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1. Introduction

0. Boruvka established in [1] functions X such that for every solution u of the
both-sided oscillatory equation (q): ¥" = q(t) ¥, g€ C*(R) (R = (— o0, 0)), q(t) < 0

for ¢ € R, the function \/ —q(t) - uX@ equals (on R) to the derivative of a solu-

VIX'(0)]
tion of (q). Such functions are called the dispersions (of the 4th kind) of (q). Let us
say that the (generally complex) number t is a characteristic multiplier of (q) relative
to the dispersion X, when there exists a (nontrivial) solution « of (q) for which

_uX@® =1 »Ji;(’—l-: , t € R. The author proves in this paper that such a number ©

JIXOL V=4
is a root of a certain quadratic algebraic equation and is expressed in terms of phases
and dispersions of (q).

2. Basic definitions, notations and relations

In what follows we investigate a differential equation

Y =q(t)y, (@

where g e C3(R), ¢(t) < 0 for te R being both-sided oscillatory on R. The trivial
solution of (q) will be excluded from our consideration.
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Let u, v be independent solutions of (q)- Say that a function « : R —» R, a € C°(R)
is the 1st phase of the basis (u, v) of (q) if

tg at) = ((t)) on R — {teR, v(t) = 0.

A function 8 : R - R, e C°(R) is called the 2nd phase of the basis (, v) of (q) if
tg (1) = i‘% on R — {te R, v'(1) = 0}.
t

Functions « and f are called the 1st and 2nd phases of (q), respectively, when there
exists a basis (u, v) of (q), where a and f§ are its 1st and 2nd phases respectively.
Let @ and B be 1st and 2nd phases of a basis (u, v) of (@) and w = w' — w'v. Then
sign a’ = sign ' and

®) — cos «(t)
u(t)"O'\/I Sma > U(t):a\/]w i S
NEY V12 @]
W) =0 JTw. 40| = sin ﬁ(t) L v =o' JTw ] cos/i’(t)
Vi Jigol
(6,0 = £1).

In case of ¢ = ¢’ we say that the phases « and f have the same signature.

The set of the 1st phases of the equation y* = —y will be written as €. For every
ee € we have: ¢t + n) = ¢(t) + m.signe’, reR.

We set q,(t) 1= q(t) + /- q(t)( /%_)«) for t e R. The equation (q,) : y" =

q(t
= ¢,(t) y is called the associated equation to (q). There holds the following relation
between the sets of solutions of (q) and (q,): If u is a solution of (q), then the function

u'(t)
NEro)

u,(t)/—q(1) is the derivative of the only one solution of (q). It immediately follows
from this that every second phase of (q) is the first phase of (q,).

Let n # 0 be an integer and x, € R. Further let « be a solution of (q) and #'(xy) =
= 0. Let /,(xo) (,(x,)) stand for the n'™ zero of u'(u) lying to the right or to the left
from the point x, according as n is an positive or an negative integer. The functions
Wy 0, (n = 1, £2,..)) are defined on R, y(R) = R, w,(R) = R. The functions y,
and o, arc respectively called the central dispersions of the 2nd and 4th kind of (q)
with the index n. We set yo(t) = ¢.

Let « and 8 be respectively a 1st and a 2nd phases of a basis (v, ) of (q). Then

P (t) = B(t) + nm . sign p’

- is a solution of (q,) (on R) and vice verza: if u, is a solution of (q,), then
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and if 0 < B(¢) — a(t) < = for teR, then

a0 1) = 1) + - (Cn = signmsign B~ )z (1= £1, 2, .,

Between the functions ¥, and o, it holds

Wy 4k forn>0,n+k>1 and n<On+k=—1;
O = {Opsp-1 forn >0,n+ k >0; €))
Opikt1 for n < 0,n+ k> 0.

A function X € C3(R), X' = 0 representing a solution of the nonlinear differential
equation

T T IRY /
VIXT () X a0 = a0 (aa,)
Vx|

is called the dispersion (of the 4th kind) of (q). Let « and f8 be respectively a first

and a second phase of (q). Then «™'€f := {x™'ef, & € €} is the set of all dispersions
of (q).

Let X be a dispersion of (q) and let u be a solution of (q). Then there exists a solu-
tion v of (q) for which we have

CuX@® v
JIX@m) -4

teR.

The functions w, (n = +1, £2,...) are solutions of (qq,) and therefore they are
also the dispersions of (q) and we have for every solution u of (q):
X ONN(()

—— -y teR. 2
Jol(1) J—a) @

All the above definitions and properties were stated and proved in [1] and [2].
3. Preparatory lemmas

Let X be a dispersion (of the 4th kind) of (q) and let «, v be independent solutions

of (q). Then ~r-,'—l{»(-9— -y, - oX® are independent solutions of (q;) and thus
VIX (ol VIxXo]
VIX(t) | NET0) NETTD)
VX0 (1) (1) ®

N e NN
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where det a;; # 0 and a;; (i,j = 1, 2) are real numbers. Let y be such a solution
of (q), where
_yX@ . YO
JIX(0)] J=a

and t is a (generally complex) number. Then 7 is a root of the quadratic equation

teR

0? — (a;; + az) 0 + (ay1a5> — ayza5,) = 0. ©)

The coefficients of the above equation do not depend on the choice of the independent
solutions u, v of (q).

Equation (4) and its roots are called respectively the characteristic equation of (q)
and the characteristic multipliers of (q) relative to the dispersion X.

Let n be an integer, n % 0, and let w, be the central dispersion of the 4th kind
of (q) with the index n. Let us say that x, xe R, denotes a number of type n of (q)
relative to the dispersion X if X(x) = w,(x).

In what follows let « and f represent respectively the Ist and 2nd phases of a basis
(u, v) of (q) with 0 < B(t) — a(t) < = for teR.

Lemma 1. Let sign X’ = 1. Then all numbers of (q) relative to the dispersion X
(if any) are of the same type.

Proof. Let X = a”'¢f, ee €. Then signe’ = 1. Let x and y be respectively
numbers of the type n and m of (q) relative to the dispersion X, n # m; X(x) = w,(x),

X(y) = w,(y). This yields ef(x) = B(x) + %((2;1 — sign n) sign ' — 1) 7, ef(y) =
= f(y) + %((Zm-sign m) sign ° — 1) n. The first equality gives further ¢ +
+ »12~((2n-sign ﬁ) signfff — )n—n<e(t) <t+ %((2n-sign nysignff — )+ n
for t € R. From this we get f(y) + % ((2n-sign n) sign f' — ) — n < ef(y) =
= f(y) + %((2mosign m)sign f’ — Dn < p(y) + —;—((2n-sign n)sign f’ — Nx+ 7.
Hence -1 < ((m - n) + _é.(sign m — sign n)) sign f' <1 and | m — n +

+ —;—(sign m-signn)| < 1. If signm = signn, then |m —n| < 1, that is n = m.
If signm + signn, then |signm — signn| =2, |[m —n|=|m| + |n| > 2 which

contradicts | m — n + %(signm —signn)| < 1.

Corollary 1. Let sign X’ = 1. If there exists a number of type n of (Q) relative to the
dispersion X, then
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0y 1 (1) < X(t) < 0,4,(t)  for n + £1;
w_(t) < X(t) < w,(t) for n =1; (5)
w_,(1) < X(@) < w,() for n = —1.

Proof. Let there be a number of type n of (q) relative to the dispersion X. If (5)
does not hold, then from the continuity of the function X we get the existence of
a number of type m of (q) relative to the dispersion X, n % m, which conflicts with
Lemma 1.

Lemma 2. Let sign X' = 1 and let x be a number of type n of (q) relatie to the
dispersion X. Then Y (x) are numbers of type n of (qQ) relative to the dispersion X for
every integer 1.

Proof. Let X = a ¢, ee €. Then sign¢’ = 1. Further X(x) = w,(x), thus

ef(x) = P(x) + —;—((211—sign n)sign p’ — 1) n. Let i be an integer. Then Xy ,(x) =
= a7lYx) = o 'e(B(x) + nin . sign B) = @ NeB(x) + nin . sign f) =
=qa! [B(x) + %((Zn + 2i — signn)sign ' — 1) n] =q! [B(x) + %((2(11 +1) —
— sign (n + §)) sign B’ — 1 + (sign (n + i) — sign n) sign B) n] The rest of the
proof we will break up into five parts:

(i) if sign (n + i) = sign n, then XyY,(x) = a~? [ﬁ(x) + % Q@+ -

— sign(n + i))sign f’ — 1) n] = W, (x),

(ii) if sign ( + i) = 0 and signn = —1, then Xy(x) = o~! [ﬂ(x) +
+ —;—(Sign g -1 n] = o,(x),

(ii) if sign (1 + ) = 0 and sign n = 1, then Xy(x) = o~* [ﬁ(x) -
- _%_(sign B+ l)n} = w_y(x),

(iv) if sign (n + i) = 1 and signn = —1, then Xy,(x)= a“[/}(x) +
+ %((2(;1 + i+ 1) —sign(n + i+ 1)signp’ — l)n] = Outiv1s

(v) if sign(n + i) = —1 and signn = 1, then Xy ,(x) = a! [ﬁ(x) +

+—;—((2(n +i—1)—sign(n+i—1)signf — l)n] = Wiy
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This and (1) yields Xy (x) = w,W(x). Consequently ¥(x) are the numbers of type n
of (q) relative to the dispersion X for every integer 1.

Lemma 3. Let sign X' = —1. Then there exists to every integer n, n + 0 precisely
one number of type n of (q) relative to the dispersion X.

Proof. The proof immediately follows from the fact that for every integer n
n 0, w,(t)is an increasing function on R, w,(R), X(R) =

R and by our assumption X
is a decreasing function on R.

Lemma 4. Let x € R and let u, v be independent solutions of (q) satisfying the initial
conditions u(x) = 1 u'(x) =0, v(x) =0, v'(x) = 1. Then

o’ + [A _l_m (u X(x). \/l X'(x)| .sign X’ ; X”(x) uX(x) +
[ —q(1) X(X)VIX(\)I

+ L — q(,x) S uX(x)) - \/ qfx) i‘ vX(x)]Q +sign X' =0 6)
2 qoVIXm1 X0

is the characteristic equation of (q) relative to the dispersion X.
Proof. Let the assumptions of Lemma 4 be fulfilled. Then (3) holds for the
solutions w, v of (q), where det @;; + 0. Writing x for ¢ in (3) we obtain

| ) i \
a,, = \/‘7?58—), ; . uX(x), ay, = \/l ;SX) E['UX(X).

By differentiating the equalities of (3) and writing x for ¢, we get after some evident
modifications:

ay=— [u X0 NTX ] sign X’ =4 Ky 4
J=4 XX

+ = 1 — q(x) - uX(x)]

2 4VIX'0|
1 ) e .1 X"(x)
gy = — e | V' X ),«/IX(x)l.sxan - v X(X) +
2 J«qu)[” « L xmdixer
1 q'(x) ]
+ = (
2 VI X' ()|
Then
a;, + a,, = —f——lw—— [u’X(x) . \/I X'(x)|.sign X' —
11 22 \/—q(x)
1 X'

— . uX(x) +
2 X'V X))
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SR q'(x) \/ () |
+ — X(x):l + l X' ..vX(x)

2 4oVIX()]
and
11033 — Q42031 =
1 ~X'"(x)
e WX VI X'(%)] . sign X' — —— o J—
NETE) [” R RN T T
N ] \/\ ) i vX(x) +
261(x)\/|X(x)| X'(x) |
1 , =, . , X"(x)

+ e [ VX NI X0 ] sign X' — —— T 0X(x) +
J=4a( [ g TSN T ®
P / 1) | xee) =

24q)VIX' X)) Xm

= (V'X(x). uX(x) — v X(x).vX(x)).sign X' = sign X".
On substituting the above results into (4) we get (6).

Corollary 2. If (q) relative to the dispersion X has complex characteristic multiphers,
then they are equal to e*°™, where 0 < a < 1 and sign X’ = 1.
Proof. The proof of Corollary 2 proceeds analogous to that of Corollary 4 in [3].

4. Main results

Theorem 1. Let 0 < a < 1. Then e**™ are characteristic multiphers of (q)
relative to the dispersion X iff there exists an integer n, a first phase o and a second
phase B relative to the same basis of (qQ) having the sume signature, for which

aX(t) = B(t) + (a + 2n) =, teR. W)

Proof. Let 0 < a < 1 and e**™ are the characteristic multipliers of (q) relative
to the dispersion X. Then there exist independent solutions u, v of (q):

uX(1) u'(t) . ()
—=f— =cosan. -+
N RN e O N ETTO) o
—v—i(—i—* = —sinan. __~.(_2g, + cosa _v®
JIX(@®] NEFTO) N
Let x € C°(R), f € CO(R) be functions for which tg a(t) = un onR — {teR,v(t) =0}

o)
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and tg f(?) = u on R — {teR, v'(t) = 0}. Then « is a first phase and f is
v'(1)

a second phase of the basis (#, v) of (q). We choose « and f to have the same signature.
From (8) we get tg aX(t) = tg (B(t) + am). There exists therefore an integer k where
aX(t) = B(t) + (@ + k) n. We prove that k is an even number. First u(t) =

c . u'(t) c .
= — sin a(t), o(t) = ——=— cos a(t), -l = sin f(2),
i) \/Ia(t)l J—qm VIB®|
_v@
J=a x/lﬂ(t)l
uX(t) csinaX(t)
—_—— e = N+ (@+k)
VX VIex@.x o) Y (axm) | (i +(a+ e =
= (-1 \/' sm (B(®) + an)
From (7) we have
uX(1) c . sin B(¢) . ¢ . cos B(1) c .
= cosam —— + sinan = sin (B(1) + an).
JIXo| JIBO] JIBOI  VIBOI )

Therefore (—1)* = 1 and k is an even number (k = 2n).
Let there be a first phase o and a second phase g of a basis (4;, v;) of (q) having

the same signature, for which (7) applies with 0 < a < 1. Put u(t) = Sin a(t)

—

Y@

u(t) = 0(05 a(tl for t e R. Then u, v are independent solutions of (q) and
Vi (@]
u'(ty  sinf() v’(t,)*, _ cos B(El
N RN IO TN ET ORIV TOY)
From
uX( sin aX(t) _ sin (B(t) + (a + 2n) n) _
JIX'®1 V1ex@ . X0 JIB @
. t
= cosan 7_(5)77 + sinan \/ (q)(?)A
vX() cos aX(t) _ cos (B() + (a + 2n) n)
JXW1 VIdX@. X0 N
u'(1) v’
= —sinan — \/ (t) + cosan \/—._S_—‘;z;l)-,
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it follows that
0> —2pcosan +1 =0

+ani

is the characteristic equation of (q) relative to the dispersion X and e are its roots,

Remark 1. Phases « and f in Theorem 1 may be chosento be 0 < f(t) — a(?) < =
for teR.

Corollary 3. The equation (q) relative to the dispersion X has real characteristic
multipliers iff there exists numbers of type n of (q) relative to the dispersion X.

Proof. Let 7 be a real characteristic multiplier of (q) relative to the dispersion X.
Then there exists a (nontrivial real) solution u of (q):

_uX@® u'(1)
VIX(@)] NETON
Now, on our assumption, the equation (q) is both-sided oscillatory on R. Let u'(x,) =
= 0. Then it follows from (9) that uX(x,) = 0 and thus there exists an integer n,
n #+ 0: X(xo) = w,(xo) and x, is a number of type n of (q) relative to the disper-
sion X.
‘Let e**™, 0 < a < 1, be complex characteristic multipliers of (q) relative to the
dispersion X. Assume that for an x, € R and for an integer j, j & 0 we have X(x,) =
= w(x,). According to Theorem 1 there exists a first phase o and a second phase f8

of a basis (v, v) of (q) having the same signature for which (7) applies and 0 < f(z) —
—ot) <n for teR. Let X =a"'ef, ec € Then aX(Xy) = ef(x,) = flxy) +

teR. %)

1 . . .
+ (@ + 2n) 1 = awi(xe) = flxo) + —2—((2j — signj) sign f’ — 1) . From this we
get 2(a + 2n) = (2j — signj)sign p’ — 1 contrary to 0 < a < 1.

Theorem 2. Let x be a number of type n of (q) relative to the dispersion X. Then
oy JTEOL gy, iy [0
@(X)

are the characteristic multipliers of (q) relative to the dispersion X.

Proof. Let x be a number of type »n of (q) relative to the dispersion X; X(x) =

= w,(x). Let u, v be independent solutions of (q) satisfying the initial conditions

u(x) =1, W'(x) =0, v(x) = 0, v'(x) = 1. Then uX(x) = uw,(x) = 0 and we have
from (2) the relations

o) _ e WO o) e YO

, D ot . (10)
\/w,',(t) NEX10) \/a),’,(t) J—a@)

From this, it follows v X(x) = vw,(X) = (—l)"\/—- u;,’i(xx)) v'(x) = (~ l)"\/—gq',&-(s))— .
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By differenting the first equality in (10) we obtain

u'w,(1) x/w (t) + uw,(t) <,ﬁ,_ )’_~
\/w,,(t)

1 ’
=(=1)""! — 1 I
= (=" u(t)=a() + (- )u(t)<\/_q(t)>

and writing x for ¢ yields
' X(x) \/aﬁix_) = (=1)"*! V—q( (x)
/X - __1n+l /_»qi(ic).
X =

Then the characteristic equation (6) of (q) relative to the dispersion X can be written as

|X(x)| \/ wy(x) ]
n X' 1 =0. (11
[ 1)\/ .sign X' + (= 1)" X0 0 +sign X' =0. (11)

Since (11) has the roots (—1)" \/|X(x)| sign X’ and (—1)" \/IX(x)[ these

numbers are the characteristic multipliers of (q) relative to the dispersion X. This
completes the proof of Theorem 2.
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Souhrn

UZITI ZOBECNENE FLOQUETOVY TEORIE
PRI TRANSFORMACI DIFERENCIALNI ROVNICE

V=490
DO JEJI PRUVODNI ROVNICE

SVATOSLAV STANEK

V praci jsou vySetfovany diferencidlni rovnice typu
y'=q0)y, qeC*R), q@)<0 proteR @

které jsou oboustranné oscilatorické na R. Bud X e C3*(R), X’ + 0, feSeni (na R)
nelinearni diferencidlni rovnice

Jix I( ) L X7 a(X) = 440,
Jix

kde q,(t):=q() + /- q(l)( 71 *) , te R. Rekneme, Ze (obecn& komplexni)

J=4(0
¢islo 7 je charakteristickym kofenem rovnice (q) pfi X, jestliZe existuje (netrividlni)
feSeni u rovnice (q) pro néz —- X =T7.— uiL , te R. Takova ¢&isla 7 jsou
X1 NE(U)

kofeny jisté kvadratické algebraické rovnice. Necht 0 < a < 1. Pak e jsou
(komplexni) charakteristické koteny rovnice (q) pfi X pravé kdyz existuje celé Cislo n
a prvni fize o a druhd fize B pfislusné k n&jaké bazi feSeni rovnice (q), které maji
stejnou signaturu, pro néz

aX(t) = p@t) + (a + 2n) m, teR.

Necht w,(t) je centrilni disperse 4. druhu rovnice (q) s indexem #. Rovnice Q)

pfi X ma redlné charakteristické koreny prdve kdyz existuje Cislo x € Ricelig:lslo n:
X'(x , W, (X)

X(x) = w,(x). V tomto ptipadé (— 1)"\/ | X' )1 .sign X' a (—=1)" \/IX (;I' jso

charakteristické kofeny rovnice (q) pfi X.
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Pesiome

NPUMEYAHUE OBOBIWIEHHOII TEOPUMU
®JOKE ITPU NTPEOBPA3OBAHUU
ANOPEPEHLIMAJIBHOI'O YPABHEHUA y" =q(t)y
B COIMPOBOXIOAIOIMEE YPABHEHUE

CBATOCJIAB CTAHEK

B pabote uccnenyrorcs konebmrouuecs Ha R auddepenuuanbhble ypaBHEHHS
THNa

¥ =q()y, g€ C*(R), q(t) < 0 nna teR. @

Mycts Xe C3R), X' # 0 pewenne (sa R) Henmmueitnoro muddepeHunambHOro
ypaBHEHUS

JTX'T(—L_) + X7 q(X) = 0,00,
VIX'|

rae q,(t): = q(t) + \/|_q(t_)_| (4\/%4) , teR. T'oBopuM, uTo (BOOOIIE KOMILIEKC-

HOE) YUCJIO T SBJISIETCS XapaKTePUCTHYECKHM KOpHEM ypaBHeHust (q) OTHOCHTENbHO X
€CIM  CYIUeCTBYeT (HETPUBMAJIbHOE) pelueHHe u ypaBHeHust (q) BBIIOJHSIOLICE

uX(t) u'(t)

COOTHOINEHHE —— 2 — = T ——le

JIX' O] J9Ia@ |
HEKOTOpOro KBaJpaTuyeckoro anredpauueckoro ypasHenus. Ilyctp 0 < a < 1.
Torna e**™ (koMIeKCHBIE) XapaKTepUCTMYECKHE KOPHM ypaBHEHHs (q) OTHOCH-
TeJBbHO X TOJILKO B CyJiYae, KOI/Aa CYLIECTBYET LIeJIO€ YUCIIO 1, epBas ¢as3a o U BTO-
pas ¢asza f§ HekoTopo# 6a3bl ypaBHenus (q), KOTOPhIE MMEIOT OJAMHAKOBYIO CHIHa-
Typy, TaK 4YToO

-, t € R. Takue yucna t npeACTaBisIOT KOPHA

oX(t) = B(t) + (@ + 2n)m, teR.

Iycty w,(f) uenTpanbHas nucnepcust 4-ro pona ypasHenus (q) ¢ MHIEKCOM n.
VpasueHue (q) OTHOCUTENILHO X MMeeT JedCTBUTEbHbIE XapaKTEe PUCTUYECKHE KOPHH
TOJIBKO B TOM Cllyvyae, Korga CymeCTByeT YUucCjio x € Rn LEJI0C YHUCJIO 1 MJIA KOTOPBIX

X(x) = w,(x). B atom ciyvae (—1)" \/Mf(ﬂ .sign X' u (=1) \/~£)£2~ ABJIS-
,(x) [ X'(x)|
JOTCA XapaKTePUCTUYECKUMU KOPHAMHM ypaBHeHMs (q) OTHOCHTENLHO X.
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