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ON THE EXISTENCE OF C O N D I T I O N A L 
DENSITY F U N C T I O N S 

PAVLA KUNDEROVÁ 

{Received March 31, 1977) 

1. Introduction 

The conditional probability is generally defined thus: Let (X, s/9 P) be a probability 
space, (Y, 0$) a measurable space and T : X -> Y an arbitrary measurable mapping. 
Let us put 

vA(B) =P(AnT~1(B)), Aestf,Be@. 

Then vA and PT"1 are measures on £% where vA is absolutely continuous with respect 
to PT~l (denoted by v̂  <̂  PT'1). According to the Radon-Nikodym theorem there 
exists an integrable function P(A/y) on Y such that 

vA(B) = P(A n T-\B)) = J P(A/y) dPT^O!) (1) 
B 

holds for all sets B e 31. The function P(Ajy) is uniquely determined by (1) almost 
everywhere with respect to PT"1. 

The function P(A/y) is called the conditional probability of the event A under the 
condition of T(x) = y [or the conditional probability of the event A with a given value 
T(x)]. Cf. [3], page 203. 

Let En be an n-dimensional Euclidean space and 3&n a <r-algebra of the Borel 
subsets of En. In case of X = En, <$? = @n, Y = El9 & = &l9 T:En-± E1 being 
a measurable function and the probability P having the density function f(x) with 
respect to the Lebesgue measure (if the density function with respect to the Lebesgue 
measure is involved in the sequel, we will not write it), the function P(Ajy) is uniquely 
determined almost everywhere with respect to PT"1 for the so-called "coordinate-
functions" T(x) = T(xj, ..., x„) = xf, (i = 1, 2, . . . , n) by the relation 

P(Aly)=jh(xly)dx, Ae®n (2) 
A 
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where 
fix) 
il-4, i f x e T 1 a n d sOO > 0 as well 

h( i \ -./ &y) 
W J " \ 0, if x * T"'(y) or g()0 = 0 

is the so-called conditional density function and g(y) the density function of the pro
bability distribution of F(x). See [2], page 71. 

Below we will deduce sufficient conditions for the existence of conditional density 
functions under some weakened assumptions laid on the function T(x). To the proof 
we will use results from the theory of integrals with respect to the Hausdorff measure 

2. The basic concepts and theorems 

Definition 1. Let X be a separable metric space with a metric Q,p a natural number 
and a(p) a volume (p-dimensional Lebesgue measure) of the p-dimensional sphere 
with diameter one. Under the p-dimensional Hausdorff (outer) measure of the set 
£ c l w e understand 

00 00 

HP(E) = sup {a(p) inf [ £ (diam Et)
p : E c (J Ei9 diam Et < s, i = 1, 2, ...]} 

e > 0 i = l i '=l 

with diam E = sup Q(X, y)> a nd the infimum being taken over all the coverings of the. 
x,yeE 

set E having the properties mentioned. (Cf. [3], page 58). 

It holds 
1. Every Borel set in X is Hp-measured (see [3], page 58). 
2. Hn defined in En is identical with the Lebesgue measure in En (see [4], theorem 

1.17). 
3. If Hn is defined in En and k < n (k, n natural), then H\Ek) = 0 (see [4], 

theorem 1A8). 
The definition of the Hausdorff measure Hp can be also extended to p = 0 as 

follows: 
the O-dimensional Hausdorff measure H°(A) equals the number (possibly oo) of 
elements of A. 

In what follows we use the following notations: 
HJJ1 the m-dimensional Hausdorff measure defined in En 

det M the determinant of the square matrix M 
M' the matrix transposed to M 
f:En->Ek,f= (/-, ...,/*) 

D/(x) the matrix with the elements •——-, x — (xt, ...,x„) 

Jf(x) « VdetD/(x)(D/(x))'. 
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The function Jf(x) is continuous on En for the functions of class Cx (i.e. when f/x) 
have continuous derivatives of the first order inFn). If k = 1, then Jf(x) = \ gradf(x) |. 
In paper [1], page 426, the following two theorems are formulated more generally. 

Lemma 1. Let f: En -> Ek (k ^ n) be a Lipschitzian mapping of class Cx. Then for 
an arbitrary HImmeasurable set A a En 

J Jf(x) dHn

n(x) = J Hn

n~
k(A nf-\y)) dHk

k(y). (3) 
A Ek 

Lemma 2. Let f :En —> Ek (k ^ n) be a Lipschitzian mapping of class Cx and let 
g :En-* Ex be Hn-integrable. Then 

$g(x)jf(X)dHn(x) = $( j g(x)dHrftw)dHi:(y). (4) 
En Ek f-Hy) 

Remark 1. According to property 2 of the measure Hn the above statements (3) 
and (4) can be written in the following form 

j Jf(x) dx = j H"-\A nf-\y)) Ay, (3') 
A Ek 

JgWJf(x)dx = J ( j g(x)dHn

n-
k(x))dy. (40 

En Ek f-Hy) 

Lemma 3. Let T : En -+ Et be a Lipschitzian function of class Cx such that for all 
x eEnwe have | grad T(x) \ > 0. Next h : En -> Ex be a Hn-integr able function and let X 
be a measure on $n defined by the relation 

m=!^JfmdH"'i(x)' Be®-
Then 

| h(x) dx = j ( Ј h(x) dl(x)) áy. (5) 
E„ £ i Г-Ҷj.) 

Proof: Let us define a function g(x) by the relation h(x) = ̂ (x) | grad T(x) \. By 
appealing to (4') we get 

j h(x) dx = j g(x) | grad T(x) \ dx = j ( j g(x) dHrX(x))dy 
En En Et T-HV) 

X is completely c-finite measure on $n and H""1 < X. According to [3], theorem 2, 
page 133, it is possible to introduce the new measure X in the integral on the right side, 
which leads to 

j / i ( x ) d x = j ( j g(x)|gradT(x)|dA(x))dy. 
En Ei T-Hy) 

The statement is an immediate consequence. 
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3. Theorems on the existence of conditional density functions 

Theorem 1. Let (En, Mn, P) be a probability space, (Ex, Jft) a measurable space and 
T :En-+ Ex a Lipschitzian function of class Cx such that | grad T(x) | > 0 for all 
x eEn. Next letf(x) be a density function of the probability P and 

g(y)= f f(x)dX(x), 
T-l(y) 

with X being defined in the same way as in Lemma 3. 
Then for the conditional probability P(A/y) 

f ,J1"L„W('>- VM>o 
W.,.<iW—o. !-"*•). j / M _ o ( 6 ) 

Proof: According to (5) we have for Ae8Sn 

P(A)= J j ( x ) d x = j ^ ( x ) j ( x ) d x = \( \ j(x)dA(x))dy (7) 
A En El AHT-^y) 

and thus for Ae@n,Be@x 

P(A n T'\B)) = f f(x) dx = f ( f f{x) dA(x)) dy = 
AHT-HB) B AdT-Hy) 

' lC„X„/wTisaWd'':"<*))d' <8) 

because (analogous to the proof of Lemma 3) the conditions for introducing a new 
measure in the last integral are satisfied. Due to (7) we have for an arbitrary J B G ^ 

PT-^B) = f f(x) dx = f ( f f(x) dl(x)) dy = f g(y) dy. 
T-HB) B T-Hy) B 

a) Suppose that g(y) > 0. Including the new measure PT_1 in the last integral 
(conditions satisfied), we obtain 

*•" T~'(6,) - iU^TAndH^)w>dpr'M 

wherefrom by definition of the conditional probability the statement (6) follows. 
b) If g(y) = f f(x) d/l(x) = 0, the statement is evident in respecting f(x) g 0 

T-Hy) 

and 
P(AnT-\B))=j( I j(x)dA(x))dy. 

B AHT-Hy) 

Corollary 1. If the assumptions of Theorem 1 are satisfied, the conditional probability 
P(A/y) of the event A under the condition of T(x) = y has the conditional density 
function with respect to the measure H""1 stated below 
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if x e T~l(y) and g(y) > 0 as well 
g(y) | grád T(x) | ' 
O, if x$T~\y)org(y) = 0 

p(x/y) = \ „ 

which immediately follows from (6). 

R e m a r k 2. The functions of the type T(x) = T(x1, . . . , xj = xt, (i = 1, 2, ..., n), 
mentioned in the introduction, satisfy the conditions of Theorem 1 and the expression 
of P(A/y) in (2) represents a special case of (6). 

Theorem 2. Let (En, ffln, P) be a probability space, and (Ek, $k) be a measurable 
space (k ^ n). Next let T: En --> Ek be a Lipschitzian mapping of class Ct such that 
JT(x) ^ 0 everywhere in En. Let P have a density function f(x) and let 

g(y )= J /WdA(x) 
T-Hy) 

where 

Then 

W) = S -wi^ d/Ir'(*)> f°r everyc e; 

c J i W 

1 f f(x) . 
í ^т d я «-*(*)> ifë(y)>o 

P(A,v) _ / S(y) A n r-Hy) JT(x) 
P{Aly)-\0, if g(x) = 0 W 

Proof: In analogy with the proof of Lemma 3 we will show that foi any H"-integr-
able function h : En -> El we can write 

J h ( x ) d x = J ( J Л(x)dA(x))d>>. 
£„ Ek T-Цy) 

Thus for any A e $n 

P ( A ) = J / ( x ) d x = J ^ ( x ) / ( x ) d x = J ( J /(x)dA(x))d>> (10) 
A En Ek Af\T~Hy) 

and consequently for A e _#n, 2? e 0bk we obtain 

P ( A n T - Ч ß ) ) = J Д x ) d x = J ( J /(x)dА(x))d>- = 
A П T- ҶB) Ek A П T- Ҷß) П T- Ҷy) 

= J( J Дx)dА(x))d,> = j f J J^á n-\x))dy. 
B AПT-Ҷy) B\AПT-Ҷy)JІW / 

(11) 

The introducing of measure Hn

 k in the last integral is justified since X is completely 

cr-finite measure and Hn~
k <̂  L Following (10) we can write for any Be £#k 

PT~'(B)= J / ( x ) d x = J ( J f(x)dX(x))dy = 
T-KB) Ek T-HB)dT-Hy) 

= J( J /(x)dA(x))d>> = Jg(>>)d>,. 
B T-Hy) B 
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Let us assume now that g(y) > 0. Introducing the new measure PT 1 into the last 

integral of (11) (conditions satisfied, see [3], page 133), results in 

which finally proves our statement due to definition of P(A/y). If g(y) = 

= J f(x) dA(x) = 0, the statement is evident sincef(x) = 0 and we know from (11), 
T-Hy) 

that P(A n F_1(B)) = J ( I f(x) dMxj) dy. Similarly to Theorem 1, we obtain 
B AC\'T-{(y) 

from Theorem 2 

Corollary 2. if the conditions of Theorem 2 are satisfied, the conditional probability 

P(A\y) under the condition of T(x) = y has the following conditional density function 

(with respect to the measure Hn

n~
k) 

/ ( * ) , , _ ^ - i if xeT x(y) along with g(y) > 0 
( , x / g(y)JT(x)' 

? W W " \ 0 , ifx$T-i(y)org(y) = 0. 

Remark 3. The usually considered vector functions T(x) (see i.e. [2], page 72) 

TO) = lTt(x), ..., Tk(x)l with T/xt, ...,x„) = x f . (y = 1, ..., k; 1 ^ i7 ^ n, 

;'j being an integer) are special cases of the mapping T(x) ofTheorem 2 and the usually 

presented conditional density function 

, 4 4 ' i f x e T - 1 ( y ) a n d g ( > ' ) > O a s w e l l 

h(xiv) = /s(y\ 
»WW \ 0 > i f x ^ T - 1 ( W o r g ( W = 0 J 

wherein g(y) represents the marginal density function of the probability distribution 

of the mapping F(x), is a special case of the density function p(xjy) from Corollary 2. 
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S O U H R N 

POZNÁMKA K EXISTENCI P O D M Í N Ë N Ý C H 
HUSTOT 

PAVLA K U N D E R O V Á 

V článku se гeší problém výpočtu podmín né hustoty pravděpodobnosti n kterého 
jevu při podmiňujícím zobrazení T: En -> Ex (resp. En-+ Ekђk g ń). Je-li Гpгojekce 
do n které souřadnice, existuje klasická formule (2). Věty 1, 2 uvád jí postačující 
podmínky pro existenci podmín ných hustot za slabších předpokladů o zobrazení T* 
V důkazech jsou užity výsledky teorie křivkového integrálu podîe HausdorfГovy míry 

Р Е З Ю М Е 

З А М Е Ч А Н И Е К СУЩЕСТВОВАНИЮ У С Л О В Н Ы Х 
П Л О Т Н О С Т Е Й 

ПАВЛА К У Н Д Е Р О В А 

В работе решается проблема вычисления условной плотности вероятности 
некоторого события при условии Т(у) = х, Т: Еп -> Ех (или Еп -» Ек9 к ^ п). 
Если Т проекция на некоторую координату, существует классическая формула 
(2). В теоремах 1, 2 даны достаточные условия для существования условных 
плотностей в случае более слабых предположений о изображении Т. В дока
зательствах используются утверждения теория криволинейного интеграла по 
мере Хаусдорффа. 
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