Sbornik praci Pfirodovédecké fakulty University Palackého v
Olomouci. Matematika

Svatoslav Stanék

On the dispersion structure of the differential equation y"=q(t)y having in the
generalized Floquet theory the same characteristic multipliers

Sbornik pract Prirodovédecké fakulty University Palackého v Olomouci. Matematika, Vol. 18 (1979), No. 1,
73--79

Persistent URL: http://dml.cz/dmlcz/120084

Terms of use:

© Palacky University Olomouc, Faculty of Science, 1979

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/120084
http://project.dml.cz

1979 — ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS
FACULTAS RERUM NATURALIUM — TOM 61

Katedra matematické analyzy a numerické matematiky
PpFirodovédecké fakulty Univerzity Palackého v Olomouci
Vedouct katedry: prof. RNDr. Miroslav Laitoch, CSc.

ON THE DISPERSION STRUCTURE
OF THE DIFFERENTIAL EQUATION

Y =q)y
HAVING IN THE GENERALIZED FLOQUET
THEORY THE SAME CHARACTERISTIC
MULTIPLTERS

SVATOSLAV STANEK
(Received September 19, 1977)

Dedicated to Academician O. Boriwka on his 80th birthday

1. Introduction

If X is a dispersion of the both-sided oscillatory equation (q): )" = q(?) »,

ge C°R), R = (—o0,00) and u is an arbitrary solution of (q), then 7Au'X(t) —

VIX®]
represents again a solution of this equation on R (see [1, 2]). On this basis generalized
M. Laitochin [3] the classical Floquet theory even for the case when the coefficient ¢
is not a periodic function in (q). To every equation (q) and a dispersion X of (q) may
be (uniquely) associated with an algebraic quadratic equation, whose roots are
called the characteristic multipliers of (q) relative to the dispersion X (see [4]). The
values of the characteristic multipliers of (q) relative to the dispersion X are dependent
on the choice of the dispersion X of (q). The object of the present paper is to investigate
the structure of dispersions of (q) under which this equation has the same character-

_stic multipliers.
i

2. Basic concepts, properties and notation

We shall be concerned with equations of the type

V' =4q0)y, qeCR), @
which are both-sided oscillatory on R.
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We say that a function « : R > R, « € C°(R) is a (first) phase of (Q) if there exist
independent solutions u, v of (q) with

tga(t) = i;—((% on R — {teR;v(t) = 0}.

We use the symbol € to denocte the set of all phases of the equation y" = —y. This
set constitutes a group relative to the composition of functions.

Let n be an integer and let « be a phase of (q). The function @,(#) := o™ '[a(t) +
+nn . signa'], £ € R, is then independent of the choice of the phase a and is called
the central dispersion (of the Ist kind) of (q) with the index .

A function X, X e C3(R), X’ + 0 representing a solution (on R) of the nonlinear
equation

1 ! ,

JIX |( 7) £ X7 (0 = q(0),
Vix'|

is called the dispersion (of the Ist kind) of (q). If a is a phase of (q), then & ™ 'Cu : =

= {a " 'ex; e € €} represents the set of all dispersions of (q). If X is a dispersion of (q)

1 X(1)

and u is its solution, then ——— is again a solution of (q).
VIX(1)]
All the definitions and properties cited above were established and provedin [1].
Let X be a dispersion of (q). Following the generalized Floquet theory ([3]-[5]),
there exist independent solutions u, v of (q) satisfying either

- lii((l)— =0_;.u(t), w—,lf\:(i),f_,— = 0, . v(t), 0_y.0; =signX; (D
VIX'0] VIX'0]
or
uX({) =0_y.u(t), __vl{() =u(t) 4oL 0(t), o0-1=¢0,=%1. (2
JIX O] VIX'()]

(Generally complex) numbers ¢_, o, are called the characteristic multipliers of (q)
relative to the dispersion X ([4]).

Let X and ¢, be a dispersion and the central dispersion with the index n, respective-
ly, both of (q). It has been proved in [4]: '

a) If sign X’ = 1 and if for an x, € R and for an integer n X(x,) = ¢,(x,), then

(-n" ;’;’:((xo} and (=1) \/X(x(’) are (real) characteristic multipliers of (q)
Xo

relative to the dispersion X. In such a case {1, n) is said to be the category of (q)

relative to the dispersion X.

b) The characteristic multipliers of (q) relative to the dispersion X are complex
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and equal to e**"(0 < a < 1) precisely if for a phase « of (q) and for an integer n:

aX(t) = a(t) + (a + 2n) n.
In such a case (2, n) is said to be the category of (q) relative to the dispersion X.

S 1
¢) If sign X' = —1 and X(x,) = x,, then —~/| X'(x,) | and N i the
X'(x0)

characteristic multipliers of (q) relative to the dispersion X. In such a case (3,0)
said to be the category of (q) relative to the dispersion X.

Remark 1. The definitions of categories (1, n), 1 = 1, 2,3 of (q) relative to the
dispersion X were intreduced first in [S].

3. Main results

Theorem 1. Let o be a phase of (q), let 9_,, 0, be real numbers, g_ , 0, =1,
0_1 * 0 and n be an nteger. Denote by €, the set of all ¢ € € such that sign¢’ = 1
and there exists T = t1(e) e R: &(t) = T + nn.signa’ and (—1)" \% is equal to one
of thenumbers o _,, 0, . Then o™ '€ a represents the set of all dispersions of (q), where (q)
relative to the dispersion X € a™ '€« has the characteristic multipliers ¢_, and g,
and the category (1, n).

Proof. Suppose that all assumptions of Theorem 1 are satisfied. Let X e o™ '€, a,
thus X = o~ !ex with ¢ € €,. Then sign X’ = sign¢’ = 1, there exists 7 = 1(¢) e R:
&(t) =1t + nr.signa’ and (—1)" \/8'(1') equals to one of the numbers g_,, g;.
Let xo := a” (). Then X(x,) = o 'ea(xy) = o 'e(t) = a [t + nn . sign o'] =
=a"alxy) + nr . sign «’] = @,(x,). Consequently (1, n) is the category of (q) relative

’ -1’ ’ ’
to the dispersion X and (—1)" \/2(»(}01 =(-1D" \/v ,?L,f(f),f (.MQLV =
@n(Xo) o V(x4 nm.signa) . o'(xo)
=(-1) \/s’(r) is the value of one of the characteristic multipliers of (q) relative

to the dispersion X. Thus ¢_, 0, are the characteristic multipliers of (q) relative
to the dispersion X.

Let X be a dispersion of (q) and let (q) relative to the dispersion X have the
category (l,n) with g_,, 0, being its characteristic multipliers. Let X = o™ lea,
¢e €. Then signe =sign X' =1 and there exists xeR: X(x) = ¢, (x). Thus
o lex(x) = o a(x) + nn . signa’]. Consequently &(r) = t + nn.signa’ for t:=

’ -1’ T B T
c= a(x). Since (__ l)n _)(,9()< = (= l)n \/ — a 6(}') . & (T) .o (X) -
- on(x) o V[a(x) + nr . signa’] . o (x)
=(-1)" \/8'(t) is one of the characteristic multipliers of (q) relative to the disper-
sion X, we obtain e€ €, .
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Theorem 2. Let n be an integer. Then there exists exactly one dispersion X(= @,)
of (q) under which (q) has the category (1, n) and possesses two equal characteristic
muliipliers (equal to (—1)"). There exist independent solutions u, v of (q) satisfying (1).

The proof immediately follows from Lemma 5 [4] and from Lemma 1 [5].

Theorem 3. Let « be a phase of (q) and let n be an integer. Let €, be the set of all
g€ € suchthatsigne' = 1, ¢e(t) = t + nn.sign o and there exists T = 1(¢) e R: &(1) =
=1 + nn.signo’ with &(t) = 1. Then a™'€,u is the set of those dispersions of (Q),
where (q) relative to the dispersion X € o~ *€,a possesses two equal characteristic
multipliers (equal to (—1)") and the category (1, n) and there exist independent solutions
u, v of (q) satisfying (2).

Proof. Suppose that the assumptions of Theorem 3 are satisfied. Let X € o~ 1€,
Thus X = o« 'ex for an €€ €,. Then sign X’ = sign¢’ = 1 and there exists T =
=1(e)eR: &(r) =t + nn.signa’ with ¢'(r) =1 and &(t) & ¢t + nn.signo’. For
Xo 1= o~ (1) we obtain X(xo) = o tea(x,) = a”le(r) = a” [alx,) + nn.sign o'] =
= @,(xo). Hence (1, n) is the category of (q) relative to the dispersion X. Next

(_l)n\/X:(xO) —
®n(Xo)

possesses two equal characteristic multipliers (equal to (—1)"). Since X = o lea *
#+ o o + an.signa’] = ¢@,, it follows from Lemma 7 [5] the existence of solu-
tions u, v of (q) for which (2) applies.

Let X be a dispersion of (q) and let (q) relative to the dispersion possess two equal
characteristic multipliers and the category (1, ). Besides, let there exist independent
solutions u, v of (q) for which (2) applies. Let X = a"'ex, g€ €. Then signe¢’ =
=sign X’ =1 and there exists x€R: X(x) = ¢,(x). Consequently o™ 'ea(x) =
= o [a(x) + nn.sign«’]. For 7:= a(x) we have &(t) = © + nn.signa’. Since
(- A)i’((‘).c)l =(-1) x//g’(r) = (—1)", we have &(t) =1 and it follows from

(pn x
X #+ ¢, that &(t) £ ¢ + nn.signa’. Therefore e € €,.

(= D"Ve' (@) = (=1)", therefore (q) relative to the dispersion X

Theorem 4. Let o be a phase of (q), let n be an integer and 0 < a < 1. Let G, :=
:= {7 '[e(t) + (a + 2n) n]; e € €}. Then o~ '€, are all dispersions of (q) where Q
relative to the dispersion X € o~ '€s0 possesses the category (2, n) and e*™ gre its
characteristic multipliers.

Proof. Suppose the assumptions of Theorem 4 to be satisfied. Let X € a7 !E,q.
Then X = o™ e, with &,(¢) = ¢ '[e(t) + (a + 2n) n] for an &e €. Further ¢o
is a phase of (q) and eaX = eao™ ‘e '[exx + (a + 2n) 7] = ex + (@ + 2n) m. Con-
sequently (q) relative to the dispersion X possesses the category (2, n) and e**™ are
its characteristic multipliers.

Let X be a dispersion of (q), let (2, n) be the category and e the characteristic
multipliers of (q) relative to the dispersion X. Then there exists a phase «; of (q):

+ani
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a; X =a; + (a+ 2n)n. Since X = a”lg;a and «, = ex for an e € € and ¢, € €, we
have a X = goa™'e 00 = geq0 = e + (@ + 2n) n. Thus ee, = ¢ + (@ + 2n) m, 8, =
= ¢ ![e + (a + 2n) n] and ¢, € €;.

Theorem S. Let o be a phase of (q), let o_,, 0, be real numbers, 9_, .0, = —1
and let n be a positive integer. Denote by €, the set of all ¢ € € for which sign¢’ = —1

and —/ | €(xo) | is equal to one of the numbers o_,, 0,, where x, = &(x,). Then o™ '€ a
are all dispersions of (q), where (q) relative to the dispersion X € «~*€,a possesses the
category (3,0) with o_,, o, being its characteristic multipliers.

Proof. Suppose the assumptions of Theorem 5 to be satisfied. Let X e a7 '€,
thus X = a™ ‘eo with ¢ € €,. Then sign ¢’ = —1. Let x, = &(x,). By Corollary 6 [4],
equation (q) relative to the dispersion X possesses the characteristic multipliers

— V' —¢'(xy) and --—;}_:. Consequently (q) relative to the dispersion X has the
—&'(xo)
category (3, 0) with the characteristic multipliers ¢o_, ¢, .
Let X be a dispersion of (q) and let (q) relative to the dispersion X have the
category (3, 0) with o_, o, being its characteristic multipliers. Let X = « ™ 'ex, ¢ € €.
Then sign ¢’ = sign X’ = —1. There exists further (exactly one) xe R: X(x) = x.

From this &(xo) = x, for xo := a(x)and — v —X'(x) = — \/;T_l's(xo) L€' (xg) . oUx) =

= - \/ - ﬂ?c);"i(—xﬂ)w = -+ —¢&'(xg). Therefore — N, :3'(x0) is one of the charac-
a'a”(xo)

teristic multipliers of (q) relative to the dispersion X. Hence ¢ € €,.
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Souhrn

STRUKTURA DISPERSI DIFERENCIALNI ROVNICE
Yy =q)y
PRI NICHZ V ZOBECNENE FLOQUETOVE TEORII
MA TATO ROVNICE
STEJNE CHARAKTERISTICKE KORENY

SVATOSLAV STANEK

Necht diferencialni rovnice

Y =4q)y, qeC°(R) @

je oboustranné oscilatoricka na R a nechf X je feSeni (na R) nelinedrni diferencialni
rovnice

VIX'| (—;-) + X2 q(X) = q().
ViX'|

Reseni X se nazyva disperse (1. druhu) rovnice (q). V zobecnéné Floquetové teorii
k rovnici (q) a dispersi X rovnice (q) lze (jednoznaéné) ptifadit jistou kvadratickou
algebraickou rovnici, jejiz kofeny se nazyvaji charakteristické koteny rovnice (q)
pti dispersi X. Hodnoty charakteristickych koren@ rovnice (q) pfi dispersi X zavisi
na vybéru disperse X. V prdci jsou vySetfeny vSechny disperse X pfi nichZ rovnice (q)
ma stejné charakteristické kofeny.
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Pesrome

CTPYKTYPA IIUCIEPCUTI
JIUODPEPEHLIMAJIBHOTO YPABHEHMU S
v =q(1)y
OTHOCHUTEJBHO KOTOPBIX 3TO VPABHEHMUE
UMEET OJJMHAKOBBIE KOPHU
B OBOBIEHHOIT TEOPUU ®JIOKE

CBATOCJIAB CTAHEK

TMycts audpdepennpanbHoe ypaBHEHHE

Yy =q0y, qeCR) (@

xonebmomeecs Ha R. Eciu X pewenne Ha R HenmuelHoro nuddepeHuuaioHoro
ypaBHEHHS
VIX'| (——i:) + X' q(X) = q(0),
VIX'|

To X naswiBaerca mucnepcueit (1-ro pona) ypasuenus (q). B 06006uwennoit Teopuu
®ioke K ypaBHEeHHIO (q) M qucrepcuy X ypaBHeHMs (q) IPHCOeTUHSAETCS KBagpaTh-
yeckoe ajredpamdeckoe ypaBHeHue. KopHU 3Toro ypaBHEHHs HA3bIBAIOTCS XapakTe-
pHucTHYecKMe KOPHH ypaBHeHMs (q) OTHOCMTeIbHO Auchepcun X. 3HauyeHHs Xapak-
TEPUCTUYECKMX KOpHeil ypaBHenus (q) OTHOCHTENILHO TUCTIEpCHU X 3aBUCAT OT BbI-
6opa mucnepcyu X. B 9Toi cTaThe McclemyroTcs BCE OMCIEPCHM ypaBHeHMs (q)

OTHOCHTEJILHO KOTOPBIX 3TO YpaBHEHHME HMMEET OJWHAKOBBIC XapaKTePUCTHYECKHE
KOPHM.
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