1 , / k + 1 ) = 4 ] , 

[tk, tk, tk, tk+i e< tk, tk+i> ->• (tk < tk < tk < tk+i)] A 

A [p<tk, tk+i> = n, N ( / k , t'k, t'i, /k + 1) = 4] 

ÍЭ Цl(tk) = « + y + (k + l)яjл эL(/k) = /? + ţ + (k + 1)яj. 

лЗ Лi(tk) = ľ + y + (k + 1) "1 
III. (1.3.4) 

a) V[fe(-oo, +oo)] AV-{Ct, C3, C4eR - {0} A(sgnC1 4= sgn C3) A 

^ 3 In2 A ^ 4 

c 7 = - 3 q AcT 
л(27СtС* + 4СҘ = 0 ) Л Í - ^ = -Зq2 sЏ = -2q3, 
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i.e. q = + зc. V 2CJ LVГÏ + 4q2 
= sin X Л 

2q 

i.e. a = arctg —— 6 
2q 

Vl + 4q2 

И 4 # Ь ï + 7 ^ ř л 

= cos a„ 

VI + q 
=- = cos fi, i.e. p = arctg — 61 - y , 0 j u ( 0, y 

3[y(t, C j , C 3 , C 4) = C t s in 3 t + C 3 sin f cos 21 + C 4 cos 3 t = 

= C^sin i — 2q cos X) (sin t + q cos t)2 = 

= - Cj.(l + q 2 ) Vl + 4q2 cos (t + a) cos (t - p)e Y1/^ -> 

- . y ^ ^ d , C 3 , C 4 ) + 10y"(t,C l f C 3 , C 4 ) + 9y(f,C 1, C 3 , C 4) = 0 ] ; 

[ y t ^ C C з ^ C ^ ^ O l ^ V í k e C ) : tk= - a + y + kтг,v(řk)= 1)Л 

Л ( ťk = ß + — + kтr, v(ík) = 2 

(1) 

q > 0, i.e. 0 < a < ß < 

[ W k + i 5 ' k e < W k + 1 > - > 0 k < 'k < ^k+i)] 

q < 0, i.e. - — < P < a < 0 

* L'k> řk+ 1 > tk+1 e <tk' tk+!> ~* (tk < tk+1 < tk + 1)J 

A [ p < t k , tk+,> = n, N ( ř k , řk + 1 , ř k) = N ( / k , tk+1, í k + 1 ) = 4] 

(2) { 

q > 0, i.e. 0 < a < P < — 

* Uk+Ì > řk> ř
k + 1 Є < t k , ř k + l > ~* Vk < ' k + 1 < ř k + l ) J 

q < 0, i.e. —— < /? < a < 0 

> [tk, tk, tk + i e < t k , tk+i> -* (tk < tk < tk+i)] 

A [ P < t k , tk + 1 > = «, N ( í k + 1 , ř k , í k + 1 ) = N ( ř k , ř k , í k + 1) = 5]j 

->|-Ui('k)=-a + y + (k + 0« AUhíol 

b) V [ í e ( - o o , +oo)] A V I C , , C 3 , C4eR - {0} A (p * 0. r > 0 A 4r - p 2 > 0) A, 

A ( s g n c t = s g n p ) A p r r - p 2 ) A f e = p 
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i.e. p(C3 + C,p2) = C 4AC 1 r 2 ( rC 1 - C3) = C2J A [sgn (rC, - C 3 ) = sgnC,]A 

T 1 P • 1 ( " rt\ (n n \ l 
A , = sin a A t = cos a, i.e. a = arctg — e ——, 0 u 0, —- A 

L V l + p 2 V l + p 2 P V 2 ' ) \ '2)\ 

LV4 + p2 

u 0 

sin/? A — _ = cos/?, i.e. />' = arctg — e( — —-, 0 1 u 
V4 + p2 P V 2 / 

y(/, C , , C 3 , C4) = C, sin3 / + C3 sin / cos2 / + C4 cos3 / = 

C, 
= C,(sin / + pcos/)(sin2 / — psin / cos / + rcos 2 /) =—— VI + p2 cos (/ — a)x 

x [(4 + p2)cos2 (/ + ß) + (4r - p2)cos2 /] є Y™4 -» y , , V )(t, C,, C 3 , C 4) + 

+ 10y"(ř, C,, C 3 , C 4) + 9y(/, C,, C 3 , C 4 ) = 0 ] ; 

[y(/, C,, C 3 , C 4 ) = 0] «>V(k e C) : ík = a + — + k«, v(/k) = 1 

A [ t k , tk+1 > tk + 2, 'k + 3 £ <tk, tk+3> ~* (tk < tk+1 < tk + 2 < tk + 3)] A 

A [p</k, tk+1> = 3;r, N(/k , / k + 1 , /k + 2 , / k + 3 ) = 4 ] i => 

=*3 ~,(řk) = a + y + (k + 3)7i 

c) V [ / e ( - o o , +00)] A v i c , , C , , C 4 e / ř - {0} A (sgn Q + sgn C 3 ) A 

C, > 0 Л 2 
Г* \Д/2 /-i í C \3/2 

c 
+ З V З ^ > 0 л - 2 

c, 
ł З j З ^ - < 0 v 

' ( c , < 0 л 2 ( - т f J + 3 ^ T 7 < 0 Л - Ч ^ J +3V3-ëf>° 
C c 
çг- = pq - (p + q) 2 Л -gl = - p q ( p + q), p + 0, q + 0, p + q + 0, 

p + 2q + 0, q + 2p + 0 
1 

-:=zz=^ = sin a Л 
L V i + p 2 V I + P 2 

= cos a, 

i.e. a = arctg — e I — — , 0 ) u ( 0, -̂ -*#Ьг7 = sin ß л 

í 
i.e. \] = arctg — G( — — И 4 # Ы 

V l + q 2 
= cos/?, 

(p + q) 
r = sin y Л 

p + q 
= cos y, i.e. y = arctg ( — 

1 
I e I - — , 0 u 

p + q / \ 2 Vl + ( p + q) 2 

( 0, y ) > Э[y(ř, C Í , C 3 , C 4) = C, sin 3 1 + C 3 sin t cos 21 + C 4 cos 3 1 

111 



= Qfsin 3 t + [pq - (p + q) 2] sin ř cos 21 - pq(p + q)cos3 /} = 
= C^sin t + p cos t) (sin t + q cos i) [sin t — (p + q) cos i] = 

= C, ^ ( T T p 2 ) (1 + q2) [1 + (p + q)2] cos (t - a) cos (/ - ß) cos (t-y)e \f34 

-> y ( , vV, C ., C 3 , C 4 ) + 10y"(i, C,, C 3 , C 4 ) + 9y(t, C,, C 3 , C 4 ) = 0 ] ; 

jCy^C^Cз.CO^OЗ^VtkєCj: tk = « + y + kя, v(řk) = 1 ) Л 

Л ( tk = ß + y + kтr, v(ŕk) = 1 J Л (řk' = y + | - + kłi, v(ŕ' -)]• 
(1) 

1 ^ 1 1 . Tí л 7Г , 
— < 0 < — < , ì.e. — —- < a < 0 < Æ < y < — IV 
p q p + q 2 
1 1 

M — < — < 0 < • 
P q P + q 

^ • n n n 

, i.e. - — < a < / ) < 0 < y < — 

h ? ř k + 1 , řk, ř k e < t k , t k + 1 > ~> (í k < řk < <k < í k + 1 ) ] A 

A [ p < í k , í k + i > = n, N ( ř k > ř k + i , ř k , ř k ) = 4], 

[ í k +i- řk, ř k + i , ř í e < ř k , *£+!> -+ (ř£ < -í < ' k + i < ř k + i ) ] A 
A[p<řk, tk + 1> = 7c,N(řk+n C ř k + i, -í) = 4], 

[řk+i> řk+l> ř
k\ ř k + 1 6<*k\ řk+l> -* (řk < řk+i < tk+l < *k+i)] A 

A[p<ř k\ř k + i> = n, N(ř K +i' ř k+i. ř k\ ř k + i) = 4 ] . 

(2) ( — < 0 < - - ^ — , 1.e. — ~ < a < 0 < 7 < / ? < - ^ - | 
LV P p + q q 2 

, 1 1 1 . 71 
v { — < ____ < o < — » Le. — —- < a < y < 0 < # < 

p p + q q 2 í)l 

(3) 

[ W k + i , C ' £ є < r k , f k + i > - > ( ř k < řk < >k < řk+i)] л 

л [ g < í k , ŕ k + i> = я, N(lк' ^ + ľ ř ^ Q = 4]> 

[ ^ + i . *k, ík+ь řk + 1 є<á» řk+i> -+(ř k < -k + i < * k+i < tk+i)] A 

A [£<*£> ŕk+i> = тr, N( lк + 1 ' ^ ' řk+i' řk+i) = 4]> 

[řk + i. řk, & í k + 1 є<řř , tf+i> "* ('£ < ř£ < řk+i < tf+i)] A 
л[p<řk\ ří+i> = тc, N(řк + i ' ř k . ř k \ ř k + i) = 4]> 

1 1 1 ^ o л я \ 
- < 0 < - - < - — . ьe. - — < ß < 0 < a < y < — v 
q p < n + Я 2 2 , 1 1 1 . я 

V — <ś ^- < o < ^ > L e - - т 
q p p + ч 2 

< ß < a < 0 < y < — ï)l 
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(4) 

[řk» tk+ 1 » *k + l> ř k є <řk> ř k+l> ~* Vk < řk < *k + l < ^k+l)] Л 

л [p<fk» ík + i> = я, N(ř k , fk + 1 , řk +i» fk) = 4], 

LЛ, fk', fk+i, fk

є<^k> řk + i> - > t ó < řk < C < řk+j)] л 

л [p<fk> fk+i> = я, iV(řk, ŕk, fk + i, fk) = 4], 

[ ř
k +i? fk + i > k̂> *k + i є <fk> fk+i> ~* (fk < fk+i < fk+i < fk+i)J л 

л[e<fk> C+i> = я , N ( ŕ k + 1 , fk + i , f k , f k + i ) = 4], 

1 1 - • 
< 0 < < — , ì.e. 

p + q p 

y < j 8 < 0 < y < a < y l v 

•(i V | — < 

Я 

1 г. 1 Я n л ^ 
, < 0 < - - , i . e . - — <ß<y<0<oc<-~ 

p 4- q p 2 2 

Uk»
 ř

k + i > ŕk + i» fk + i є <fk, fk + i> -> (řk < f k + i < fk + i < fk + i)J Л 

Л[0<f k ,ř k + i> = тг, N(fk, f k + i , f k + i , ř k + i ) = 4], 

[\» řk» fk+i» C є <fk> fk+i> -> (fk < í£ < fk < ř k + i ) ] л 

Л [p<fk, fk + i> = я, N(fk, fk, fk+í, řk) = 4], 

[ř
k> fk+i> ř

k>
 řk + i Є < C fk+i> ~>(fk < fk < řk + i < řk+i)J л 

л [p<fk, fk+i> = я, N(fk, ř k + i , řk, f k + 1 ) = 4], 

(5) ( < 0 < — < — , i.e. --^- < y < 0 < a < j 8 < - ^ - | V 
W V P + q P 2 y 2J 

V - * - rл 1 Л rч n П 

. < — < 0 < — , ì.e. — —- < y < a < 0 < / ? < — -
p + q p q 2 к 2 

[ŕk> fk + i , ťk, fk+1 є < f k , t k + 1 > -+ ( í k < fk < fk + 1 < f k + i ) ] Л 

Л[{?<fk, f k +i> = тг>N(fk, řk + 1,fk, f k + i ) = 4 ] , 

Uk+Í > ř
k> f k +l > ^ k + l Є <^k>

 řlc+ 1> "* Vk < f k +l < ^ k + l < ř
k + l ) J Л 

Л[p<fk, řk+i> = я , N ( ř k + 1 , fk, fk+1, fk+i) = 4], 

[\, fk> C fk + i є<C>?fk + i> ~>(fk <tk<ťk< f k + 1)J л 

Л [p<fk, fk+i> = я, N(fk, fk, fk\ f^+1) = 4], 

(6) 
I ^ 1 1 . Ҡ . 0 7Г , 

< 0 < — < — , ì.e. - — < y < 0 < j 8 < a < — V 
p + q q p 2 f 2 

1 1 1 . ҡ ҡ 
< — < 0 < — , ì.e. — — < y < / ? < 0 < a < — 

p + q q p 2 2 

[*k» *k+l > ^k+l ' ^k+ 1 є Vk » ^k+ 1> ""* Vk < fk+ 1 < fk+ 1 < ^k+l)J Л 

Л[í?<fk> *k+i> = тr>N(fk, fk + i,fk + l» f k + i ) = 4 ] , 
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[ik> tk> tk+l> tk+1 Є <tk> tk + l > ~~* (tk < tk < tk+1 < tk+l)J Л 

Л [Є< ik> tk+l> = tt> N ( / k , tk, /k + 1 , Ѓk + 1) = 4], 

[ŕk>tk> tk> tk+i є<tk> tk+i> ~*0k < tk < tk < tk+i)] л 

л [ß<tk> tk + i> = я, N(ř k, ťk, tl, ŕ k + 1 ) = 4]} => 

3 

ЛЭ 

'l,(Л) = « + y + (k + l ) я 

П,(tk) = ľ + y + ( k + l ) я 

ЛЗ Лi(tk) = ß + y + (k + l ) я | л I 71 . 

///. (2. 3. 4) 

a) V [ / e ( - o o , 2 , C 3 , C 4 e R - {0} A (sgn C 2 = 

2C 2 C, 
л (4C 2 C 4 - C 3 > 0) л = s i n a Л — 

V'4C2 + C 2 V4C2 + C2 

= cos a, Le. a = arctg - — - e l ——-, 0 I u I 0, 

y(ř, C 2 , C 3 , C 4 ) = C 2 sin 21 cos / + C 3 sin ř cos 2 1 + C 4 cos3 / = 

1 
4C 2 ; 

Дiv) 

cos /[(4C2 + C 2 ) cos2(/ - a) + (4C 2 C 4 - C2,) cos2 /] є Y'2"34 

y^(t, C 2 , C 3 , C 4) + 10y"(t, C 2 , C 3 , C 4 ) + 9y(/, C 2 , C 3 , C 4) = 0 

[ У ( ř , C 2 , C 3 , C 4 ) = 0 ] o V ( k є C ) : tk = y + kя, v(/k) = 1 

Л Ltk> tk+1 > tk + 2> tk + 3 Є <tk> tk + 3> ~* (tk < řk + 1 < tk + 2 < k + з)J Л 

A[p<tk, / k + 3 > = 3rr, N(/ k , / k + , , /k + 2 , /k + 3 ) = 4'tt=> 3 

b) V [ / e ( - c o , +00)] A V j C 2 , C 3 , C 4 e R - {0} A (sgn C 2 = sgn C, 

П,(tk) = y + ( k + 3 ) я 

Л (4C 2 C 4 = C 2 ) Л 
2 C , 

LV4CÍ + c 2 
= sin a Л = cos a, 

V4C2 + C2 

3 [ y ( / , C 2 , C 3 , C 4 ) = 
^ 3 \ *- J \ ** J A) 

== C 2 s i n 2 1 cos t + C 3 sin t c o s 2 í + C 4 c o s 3 1 = ( C 2 + C 4 ) cos í cos 2 (t — a) e 

6 V!
2
rí

34 - y ( , V )(í , C 2 , C 3 , C 4 ) + 10y"(-, C 2 , C 3 , C 4 ) + 9y(t, C 2 , C 3 , C 4 ) = 0 ] ; . 

2C 2 / 7i \ / . n 
i.e. a = a r c t g - 7 e f - y , 0 j ^ ( 0 , -

1 J ; 



| [y(ř , C, , C 3 , C 4 ) = 0] o V ( k e C ) : \(tk = y + kTr, v(/k) = 1 j A 
/ \ 1 

Л ( í k = * + y + kтr, v(/0 = 2 

(1 o[-(-y,o); { [ t k , t k + l , t k + l є < t k , t f c + i > - ^ ( t k < tk+l < tk+l)]Л 

л [ŕ?<tk, tk+i> = я , N ( / k , / k + 1 , /k + 1 ) = 4]}, 

(12) L є í o , y ) =>{[/k,/k+1,/kє</k,/k+1> -+(/k < /k < /k+1)Jл 

(20 

л [p</k, tk+1> = я, N(/k, /k + 1, O = 4]}, 

[«(-f.o)].fc4,;„e«,(.1>.(«.l«.,)]л 
л [ p < / k , tk+1> = я , N ( / k , /k, /k + 1 ) = 5]}, 

(20 °-т • {[ tk+i, tk, tk+i e </;, / k + 1 > -> (/k < / k + i < tk+1)] A 

A[p</k,/k+1> = 7r,N(/k+1,/k,/k + 0 = 5]}i=> 

=> {3 k( tk) = y + (k + 1) TT I A ^.(/O} , 

c) V[/e(-oo, +00)] A v | c 2 , C 3 , C 4 e Ä - {0} A (C 3 - 4C2C4 > 0) A 

C3 + y C2 - 4C2C4 

2 C 

q + 0 , p + q + o ) л 

C3 - Vc^ - 4C2C4 = p Л —-i ф; í—=- = q, p + 0, 

.VI + p 

2C9 

= sm a л — 
2 / 

== cos a, 

1 g i є l 4 0 ) u ( ° ' ł 
v i + p 2 

1 

Vl +q 
71 ' 

= SІTl/JЛ 
Vi + q2 

= cos/], i.e. /? = arctg — e( - y , Q J u f 0, -

3[y(t, C 2 , C 3 , C 4) = C 2 sin 2 1 cos t + C 3 sin t cos 2 1 + C 4 cos 3 ř = 

= C 2 cos t (sin t + p cos t) (sin t 4- q cos t) = C 2 V(l + p 2 ) (1 + q 2) x 

x cos ř cos (í - a) cos (t - /?) e Yf34. -+ y ( l V )(t, C 2 , C 3 , C 4 ) + 

+ 10y"(í, C 2 , C 3 , Q ) + 9y(t, C 2 ? C 3 , C 4 ) = 0 ] ; 

tk = y + kтr,v(7k)=. 1 J,л [ y ( / , C 2 , C 3 , C 4 ) = 0 ] < * V ( k є C ) : 

л í ťk = a + y + kя, v(/Q = л í / k = j8 + y + kjc, v(ř0) = л. 
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A - - • A P Ҡ \ 

0 < — < — , ì.e. 0 < o e < / ? < — => 

L p q 2J 
Ltfc' tfc+l> tk> tkЄ <tk, tk+l) ~* (tk < tk < tk < tk+l). 
Л[p< t k , tfc+i> = я, N(i\, ŕ k + 1 , ŕk, ík) = 4], 

Ltfc+1 ' tk, tk+l) tkЄ<tk' tk + l> ~~* (tk < tk < lk + 1 < tk+l)J t* 

л [P<tk, tk+i> = n, Җtk+1,ťk, ťk+1,Q = 4] , 

Ltk + 1 ' tk+1, tk' tk + 1 є < t k , tk+l> "* (tk < tk+1 < tk+1 < tk-

л [p<íí, ík+1> = я. N ( í k + 1 , ťk+1, tk, ŕ k + 1 ) = 4], 

Г 1 - A • П P A 1 

— < — < 0. ì.e. —— < ß < a < 0 => 



(5) 
1 л * • % n Г. 

— < 0 < — , i.e. — — < l? < 0 < a < 
q p 2 îl-

(6) 

[ŕk>
 ř

k + 1 , C řk + i є<řk> řk + i> -* Ok < tL < *k + i < k̂ + i)] л 

A [p<ŕk, ŕk + 1> = тi, N(t k , ř k + 1 , í k , lk+i) = 4], 

[*k + i> *k> řk + i 5 *k+i є< řk> řk+i> ~* (*k < řk+i < řk + i < řk+i)] л 

л [ P < C fk + i> = я, N(ř k + 1 , řk, ř k + l í ř j + 1 ) = 4], 

[*k> *k> C řk + i є <*k> řk+i> -> (*£ < řk < řk < řk + i)] л 

л [p<řk, í k+i> = -, N( t k 5 řk, řj, ř£+ 1) = 4] , 

[0 < — < — , i.e. 0 < Æ < a < — - U > 

[tk, tk+1 , tk, tk є <tk, tk + l> "* \.tk < tk < tk < tk+l)] Л 

Л [P<tk, tk + l> = Я, N(/k, tk+1,tk, tl) = 4], 

[tk+1, tk> tk+l> tk+1 є < tk, tk+l> ~> (tk < tk+1 < tk+1 < tk+l)] Л 

Л [p<tk, tk+l> = Я, N(/k + 1 , tk, ťk+1, / k + 1 ) = 4], 

[tk+1, tk, tk> tk+1 є<tk> tk+l> -* (tk < tk < tk+1 < tk+l)] Л 

л [S<tk, tk + i> = я, N ( / k + 1 , /k, /k, / k + 1 ) = 4] 

{̂  Чi(tk) = y + (k + l ) я ЛЭ 

л З Л,(tk) = /j + y + (k + l ) я 

7V. Џ. 2. 3. 4) 

lllítk) = 0£ + y + (k + 1) - л 

a) [/є(-oo, +oo)] лVJCiЄR - {0},i = 1, . . . ,4л(sgnC t = sgn C3) Л 

Л (sgn C2 = sgn C4) Л (C2C3 = 9CXC4) Л (ЗCiCз - C2

2 = 0) л 

л (2C3 - 9C,C2C3 + 27C2C4 = 0) Л Щ- = p, Љ- = p 2, ^ 4 - = p 3 j 

LVl+p2 
sin a Л — = cosa, i.e. a = arctg — e 

.i-foWЦ 
Vi + p 2 " P 

3[y(/, C C 2 , C 3 , C4) = £ Qsin4" ' tcos'"1 / = 

= C 1 £ ( . ) sin3 _ ' í (p cosi)' = C1(sin/ + pcos/)3 = C1(l + p2)3/2 cos3 ( / - a) < 

є Y.234 - ЃlV, C, , ..., C 4 ) + 10y"(/, C „ ..., C 4 ) + 9y(t, C „ ..., C 4 ) = 0 ] ; 

117 



[y(ř,C 1 , . . .,C 4 ) = 0 ] o V ( k є C ) : tk = « + y + kн, v(řk) = 3 

л [tk, tk+i є<tk, tk+i> -» (tk < tk+i)] л [e<tk, tk + i> = я, N(řk, ř k + 1 ) = 6] 

=* эЛi(tk), 

b)V[řє(-oo, + o o ) ] л v j C ; Є R - {0},i = 1, . . . ^ ^ { [ З C i C з - C j = 0 л 

Л 2CІ + ÇQťЗC.Q - C2C3) + 0] V (C2

2 - З d C з < 0) V [C2

2 - ЗQC3 > 0 л 

л Cj > 0 л 2[C2

3 + (C2

2 - ЗC^Cз)372] + 9CЛЗQQ - C2C3) < 0] v 

V [C 2 - ЗC^Cз > 0 Л C, > 0 Л 2[C2

3 - (C2

2 - ЗCiCз)372] + 

+ ÇC.ÍЗC.Q - C2C3) > 0] V [Cf - ЗC tC 3 > 0 C, < 0 л 

Л2[C3 + (Cf - ЗdC 3 ) 3 / 2 ] + Ә d ť З Q Q - C2C3) > 0] V 

v [C2

2 - ЗC.C3 > 0 л Cå < 0 л 2[C| - [C2 - ЗQC,)372] + 

+ 9 C 1 ( З C 1 C 4 - C 2 C 3 ) < 0 ] U ' 
c p + q л — = p q + r л 

C4 C4 —- = pr л sgn -^- = sgn p, p ф 0, p + q + 0, pq + r ф 0, r > 0 л 
*-l *-! 

Л q - 4r < 0 Л 

LVl+p2 
sin a A 

Vi + P 2 
cos a, 

i.e. a = a r c t g l e ( - | . , o j u ( o , T 

i.e. j? = a r c t g - | e í - y , O j u ( o , | 
4 

2 - o Q 
===== = Sin /? A -

\U + q • V4 + q 2 = COS ß, 

y(f,C 1,. . .,C 4) = 

= S Q sin 4 - 1 *cos'~' t = Cj,(sin t + pcos f)(sin2 t + qsin f cos t + rcos2 /) = 

- -y/í + p2cos(ř - oc)[(4 + q 2)cos 2(í - ß) + (4r - q2)cos2 í] є YIV 

234 ' 

y(IV)(<, C l f ..., C4) + 10y"(>, C. C4) + 9y(ř, C., ..., C4) = 0 

3 ч[y(ř, C 1 ( ..., C4) = 0]*>V(kєC): L = a + y + kтt, v(ík) = 1 

Л [tk, tk + l , tk + 2, tk + 3 Є < t k , tk + 3> - + (tk < tk + 1 < tk + 2 < tk + з)j Л 

Л [p<tk, tk + з> = Зтr, N(řk, Гk + 1 , řk + 2 , ŕk + 3) = 4]1 

ЃІi(tk) = =f + y + (k + 3)тt 
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:) V [ / e ( - o o , +00)] AV{Ci6/ř - {0}, i = 1, . . . , 4 A ( C 2 - 3QC3 > 0) A 
A {[C, > 0 A 2[C 2 + (C2

2 - S C ^ ) 3 ' 2 ] + 9Ci(3C x C 4 - C 2 C 3 ) > 0 A 
A 2[C 2 - ( C 2 - 3CiC 3 ) 3 / 2 ] + 9Ci(3C,C 4 - C 2 C 3 ) = 0 A (p < q)] v 

V [Ci > 0 A 2[C 2 + (C 2 - 3C!C 3 ) 3 / 2 ] + 9Ci(3C!C 4 - C 2 C 3 ) = 0 A 
A 2[C 2 - (C 2 - 3CiC 3 ) 3 / 2 ] + 9Ci(3C,C 4 - C 2 C 3 ) < 0 A (p > q)] V 

V [Ci < 0 A 2[C 2 + (C2
2 - 3C!C 3 ) 3 / 2 ] + 9Ci(3CiC 4 - C 2 C 3 ) < 0 A 

A 2[C 2 - (C 2 - 3CiC 3 ) 3 / 2 ] + 9Ci(3C!C 4 - C 2 C 3 ) = 0 A (p < q)] v 

V [ C t < 0 A 2[C 2 + (C 2 - 3C!C 3 ) 3 / 2 ] + 9Ci(3C t C 4 - C 2 C 3 ) = 0 A 
A 2[C 2 - (C 2 - 3CiC 3 ) 3 / 2 ] + 9Ci(3CiC 4 - C 2 C 3 ) > 0 A (p > q)]} A 

Tc c c c 
A - 2 - = p + 2 q A ? + = q(2p + q) A —*- = pq 2 A sgn —i. = sgn p, p + 0, 

[__, k-i k-i k-j 

q + 0, p + q, p + 2q + 0, q + 2p +- 0 Г_j__ 
LVI + P ! 

= sin a Л 

•= cosa, i.e. a = arctg — e 
P -ШKЉ 

V1 + P 2 

= sin ß Л 

A —____== = cos /?, i.e. ft = arctg — e ( — \ , 0 ) u (0 , -̂ -
V ' L + q 2 q V 2 / V 2 

4 

3[y(f, C , ..., C 4) = Ya CiSin 4 _ i f cos 1 " 1 f = C_(sin f + pcos f )x 

i = 1 

x(sinf + qcost)2 = C{\/\ + p 2 ( l + q 2 )cos(f - a)cos 2(f - j5)eY\' 

~» y(,V)(f, C , .... C 4) + 10y"(f, C_, ..., C 4 ) + 9y(f, C 1 ? ..., C 4) == 0 ] ; 

IV 
2 3 4 

í[y(f,C,,...,C4) = 0 ] o V ( k є C ) : | i ï 

fk = /î + y + kя,v(fk) = 2 

řk = a + y + kтт, v(fk) = 1 ) Л 

(1) C T <-__-• i e - - y < a < / j < y ) = > [ t k , t k + 1 , t k e < t k , tk+.>-> 

- * ( ' k < t k < tk+i)A,<fk,fk+i> = JT, N ( f k , f k + I , f k ) = 4 ] A 

A [ f k + i , f„, tk+i 6 < t k , tk+i> -*(tk < tk + i < tk+i) Ap<fk, f k + i > = tt> 

N(fk + , , f k , f k + , ) = 5], 

y„\ / ' 1 • ^ t \ < / v 

(2) I — < — , i.e. - y < | 3 < a < y l = > [ f k , f k + 1 , f k + 1 e < / k , f k + 1 > - + 

-*(tk < tk + i < ' k + i ) A p < f k , f k + 1 > = n, N ( f k , f _ + 1 , f _ + 1) = 4] A 

A [ t k , fk, f k + ) e<f k , f k + , > -*(f k < tk < tk + i) A . < t k , tk+i> = 7t, 

*ii( _) = a + y + (k + l ) 7 t A _ij.(t_) N ( f k , ' k , f k + 1 ) = 5] 
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d) V [ ř e ( - o o , + oo)]AVJC,e.ff-{0},i = 1, . . . , 4 A ( C 2 - 3C,C 3 > 0) A 

A {[C, > 0 A 2 [ C | + (C 2 - 3 d C 3 ) 3 / 2 + 9 C J ( 3 C J C 4 - C 2 C 3 ) > 0 A 

A 2[C2
3 - (C 2 - S Q C , ) ^ ] + 9C 1 (3C 1 C 4 - C 2 C 3 ) < 0] v 

v [C, < 0 A 2 [ C | + (C 2 - 3C 1 C 3 ) 3 / 2 ] + 9C,(3C 1 C 4 - C 2 C 3 ) < 0 A 

A2[C 3 - (C2
2 - S Q C , ) 3 ^ ] + 9C 1 (3C 1 C 4 - C 2 C 3 ) > 0]} A 

(c c c 

_ 1 = p + q + r A -^ = pq + pr + qr A — - = pqr, p += 0, 
q 4. 0, r 4= 0, p + q + r + p, p + q + r =# 0, pq + pr + qr + 0 ) A 

1 . P 

Vi + P2 
= sin oc Л 

41 + 
= cos a, 

i.e. a = arctg — G 
P 

,0 u m 
4i 

= sin ß Л 
+ z 41 

= cos , 
+ q' 

i . , / , - a Г M 8 l S ( - | - , o ) u ( o , | 

1 

41 + 
= sin y Л 

Vi + 
cos y, 

«И-т-°)ü(*т)l} i.e. y = arct 

3[y(t, C x , ..., C 4 ) = S Ci s i n 4 " 1 1 c o s i _ 1 t = 
i = l 

= C- (sin t + p cos t) (sin t + q cos t) (sin t + r cos t) = 

= C І V(l + P 2 ) ( 1 + 2 ) ( l + r 2 ) c o s ( t - a)cos(t - ß)cos(t -y)єY 

->y ( I V ) ( t ,C 1 , ..., C 4 ) + Ю y ^ Q , ..., C 4 ) + 9y(t,C 1 ? ..., C 4 ) = 0 ] ; 

iv 
1234 

[ y ( I , C 1 , . . . , C 4 ) = 0 ] ^ V ( k є C ) 

л ( ťk = ß + — + kя, v(гk) = 1) л 

л (tk = ľ + y + k7î> v(tk) = 1 

tk = « + y + k ^ , v(řk) = 1 ) л 

(1) 
1 1 1 . я 

— < — < — , ì.e. —— < a < « < v < - ~ -
p q r 2 i r ů 

[ t k , t k + i > t k . t k e < t k » t k + j > - > ( t k < tk < tk < tk+i)] A 
A [p<tk, tk + i> = n, N(/ k , r k + 1 , rk, Q = 4 ] , 

120 



[ tk+1 > tk, tk+1 > tkЄ<tk> tk+!> ~* (tk < tk < tk + 1 < tk 

л [p<íí, tk+1> = я, N(f k + 1 , f_, fk + 1 , í_) = 4 ] , 

Ltk+ 1 > tk+1 > tk> tk + 1 Є <tk> tk+1> — * (tk < tk+1 < tk+1 < tk+1 

л [p<fk, f k + 1> = я, N ( ř k + 1 , /_+,, f_, ._ + 1 ) = 4 ] , 

_ Г l 1 1 n . я~ | 
) — < — < - > i-e. - — < a < ľ < / ? < — => 

k + i ) ] Л 

,)]л 

4], 

i _ * _ j 

-» [tk> tk+i> tk> tk'є<tk, tk+i> -> (tk < tk < tk < tk+i)] л 

Л [p<tk, tk+i> = я, N(ř k, fk + 1 , <_, í_) = 4 ] , 

Ltk+l , tk, tk+1 , tk + 1 Є <tk, tk+l> ~* (tk < tk+1 < tk+1 < tk+1 

л [p<tk, tk + 1> = я, N(f k + 1, ťk, ř k + 1 , ř_+ 1) = 4 ] , 

[tk+l, tíc, tk, tk+1 Є<tk, tíc'+l> -*(ťk' < tk < tk+1 < tk+l)] Л 

л [p<t k, tk+1> - я, N ( ř k + 1 , fk, í_, í_+ 1) = 4 ] , 

,,, Г1 1 1 . я „ я 

(3) 7" ~ ~ ' ь e ' - " т ^ / 5 ^ " ^ ) ' ^ ^ "*• 

1 1 1 . n _ ~ 
i — < — < — , i.e. - - ^ - < т < a < ö < — => 

r p q 2 2 _ 

[tk, tk + i , tk, tk+i є<tk> tk+i> -*(tk < tk < tk + i < tk + i)] л 

л [p<tk, tk+i> = я, N( í k , fk+1, ťk, f k + 1 ) = 4], 
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(6) 

Uk+1 > řk> řk+l> ř k+l Є <*k ř
k + l > ~* Vk < Һ + 1 < 'k+1 < ŕk+ l) j A 

л[e<*k\ík+i> = я , N ( í k + 1 , ŕ k , í k + 1 , t k ' + 1 ) = 4], 

[řk> C C řk+i є<*k> řk+i> -* Ҝ < řJt < ří < řk+i)] л 

A [p<C ík+i> = я, N( t k , ťk9 ťk\ ťk + 1) = 4], 

1 1 1 . Ҡ _ 71 
— < — < — , î.e. — — < y < Æ < a < — -
r q p 2 r ' 2 

L řk' *k+l> *k+l> ^k+l Є Vk> *k+l> ""* ( ř k < *k+l < ^k+ 1 < *k + l)J A 

A [p<í k, řk + 1> = тr, N( t k , í k + 1 , ťk+l9 tí+1) = 4], 

Uk> řkí ř k + l 5 *k+l Є Vk> ř k + l > """* (*k < řk < Һ+i < *k+l)] A 

A [ p < ŕ k , ŕ k + i> = ^, N ( t k , t k , í k + 1 , ťk + 1) = 4], 

Þk. '-> í , řfc+i Є < C -í+i> -» ( í < *£ < tk < -í+i)] A 

[p<*í. <k+i> = я, N( t k , ík, ťk9 ík'+ 1) = 4] 

| - U i ( t k ) = « + y + (k + l )n A3 -|,(lí)-=/! + -|- + (k + 1)JI A 

A3Mi1(t.;)--y + y + (k + l)«j 

Shrnutí 

K O N J U G O V A N É BODY Ř E Š E N Í ITEROVANÉ L I N E Á R N Í 
D I F E R E N C I Á L N Í R O V N I C E 4. ŘÁDU 

Vladimír Vlček 

V článku je vyšetřována existence a hledán tvar konjugovaných bodu příslušejících k nulovým 
bodům každého (netriviálního) oscilatorického řešení rovnice (1) ze všech patnácti podprostoru 
prostoru jejích řešení. 

PesioMe 

COnPiDÍCEHHLIE T O H K H PE1IIEHMÍ1 M T E P M P O B A H H O T O 
J I H H E Í Í H O r O A H O c D E P E H U H A J I b H O F O y P A B H E H M f l 4-ro HOP^ jTKA 

BjiaflHMHp BJIMCK 

B paóoTe pauiaeTCH Bonpoc o cymecTBOBaHMH (M (j)opMC) conpflJKCiiHbix TOHCK npHHazíJieacauiHx 
HyneBtiM TOHKaM K a ^ o r o (HeTpMBHajibHoro) KOJie6jHoui,crocH PCUICHWH ypaBHciiHfl (1) MI BCCX 
níiTHaAHaTH nozinpocTpaHcrB npocTpaHCTBa ero peiuenHÍí. 
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