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§1. INTRODUCTION

The present paper investigates equations of the type

(@ Y =qt)y, q(t+n) =q() for teR(=(—o,®)),qeCy,

being oscillatory on R (i.e. every non-trivial solution of (q) has an infinite number of
zeros right-and-left of the point ¢y, € R). According to the Floquet theory every
equation (q) can be associated with a characteristic equation

02— Ao +1=0, A being a constant,

whose roots are called the characteristic multipliers of (q). If x€ R and u, v are
solutions of (q) satisfying the initial conditions: u(x) =0, u'(x) =1, v(x) =1,

v'(x) =0, then 4 = v(x + n) + u'(x + =) (see [2], [6]). Let o, % be the character-
istic multipliers of (q). Then there exist independent solutions u, v of (q) satisfying
either
u(t + n) = ou(t), ot +n) = %v(t), o #0, (D)
or
u(t + n) = ou(t), o(t + ) = ov(t) + u(t), o? =1, (2)
(see [6]).

Let ceR, deR, ¢ +d* # 0, q(t) <0, q(t + n) = ¢(t) for te R, g€ Cx. Then
(q.,q) stands for the equation y” = g, 4(t) y, where

dq'() ST RN 1 ”
ae, (t):=Q(f)+-—_C—:+\/cz-—d2q(t)< ,,,,,, :> teR.
’ Vet - d*q(1) Vet — d*q()

The equation (dc,s) Was first introduced and investigated by M. Laitoch ([4], [5]).
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In [7] there are investigated equations (9) having the same “behaviour”. Below
we show that (q) and (q.,4) have the same behaviour for every ce R, de R, ¢* +
+d?*#0.

§2. BASIC NOTIONS AND RELATIONS

In accordance with [1] and [2] we say that a functiona : R - R, a € Cg is a phase
of (q) if there exist independent solutions u, v of (q):

u(t)

= — —_ = 0!
tg a(t) o) on R — {teR, v(t) = 0}.
Every phase a of (q) has the following properties:
«aeCp, o()#0 onR and «R) =R 3)

The set of all functions o with the properties of (3) together with the composition
rule form the group . The set of phases of equation y” = —y is the subgroup €
of the group 6. If o is a phase of (q), then Gu : = {ex, £ € €} is the set of phases of (q)

and q(t) = — (0 + i(alllzt)) )2 — o'%(t). The set H:={aec®; at +n) =
o(t

2d/(t) 4
= a(t) + n.signa’, t € R} is a subgroup of G and is called the group of elementary
phases.

Let ¢, € R, n be a positive integer and y be a solution of (q), ¥(t;) = 0 (from now
on the trivial solution y(t) = 0 on R will be excluded). Denote @,(to) (¢_,(t))
the n' hero of y lying to the right (to the left) of the point #,. Then the function
@n(@_,) is defined on R and called the (central) dispersion with index n(—n) of (q).
In place of @, we write ¢ and speak of the dispersion of (q). The dispersion ¢ of (q)
has the following properties:

peCr, o@t)>t, @@)>0, o@t+n)=¢t)+n forteR

(see [1], [2)).

Let « be a phase and ¢, be the dispersion with index n of (q). Then the equality
a@,(t) = o(t) + nn . sign o’ holds on R.

Following O. Bortvka [2] we say that (q) is of category (1, k), k being a positive
integer, if (q) has real characteristic multipliers and there exists ¢, € R: @(t5) = o+,
with ¢, being the dispersion with index k of (q). Say that (q) is of category (2, k),
k being an integer, if (q) has complex characteristic multipliers (= et™ ae(0,1))
and if there exists a phase a: a(t + n) = a(t) + (a + 2k) n for te R.

In accordance with [7] we say that (q,) and (q,) have the same behaviour if 1° they
have the same characteristic multipliers and 2° they are of the same category and 3°
if (2) holds for a suitable pair of solutions of one of the equations (q;) or (q;), then
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it holds also for a suitable pair of solutions of the other equation and the Wronskians
of both pairs have the same sign.

Let « be a phase of (q). Then €u$ : = {exy; ¢ € €, y € H} are the phases of equations
having the same behaviour as the equation (q) (see [7]).

Let ge C2, g(t) <O on R, ceR, deR, ¢* +d*# 0. If u is a solution of (q),

. cu(t) + du'(t)
then U(t) = m

a solution of (q.,4), then there exists a solution u of (q) with U(t) =

is the solution of (q.,4) and also reversely if U(t) is
“cu(t) + du'(t)
Vet - d*q(t)
for t € R. The equation (qo, 4) is investigated at length in [1].

§3. THE BEHAVIOUR OF EQUATIONS (q), (q...)

Let ge C3, q(t) <O on R, ceR, deR, ¢* + d*+# 0.
Lemma 1. Let u be a solution of (qQ), d # 0. Then the zeros of the functions u, cu + du’

are separated on R. cu(t) + du'(f)
Proof:a) Let u(ty) = u(t,) =0, u(t) # O for t € (t,, t;). Then lim ——————~ =

' 1t u(t)
= signd . oo, lim _c_u%u_gt_)_ = —sign d . . Further for te (t, t,) is
=ty
) +du'(®)Y _ d 2y 2 , cu(t) + du'(t) .
( o) ) = @ (q() u*(t) — u'*(t)) # 0 and therefore o) is

a strictly monotone function on (fy, t;) and the equation cu(t) + du'(t) = 0 has
exactly one solution on (z,, t,).
b) Let cu(ty) + du'(ty) = 0, cu(ty) + du'(t;)) =0 and cu(t) + du'(t) # 0 for te
€(ty, t;). For definiteness let us suppose cu(t) + du'(t) >0 on (f,t;). Then
. u(t) o . u(t) _
ullo) ult) # 0, lim e y  Sen ulto) - o, 31“2 cu(t) + du'(t)
= sign u(t,) . 0. Further( ) ) = d(u ROML (0L (t)) # 0 on (¢, t));
cu(t) + du'(z) (cu(t) + du'(1)?
—l(—l)*—w is a strictly monotone function on (¢, ;) and the equation
cu(t) + du'(t)
u(t) = 0 has exactly one solution on (¢, t,).

herefrom

Corollary 1. Let u be a solution of (q). Then there exists such a solution U of (q.,,)
that the zeros of solutions u and U are separated on R.
cu(t) + du'(t)
Ve? — d?q(0)
the statement of Corollary 1 follows from Lemma 1.

Proof: Let U(t) :=

, te R. Then U is the solution of (q.,4) and

Corollary 2. The equation (q.,4) is oscillatory on R.
Proof: By the assumption (q) is oscillatory on R and therefore it follows from
Corollary 1 that (q.,,) is also oscillatory on R.
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Theorem. (q) and (q.,4) have the same behaviour.

Proof: If d = 0, then for ¢ # 0 we have g, o(t) = ¢(t), t € R and the equations (q)
and (q.,o) have the same behaviour. Let therefore d # 0.

a) We show that the equations (q) and (q., 5) have the same characteristic multipliers.
To this it is sufficient to prove the existence of a number x that for the solutions u, v
of (q) and for the solutions U, V of (q.,,) satisfying the initial conditions: u(x) =
=UX)=0,u'(x)=U'(x) =1, v(x) = V(x) =1, v'(x) = V'(x) = 0 it holds

vix + )+ uw(x+n)=V(x+n+ U+ n).

Let x € R be a number for which ¢'(x) = 0 (the existence of such an x follows from
the assumption of the n-periodicity of ¢) and let u, v be the solutions of (q): u(x) =
=v'(x) =0, u'(x) = v(x) = 1. Let

1
U(t): = — — = (Pu(t) + cdu'(t) — cdo(t) — d*v'(1)),
\/(c2 — d*q(x)) (¢* — d*q(1))
V(D) = — ! (1) — edg(x) u(t) + cdv'(t) — d?q(x) u'(1),
V(e® = d*q(x)) (c* — d*q(1)) teR.
Then U, V are the solutions of (4. 4); U(x) =0, V(x) = 1. Further
1
U () e SE— [ u'(t) + edq(t)u(t) — cdv'(t) — d2q(t) o(t)) +
N | cdq(t)u 4(1) (1)

5(62‘1% (cPu(t) + cdu'(t) — cdu(t) — d2v'(t))] ,
1
V() = — _ [ c2v'(t) — edq(x) u'(t) + cdq(t) o(t) —
V(e = d*q(x)) (* — d*q(1)) ( "0

2 d*q'(t)
- d —_— 7
qu)“0u0»4—2@2—cﬁqn»

x(c2u(t) — cdg(x) u(t) + cdv'(t) — dzq(x)u’(t))].

-Consequently U'(x) = 1, V'(x) = 0 and we have

Vix+m) + Ulx+ 1) = "'5"“}7"— (—cdg(x) u(x + m) + *o(x + 1) —
¢ —dq(x)
— d*q(x)u'(x + 1) + cdv'(x + m) + u'(x + 1) + cdq(x) u(x + 1) —

— cdv'(x + 1) — d*q(x) v(x + m)) = v(x + n) + u'(x + )

since g(x + 7)) = q(x), g'(x + n) = g'(x) = 0.
b) We show now: if all solutions of one equation from (q) or (qc,4) are n-periodic
(m-halfperiodic), then the same is true for the other equation.
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If all solutions of (q) are n-periodic (n-halfperiodic) then, evidently, all solutions
of (q.,4) have this property, too.

Let all solutions of (q.,4) be n-halfperiodic. Let us assume that there exists a solu-
tion u of (q) with u(t + n) # —u(t) for te(ty, ). Let z(t) := u(t + n) + u(t)
for te (g, 1,). Then z(t) # 0, z"(r) = q(t) z(t). We have next:

eu(t + n) + du'(t + n) _ cu(t) + du'(1) (R
JeE — dq(t + 1) Je2 = dq(n) ’
hence cu(t + n) + du'(t + n) = —(cu(t) + du'(t)), cu(t + n) + u®)) =

= —d'(t + n) + u'(t)). Herefrom: cz(t) = —dz'(t) for t € (t,, t,). By differentiating

the last equality and after some manipulations we get cz'(t) = —dz"(t) = —dq(t) z(t) =
2

= %—q(t) 2'(1), 2/ (1) (¢* — d*q(t)) = 0. c? — d?q(t) > 0 for teR; therefore z'(t) =0

for t e (ty, t,). Thus for this  we obtain g(¢) = 0 contrary to the assumption ¢(¢) < 0.
We proceed analogously in case of all solutions of (q., ,) being n-periodic.

c) Let o, % be the characteristic multipliers of (q), 6> = 1 and let for the solutions

u, v of (q) hold: u(t+n) = ou(t), v(t+n) = ov(t) + u(t). Let U(t) : = M@ ,
co(t) + do'(t) \/Cz i dzq(t)
—_— -, teR. Then U(t + n) = oU(t), V(t + 1) = oV (1) + U(t),
Ve = d%q()
Unve) — @) vie) =u'(t)v(t) — u() v'(r).

d) Let (q) and (q.,,) be of categories (1, n) and (1, m). Let ¢ be the dispersion of (q)
and let ¢ be the dispersion of (q,,). Then there exist t, € R, t; € R: @, (1)) =15 + 7,

V() :=

O.(t)) =1, + 1. Because of (—o0, ) = U <o,ty), ¢,+1(ty)) we can assume

without any loss of generality that ¢, € {ty, ¢(t;)). From Corollary 1 we get:
@;_1(te) < @;(t) < @,2(t) for j=1,2,3,... Let k be a positive integer. Then

Q= 1ymnt0) = Pronn—1{10) < Ppun(t) < Promn+2(10) = @+ 2)mn(t0)-
Next
Q= 1ymllto) = to + (k — 1) mr, @+ 2ymnlfo) = fo + (k + 2) mn,
Prmn(ty) = 11 + knm

hence for every positive integer k:

to+ (k — Dmn < t, + knn <ty + (k + 2) mm,
(km —n) —myn <t, — ty < (k(m — n) + 2m) «,
which is true in case of m = n only.
e) Let the characteristic multipliers of (q) and (q.,,) be complex and equal e*ari

0 <a < 1; (2,n) and (2, m) be the categories of (q) and (q.,,4), respectively. Thep
there exist a phase « of (q) and a phase @; of (q.,a): o(f + m) = a(t) + (@ + 2) 1,
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ay(t + m) = a,(t) + (@ + 2m)x, te R. Let ¢ and ¢ be the dispersions of (q) and
(qc,4), respectively. From Corollary 1 now follows

‘Pj—l(t) < (;/(t) < ¢j+l(t)’ IER; j = 1’ 2, 37 s (4)

Let us assume first that sign o’ = sign ] = 1 (for sign o’ = signaj = —1 the proof
is analogous). Then n = 0, m = 0. For every positive integer j we have a(t + jn) =
= ot) + (@ + 2jn) 7, a;(t + jn) = a,(t) + (@ + 2jm) n and therefore

Praji+2in(t) St + jn < Opajrizjn+ (D),
Prajr+2jmt) St + ju < Otaj1+2jm+1(E)

where [x] stands for the whole part of x. From this and from (4) we come to

Praji+2jm-1(t) < ‘;[aj]njm(f) < Prajy+2jn+1(2)s

Ppajr+2in-1) < Ppajy2iat) < Gpaji+2jm+1(t)
and thus to

[aj]1+ 2im -1 <[agj]+2n+ 1, [a]+2in—1<[ag] + 2m + 1.

Consequently for every positive integer j: j(m — n) < 1, j(n — m) < 1, which can
occur in case of m = n only.

Let signa’ = —signa; and without any loss of generality let sign o' = 1. Then
n = 0, m < 0and from the equalities (¢ + jr) = a(t) + (@ + 2jn) n, —a, (¢t + jn) =
= —a,(t) + (—aj — 2jm) n we get

Praji+2in(t) St + ju < Opaji+2jn+1(),
O _aj1-2jm-1t) St + jn < q’—[aj]—zjm(t)-

Herefrom and from (4) we have

@ —faj1-2jm-2() < (E—[aj]—zjm—l(t) < Qrajr+2jn+1(t),
Prajr2in-18) < Grajye2nlt) < @ [aj1-2jm)-

Hence for every positive integer j: —[aj] — 2jim — 2 < [aj] + 2jn + 1, [af] + 2jn ~
— 1 < —[aj] — 2jmand consequently also —2[aj] — 3 < 2j(m + n), =2[agj] + 1 >
> 2j(m + n). From this m + n £ —1, 2[aj] + 3 > 2j. Now j, be such a positive
integer that [aj,] < Jjo — 2. Then 2j, < 2[aj,] + 3 < 2j, — 1, which is a contradic-
tion. Therefore sign o’ = sign o} and thus m = n.

The equations (q) and (q.,) have the same behaviour and this completes the
proof of the Theorem.

Remark 1. From our Theorem it follows in particular that (q) and (q,, ) have
the same characteristic multipliers as proved in [3].

Remark 2. Following [1] the phase of (qo ,) is called the second phase of (q).
Therefore if a is a phase of (q) and f is the second phase of (q), then from the foregoing
Theorem and from [7] follows the existence of ¢ €@ and ye$H: f = eay.
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Corollary 3. Let U be a solution of (q.,s)- Then there exists a solution v of (Q) and
YEH:

) U(t) for teR.
VIvol

Remark 3. Corollary 3 may be also expressed as follows: To every solution u
of (q) and to ce R, de R, c* + d* # 0 there exists a solution v of (q) and y e §:

o) ewt) + du'(t)
Y@l JE - dqq)

for teR.

Proof: Let U be a solution of (q.,,). Then there exists a phase f of (q.,4): U(z) =
_ sinB(1)

, t € R (see [1]). Let a be a phase of (q). Then according to our Theorem

VB
and to the Theorem in [7]: B =exy for some ¢ € and ye$. Let v(t):=
sin (ex(1))

=—————2_ teR. Then v is the solution of (q) and

Vie(n). o (1)

o(y(1)  _ sifl [exy(®)] _ sinf() _ U(s
VIYoL  Vleww)yl  VIB@]
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SOUHRN

POZNAMKA KE STRUKTURE PERIODICKYCH

LINEARNICH DIFERENCIALNICH ROVNIC

2. RADU S DANYMI CHARAKTERISTICKYMI
KORENY

SVATOSLAV STANEK

Rovnice (q,): y" = ¢,(t), (q2): ¥" = 42(1), ¢, € CR, g € CR, q,(t + 1) = q,(1),
¢,(t + m) = q,(t), maji stejné chovani ([7]) jestlize 1° maji stejné charakteristické
kofeny, 2° maji stejnou kategorii ([2]) a 3° jestliZe (2) plati pro vhodnou dvojici
nezavislych feSeni jedné z rovnic (q,) a (q,), pak to také plati pro vhodnou dvojici
nezavislych feSeni druhé z nich a wronskiany obou dvojic feSeni maji stejné znaménko.

Necht ¢(1) <0, ge C3, q(t + n) = q(t). V praci je dokazano, Ze pro kazdé
ceR, deR, ¢* + d* # 0 maji rovnice (q) a (q, 4), kde

ge,dt) 1= q(t) + — C,{f{(_t)‘# +Je? - dzq(t)<
Ve? = d*q(t)

“__~_>” teR,
Je = dq()

stejné chovani.

PE3IOME

3AMETKA K CTPYKTYPE MNEPUOAUNYECKUX
JUHEWHBIX JUPDPEPEHLIUAJTBbHBIX
VYPABHEHMUIM BTOPOTO IMOPAAKA C JAHHBIMU
XAPAKTEPUCTUYECKUMU KOPHAMH

CBATOCJIAB CTAHEK

Vpasnenns (q,) 1" = q,(1) »,(42): V" = ¢2(1) y, rie g, € Cr, 92 € Co.qi(t + ) =
= q,(1), g,(t + 1) = q,(t), wmeroT omunaxosoe nosemenue ([7]) ecnu 1° umeror
OIMHAKOBbl€ XapaKTepUCTUYECKHE KOpHM, 2° UMEIOT OAMHAKOBYIO KaTErOpHIO
([2]) m 3° ecnu BepHO cooTHouIeHHe (2) AJI HEKOTOPOM Haphbl HE3ABUCHMBIX PEIIEHHI
onHOro u3 ypaBHeHmit (q;) ¥ (q;), TO TOT e CaMOe BEPHO AJIS HEKOTOPOH Hapbl
HE3aBUCHMBIX PEILEHMH OCTAJBLHOTO YPAaBHEHMS M BPOHCKMAHBI 3TUX Iap PEeLICHHI
MMEIOT COTJIACHBIH 3HaK.

Iycte g(f) < 0, ge CE, q(t + m) = g(r). B paGoTe moKa3blBaeTCA 4TO AJS BCEX
ceR,deR, ¢* + d* # 0 umerot ypasnenus (q) v (q,,,), T1€

dq(t 1 ¢
odt) 1= q(1) + —= 4 Jc? dzq(”( w~-—r~’~> teR,
Ve — dq(1) Vet = dq(t)

OJUHAKOBOC INOBCIACHUE.
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