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§ 1 . I N T R O D U C T I O N 

The present paper investigates equations of the type 

(q) y" =q(t)y, q(t + n) =q(t) for t e R( = (- oo, oo)),qEC°, 

being oscillatory on R (i.e. every non-trivial solution of (q) has an infinite number of 

zeros right-and-left of the point t0 e R). According to the Floquet theory every 

equation (q) can be associated with a characteristic equation 

Q2 — AQ + 1 = 0, A being a constant, 

whose roots are called the characteristic multipliers of (q). If x e R and u, v are 

solutions of (q) satisfying the initial conditions: u(x) = 0, u'(x) = V v(x) = 1, 

v'(x) = 0, then A = v(x + n) + u'(x + n) (see [2], [6]). Let a, — be the character­

istic multipliers of (q). Then there exist independent solutions u, v of (q) satisfying 

either 

u(t + n) = (ju(0, v(t + n) = — v(t), <r # 0, (1) 
cr 

or 
u(t + n) = (ru(t), v(t + n) = ov(t) + u(t), a2 = 1, (2) 

(see [6]). 

Let c e R, de R, c2 + d2 * 0, q(t) < 0, q(t + n) = q(t) for t e Rf q e C«. Then 

(qCtd) stands for the equation y" = qCtd(t)y, where 

qcM) : = q(t) + fq'(t) + ^Td^f 1 X t e #. 
y/c2-d2q(t) \Jc2-d2q(t)J 

The equation (qc,d) was first introduced and investigated by M. Lai t o e h ([4], [5]). 

53 



In [7] there are investigated equations (q) having the same "behaviour". Below 
we show that (q) and (qCjd) have the same behaviour for every c e R, del?, c2 + 
+ d2 * 0. 

§2. BASIC NOTIONS AND RELATIONS 

In accordance with [1] and [2] we say that a function a : R -> Rt a e C£ is a phase 
of (q) if there exist independent solutions u, v of (q): 

tg a(0 = ^~ on R - {t e R, v(t) = 0}. 

Every phase a of (q) has the following properties: 

a 6 CR, a'(0 7-0 on R and a(#) = #. (3) 

The set of all functions a with the properties of (3) together with the composition 
rule form the group (5. The set of phases of equation y" = —y is the subgroup (£ 
of the group (£. If a is a phase of (q), then (£a : = {ea, e e (£} is the set of phases of (q) 

and q(t) = -l£Q- + L(^L\ _ a'*(,). x ^ set § : = {ae©; a(t + TT) = 
2a'(0 4 V a'(0 J 

= a(t) + 7r. sign a', t e /?} is a subgroup of © and is called the group of elementary 
phases. 

Let t0 e R, n be a positive integer and j> be a solution of (q), ^(l0) = 0 (from now 
on the trivial solution y(t) = 0 on R will be excluded). Denote (pn(t0) (<P-„(l0)) 
the nth hero of y lying to the right (to the left) of the point t0. Then the function 
tpniV-n) is defined on R and called the (central) dispersion with index n(~n) of (q). 
In place of <pt we write (p and speak of the dispersion of (q). The dispersion cp of (q) 
has the following properties: 

(peCx, cp(t) > t, cp\t) > 0, cp(t + n) = cp(t) + 7r for t e R 

(see [1], [2]). 
Let a be a phase and cpn be the dispersion with index n of (q). Then the equality 

tt<Pn(t) = <*(0 + nn • sign a' holds on i?. 
Following O. Boruvka [2] we say that (q) is of category (1, k), k being a positive 

integer, if (q) has real characteristic multipliers and there exists t0 e R: <pk(t0) = t0 + n, 
with (pk being the dispersion with index k of (q). Say that (q) is of category (2, k), 
k being an integer, if (q) has complex characteristic multipliers (= e±an\ ae(0, 1)) 
and if there exists a phase a: a(t + n) = a(t) + (a + 2k) 7r for t e /?. 

In accordance with [7] we say that ( q j and (q2) have the same behaviour if 1° they 
have the same characteristic multipliers and 2° they are of the same category and 3° 
if (2) holds for a suitable pair of solutions of one of the equations (qt) or (q2), then 
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it holds also for a suitable pair of solutions of the other equation and the Wronskians 
of both pairs have the same sign. 

Let a be a phase of (q). Then (Ea§ : = {say; e e (£, y e §} are the phases of equations 
having the same behaviour as the equation (q) (see [7]). 

Let qeCl, q(t) < 0 on R, c e R, de R, c2 + d2 7* 0. If u is a solution of (q), 

then U(t) : = — —•= is the solution of (qc d) and also reversely if U(t) is 
Vc2 - d2q(o cu(t) du,(t) 

a solution of (qc d), then there exists a solution w of (q) with U(t) = — _ L 
Vc2 - d2q(0 

for teR. The equation (q0, d) is investigated at length in [1]. 

§3. THE BEHAVIOUR OF EQUATIONS (q), (qc$d) 

Let geCn, q(t) < 0 on R, ceR, deR, c2 + d2 7- 0. 

Lemma 1. Let ubea solution 0f(q), d ^ 0. Then the zeros of the functions u, cu + du' 
are separated on R. . 

Proof: a) Let w(t0) = u(t,) =0, w(t) * 0 for t e (t0, tx). Then lim CU{t) + du ( l 

.->-. "(0 , ,. cu(t) + du(t) 
sign d . 00, lim —-—— == —sign d . 00. Further lor t e (t0, tx) is 

t-ffj- u\t) 
cu(t) + du(t) . 

is ( - e ^ S L J ,_iL ( , ( < )„ '<,) - „-<,)) , 0 a„d before ^ 

a strictly monotone function on (/0, rt) and the equation cw(t) + dw'(t) = 0 has 
exactly one solution on (t0, tx). 

b) Let cw(t0) + dw'(t0) = 0, cu(tx) + du'(/x) = 0 and cu(t) + dw'(t) # 0 for t e 
£(to>h)- F° r definiteness let us suppose cw(t) + dw'(/) > 0 on (/0, tx). Then 

w(t0) u(tx) T«- 0, lim — = sign w(t0) .00 , lim 
f-r0

+ cw(t) + dw'(0 '-*'*' cu(t) + du(t) 

= sign u(h). 00. Further ('—*&—] = d(u'\0 - q(tW(j)) Q o n 

u(t) \ cu(t) + du'(t) / (cu(t) + du'(t)f 
herefrom ~ is a strictly monotone function on (t0, tt) and the equation 

cw(0 + du(t) 
u(t) = 0 has exactly one solution on (t0, tx). 

Corollary 1. Let u be a solution Of(q), Then there exists such a solution U of(qcd) 
that the zeros of solutions u and U are separated on R. 

Proof: Let U(t) : = ^ £ i ^ 2 L , teR. Then U is the solution of (qc d) and 
Vc2 - d2q(0 

the statement of Corollary 1 follows from Lemma 1. 

Corollary 2. The equation (qc,d) is oscillatory on R. 
Proof: By the assumption (q) is oscillatory on R and therefore it follows from 

Corollary 1 that (qCjd) is also oscillatory on R. 
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Theorem, (q) and (qc,d) have the same behaviour. 

Proof: If d = 0, then for c ^ 0 we have qc>0(t) = q(t), t e i? and the equations (q) 
and (q C j 0 ) have the same behaviour. Let therefore d ^ 0. 

a) We show that the equations (q) and (qc>d) have the same characteristic multipliers. 
To this it is sufficient to prove the existence of a number x that for the solutions u, v 
of (q) and for the solutions U, V of (qc>d) satisfying the initial conditions: u(x) = 
= U(x) = 0, u'(x) = U' (x) = 1, v(x) = V(x) = 1, v'(x) = V'(x) = 0 it holds 

v(x + TT) + u'(x + n) = V(x + 7l) + U'(x + 7l). 

Let x e R be a number for which q'(x) = 0 (the existence of such an x follows from 
the assumption of the n-periodicity of q) and let u, v be the solutions of (q): u(x) = 
= v'(x) = 0, u'(x) = v(x) = 1. Let 

U(t): = _ -=L—. =. (c2u(Q + cdu'(t) - cdv(t) - d2v'(t% 
^!(c2-d2q(x))(c2-d2q(t)) 

V(t): = — :
 l - = = (c2v(t) - cdq(x)u(t) + cdv'(t) - d2q(x) u'(t)), 

^(c2-d2q(x))(c2-d2q(t)) t G R 

Then U, V are the solutions of (q c > d); U(x) = 0, V(x) = 1. Further 

U'(0 = X (c2u'(t) + cdq(t)u(t) - cdv'(t) - d2q(t)v(t)) + 
J(c2 - d2a(x))(c2 -d2a(t)) L (c2 - d2q(x))(ć - d2q(t)) 

+ тгf4'* ,Ac2u® + cdu'(i) ~ Cdv® ~ d 

2(c — d q(t)) 

V(0)1, 

V'(ť) = — — - - — ===== (c2v'(t) - cdq(x) u'(t) + cdq(t) v(t) -
(c2 - d2q(x))(c2 - d2q(t)) L 

- d2q(x) q(t) u(t)) + 
2(c2 - d2q(t)) 

x(c2v(t) - cdq(x) u(t) + cdv'(t) - d2q(x)u'(t)) . 

Consequently U'(x) = 1, V'(x) = 0 and we have 

V(x + n) + U'(x + n) = ~- (-cdq(x) u(x + n) + c2v(x + n) -
c — d q(x) 

- d2q(x) u(x + n) + cdv'(x + n) + c2u'(x + n) + cdq(x) u(x + n) -

— cdv(x + n) — d2q(x) v(x + n)) = v(x + n) + u'(x + n) 

since q(x + n) = q(x), q'(x + n) = q'(x) = 0. 
b) We show now: if all solutions of one equation from (q) or (qc>d) are 7r-periodic 

(7r-halfperiodic), then the same is true for the other equation. 
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If all solutions of (q) are 71-periodie (7E-halfperiodic) then, evidently, all solutions 
o f (<lc,d) have this property, too. 

Let all solutions of (qc,d) be 71-halfperiodic. Let us assume that there exists a solu­
tion u of (q) with u(t + n) # ~u(t) for t e(t0, tt). Let z(t) := u(t + n) + u(t) 
for te(t0, t t) . Then z(t) 7- 0, z"(t) = q(t)z(t). We have next: 

cu(t + n) + du'(t + n) cu(t) + du'(t) 
t £ JK, 

\lc2 ~ d2q(t + n) Vc2 - d2q(t) 

hence cu(t + 71) + du'(t + n) = ~(cu(t) + du'(t)), c(u(t + n) + u(t)) ~ 
— ~d(u'(t + n) + u'(t)). Herefrom: cz(t) = —dz'(t) for t e (t0, tt). By differentiating 
the last equality and after some manipulations we get cz'(t) = —dz"(t) — —dq(t)z(t) = 

= A-q(t)z'(t),z'(t)(c2 - d2q(t)) = 0. c2 - d2q(t) > 0 for teR; therefore z'(t) = 0 
c 

for t e (l0, O - Thus for this t we obtain q(t) = 0 contrary to the assumption q(t) < 0. 
We proceed analogously in case of all solutions of (qCtd) being 7r-periodic. 

c) Let (7, — be the characteristic multipliers of (q), a2 — I and let for the solutions 

u, v of (q) hold: u(t + n) = au(t), v(t + n) = av(t) + u(t). Let U(t) : = ^]_l + du^l , 
, sic2 - d2q(t) 

V(t) := ^=2^JJ=L , teR. Then U(t + TT) = o-U(t), V(t + TZ) = o-V(t) + U(t), 
Vc2 - d2g(f) 

U'(t) V(t) - U(t) V'(t) = u'(t) v(t) - u(t) v'(t). 
d) Let (q) and (qc,d) be of categories (1, n) and (l,m). Let cp be the dispersion of (q) 

and let cp be the dispersion of (qc,d). Then there exist t0 e R, txe R: cpn(t0) = t0 + TT, 
00 

<r\n('i) = li + TT. Because of ( - 0 0 , 00) = (J <<Pv(t0), (px+i(t0)) we can assume 
v = — 00 

without any loss of generality that tx e <t0, (p(t0)). From Corollary 1 we get: 

(pj-iOo) < (pj(tx) < (pj+2(to) f o r J = 1, 2> 3> ••• L e t fc b e a Positive integer. Then 

<P(k-l)mn(to) S <Pkmn-l(to) < <Pkmn(t\) < <Pkmn + 2(to) S <P (k + 2)mn(t o) • 

Next 

<P(k-l)mn(to) ~ t0 + (k ~ l)mn, (pik+2)mn(to) = tQ + (k + 2) WITT, 

<Pkmn(ti) = tx + knn 

hence for every positive integer k: 

t0 + (k - 1) mn < tx + knn < t0 + (k + 2) mn, 

(k(m ~ n) - m) % < tx - l0 < (k(m - n) + 2 m ) **, 

which is true in case of m = « only. 
e) Let the characteristic multipliers of (q) and (qc>d) be complex and equal e±fl>^ 

0 < a < 1; (2, n) and (2, m) be the categories of (q) and (qc>d), respectively. t h e n 

there exist a phase a of (q) and a phase ax of (qc,d): oc(t + n) = a(t) + (a + 2/2) ^ 
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a i ( ' + n) = a^t) + (a + 2m) n, teR. Let q> and cp be the dispersions of (q) and 
(qC)d), respectively. From Corollary 1 now follows 

(Pj-i(t) < Vj(t) < <Pj+i(t\ teR, j = 1, 2, 3, ... (4) 

Let us assume first that sign a' = sign ai = 1 (for sign a' = sign a[ = — 1 the proof 
is analogous). Then n = 0, m = 0. For every positive integer j we have a(t + jn) = 
= a(t) + (aj + 2jn) n, aA(f + jn) = ax(t) + (aj + 2jm) n and therefore 

<P[aj] + 2jn(t) .= t +J7C < <P[aJl + 2jn+1(0, 

<P[an + 2jm(t) S t + j n < <piam2jm+i(t\ 

where [xj stands for the whole part of x. From this and from (4) we come to 

<P[aJ] + 2jm-l(t) < <P[aj] + 2jm(t) < <P[aj] + 2jn + l(t)> 

<P[an + 2jn-l(t) < <P[an + 2jn(t) < <P[an + 2jm+l(t) 

and thus to 

[aj] + 2jm - 1 < [ay] + 2jn + 1, [aj] + 2jn - 1 < [a/] + 2jm + 1. 

Consequently for every positive integer j : j(m — « ) < ! , j(" — m) < 1, which can 
occur in case of m = n only. 

Let sign a' = — signai and without any loss of generality let sign a' = 1. Then 
n = 0, m < 0 and from the equalities a(t + jn) = a(t) + (aj + 2jn) n, - a ^ t + jn) = 
= -a-Xt) + (-aj - 2jm) n we get 

<Pian + 2jn(t) ^ t +jn < <Pian + 2jn+l(t), 

<P-[an~2jm-l(t) S t + jn < (p_ian_2jm(t). 

Herefrom and from (4) we have 

<P-[aj]-2jm-2(t) < <P- [a j]-2jm- l ( 0 < <P[an + 2jn+ l ( 0 » 

^[aJ] + 2 i n - l ( 0 < <P[aJ1 + 2jn(t) < <P-[aj]-2jm(t)-

Hence for every positive integer y: - [a / ] - 2jm - 2 < [aj] + 2jn + 1, [a/] + 2jn -
- 1 < - [a / ] - 2/m and consequently also -2[a / ] - 3 < 2j(m + n), -2[aj] + 1 > 
> 2f(m + n). From this m + n = — 1, 2[aj] + 3 > 2/ Now j0 be such a positive 
integer that [aj0] <j0 - 2. Then 2j0 < 2[ay0] + 3 < 2j0 - 1, which is a contradic­
tion. Therefore sign a = sign ai and thus m = n. 

The equations (q) and (qc,d) have the same behaviour and this completes the 
proof of the Theorem. 

Remark 1. From our Theorem it follows in particular that (q) and (q0)d) have 
the same characteristic multipliers as proved in [3]. 

Remark 2. Following [1] the phase of (qo,̂ ) is called the second phase of (q). 
Therefore if a is a phase of (q) and /? is the second phase of (q), then from the foregoing 
Theorem and from [7] follows the existence of e e(£ and y G$>: p = eocy. 
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Corollary 3. Let U be a solution of(qc,d)- Then there exists a solution v of(q) and 
ye§>: 

j M L = U(t) for i s* . 
V| y'(t) I 

Remark 3. Corollary 3 may be also expressed as follows: To every solution u 
of (q) and to c e R, de R, c2 + d2 ¥= 0 there exists a solution v of (q) and y eJ?>: 

v(y(t)) cu(t) + du(t) 
for teR. 

Vl/(0I y/c2-d2q(t) 

lolution of (qc,d). Then there 

, t e R (see [1]). Let a be a phase of (q). Then according to our Theorem 

Proof: Let U be a solution of (qc,d). Then there exists a phase p of (qc,d): U(t) = 
sin)8(0 

V|J8'(0I 
and to the Theorem in [7]: /? = say for some 8e(£ and y e § . Let v(t): = 

sin (aa(0) , te R. Then v is the solution of (q) and 

= U(t). 

Vi e'(«(0) • « ' « i 

Ł>(y(Q) _ sin [eay(ŕ)] sin jß(í) 

V|/(0I V|(8«y(í))'l V|/3'(0I 
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S O U H R N 

POZNÁMKA KE STRUKTUŘE PERIODICKÝCH 
LINEÁRNÍCH DIFERENCIÁLNÍCH ROVNIC 

2. ŘÁDU S DANÝMI CHARAKTERISTICKÝMI 
KOŘENY 

SVATOSLAV STANĚK 

Rovnice (q t): y" = g}(t)9 (q2): y" = q2(t\ qx e C%, q2 e C%, qx(t + n) = qt(t), 
q2(t + n) = q2(t), mají stejné chování ([7]) jestliže 1° mají stejné charakteristické 
kořeny, 2° mají stejnou kategorii ([2]) a 3° jestliže (2) platí pro vhodnou dvojici 
nezávislých řešení jedné z rovnic (qO a (q2), pak to také platí pro vhodnou dvojici 
nezávislých řešení druhé z nich a wronskiány obou dvojic řešení mají stejné znaménko. 

Nechť q(t) < 0, q e CR, q(t 4- n) = q(l). V práci je dokázáno, že pro každé 
с e /?, de R, c2 + d2 Ф 0 mají rovnice (q) a (qc>£f), kde 

qcJt) : = q(t) + „ cdq(í) =, + Vc2 - d^í• * V, f e /ř, 
yjc2 - d2q(t) \\/c2 - d2q(t)J 

stejné chování. 

Р Е З Ю М Е 

ЗАМЕТКА К СТРУКТУРЕ ПЕРИОДИЧЕСКИХ 

ЛИНЕЙНЫХ ДИФФЕРЕНЦИАЛЬНЫХ 

УРАВНЕНИЙ ВТОРОГО ПОРЯДКА С ДАННЫМИ 

ХАРАКТЕРИСТИЧЕСКИМИ КОРНЯМИ 

СВАТОСЛАВ CTAHEK 

Уравнения (q-) : y" = ^(t) у, (q2): / = a2(t) y9 где qieC^,q2e C^qx(t 4- я) = 
= qi(l), q2(l + 71) = q2(0> имеют одинаковое поведение ([7]) если 1° имеют 
одинаковые характеристические корни, 2° имеют одинаковую категорию 
([2]) и 3° если верно соотношение (2) для некоторой пары независимых решений 
одного из уравнений (qx) и (q2), то тот же самое верно для некоторой пары 
независимых решений остального уравнения и вронскианы этих пар решений 
имеют согласный знак. 

Пусть q(t) < 0, q е CR, q(t + л) = q(t). В работе доказывается что для всех 
CGR, deR, с2 + d2 Ф 0 имеют уравнения (q) и (q c d), где 

qUO : = q(0 + *dq{\ - + Vc 2 ~d 2 q(Q(%- 1 Y, te*, 
V c 2 - d 2 q ( 0 W c 2 - d 2 q ( 0 / 

одинаковое поведение. 
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