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AND OF CENTRAL DISPERSIONS 

I N THE OSCILLATORY EQUATION 
y = q{t)y WITH A P E R I O D I C C O E F F I C I E N T 
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1. I N T R O D U C T I O N 

O. Boruvka in [2-5] and F. Neuman in [9] brought into relation the Floquet 
theory for the oscillatory equation (q): y" = q(t)y, qe C°(R), q(t + n) = q(t) for 
/ G R ( = (-OO, oo)) with the theory of phases and of central dispersions. They found 
thereby an expression for characteristic multipliers of (q) through an appropriate 
phase or through a central dispersion of (q). The present paper refers to the above 
results. Let ofbea phase and let cpn denote the central dispersion of (q) with the 
index n9 x e R. There is proved the existence of the limits: lim (a(t)/t), lim ((pn(x)ln) 

t-»±oo n-*±oo 

and their values are expressed through the values of the characteristic multipliers 
of(q). 

2. BASIC D E F I N I T I O N S , NOTATIONS 
AND A U X I L I A R Y RESULTS 

We will discuss differential equations of the form 

(q) y" = q(t)y, qeC°(R), q(t + n) = q(t) forreR, 

being oscillatory on R, that is, any nontrivial solution of (q) has an infinite number 
of zeros on the right and on the left from any point t0 eR. The trivial solution of (q) 
will be excluded from our considerations. 

Say that a function a : R -• R, a e C°(R), is a (first) phase of (q) if there exist 
independent solutions u, v of (q): 

tg a(0 = u(t)/v(t) on R - {t e R, v(t) = 0}. (1) 
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If 6 denotes the set of phases of the equation y" = -y, then for any e e (£ there is 
e'(t) 7- 0, s(t + TT) = s(l) + 7i. sign e' and hence 

t. sign s' + s(0) - 7i < e(t) < t. sign a' + e(0) + n, t GR. (2) 

It holds for any phase a of (q): a e C3(R), a'(t) # 0 for teR, lim ot(t) = 
f-*voo 

= v . sign a'. oo (v = +1). If a fits the relation (1), where u, v are independent 
solutions of (q) and w := uv' — u'v is their Wronskian, then 

a'(l) = - w/(u2(t) + v2(t)), t e R. (3) 

Let a be a phase of (q), n being an integer. Let a"1 denote the inverse function 
to the function a (on R). Put cpn(t) : = a" *(a(t) + nn . sign a'), l e R. The values of the 
function cpn are independent of the choice of the phase a of (q) and the function cpn 

is called the central dispersion (of the 1st kind) of (q) with the index n. This function 
possesses the following properties: 

<pn e C3(R), cpn(t) > 0, <pn(t + n) = <pn(0 + 7i for t eR, (4) 

and for any x eR and any positive integer s there holds 
00 00 

(-co, x] = (J (<p_(fe+1)s(x), (f>-ks(xy]9 [x, oo) = \J [cpks(x), (p(k+1)s(x)). (5) 
k=0 k=0 

From the definition of the function (pn and from (4) we get 

t — x + cpn(x) — n < (pn(t) < t — x + <pn(x) + 71, f e R, (6) 

where xeR and n is an integer. 
The above definitions and properties are stated in [1, 5] or they can be deduced 

very simply. 
Let x eR and yi9 y2 be solutions of (q) satisfying the initial conditions yi(x) = 

=:j2(x) = 0, y't(x) = y2(x) = 1. Following the Floquet theory ([5,7,8]), we 
associate with (q) a quadratic algebraic equation 

X2 - Al + 1 = 0, 04 := y\(x + TT) + j 2 (x + TT)), 

whose roots (generally complex) Q,Q~* (Q ^ 0) are called the characteristic multipliers 
of (q). It holds thereby: 

Lemma 1 ([2-5]). 
The equation (q) has real characteristic multipliers exactly if there exists an xeR 

and a positive integer n such that 

<P„(x) = x + n. (7) 

If (7) holds for an x e R and (pm(x\) = xx + n holds for an xx, then it can be 
proved that necessarily n = m. Say that (q) has the cathegory (1, n) (see [5]), where n 
is a positive integer, if the relation of (7) for an x e R is satisfied. In such a case 
(-l)n(<Pn(x))1/2 and (-l)n((pn(x)y1/2 are characteristic multipliers of (q). 
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Lemma 2. ([3,5,9]) 
Let 0 < a < 1. Then e±ant are characteristic multipliers of (q) exactly if there 

exists a phase a of (q) and an integer n such that 

a(t + n) = a(t) + (In + a) n, te~R. (8) 

Say that (q) has the cathegory (2, n) (see [5]) with n being an integer exactly if ther 
exists a number a e (05 1) and a phase a of (q) satisfying (8). 

3. PRINCIPLE RESULTS 

Lemma 3. 
Let n be a positive integer and (\, n) be the cathegory of(q). Then 

lim a(t)jt = n . sign a 
t-* ± 00 

for any phase a of (q). 
Proof. Let (1, n) be the cathegory of (q). By Lemma 1 this is fulfilled exactly if (7) 

holds for an x e R, where cpn is the central dispersion of (q) with the index n. Let a 
be a phase of (q) and sign a' = 1. Let {ak}, {bk} be arbitrary sequences of numbers, 
lim ak = oo, lim bk = — co. If we prove lim a(ak)/ak = lim a(bk)jbk = n, then 

Jk—> oo A:-+oo fc-+oo k->oo 

necessarily lim a(t)/t = n. We can without any loss of generality assume for any 
fc-* ±00 

positive integer k that bk < x < ak. Now we get from (4) and (7) that for j = 0,1,2,... 
cpJn(x) = x + jn and thus it follows from (6) that 

t + cpjn(x) - n - x = t + (j - 1) n < cpjn(t) < t + cpjn(x) + n - x -= 
= t + (j + 1) 71. 

Hence 
t + (j- l)n<(pJn(t)<t + (j+ 1)TT, teR, j = 0 , l ,2 , . . . (9) 

Writing <P-jn(t) for t in (9) gives 

9-;„(0 + (/ - 1) * < f < <P-;„(0 + 0 + 1 ) T, 

because <Pjn(<p-jn(t)) = i>. This implies 

* - ( / + ! ) « < <P-;„(0 < * - (/ - 1) *. ' eR,f = 0, 1, 2, ... (10) 

From (9) and (10) we obtain 

t + (j- l)n<(pjn(t)<t + (j+ 1)TT, feR,f = 0, +1, ±2 , . . . (11) 

From (5) and from the properties of the sequences {ak}9 {bk} it is clear that the 
members of these sequences ak, bk are expressable in the form: ak = (pnik(xk)f bk = 
= 9-njk(yk) where xk e [x, cpn(x)) (= \x, x + n)), yk e (cp-n(x), x] (= (x - n, x~\) and 
{ik}, {jk} are the sequences of positive integers, lim ik — limjk = oo. 

Jk-+oo k-*co 
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(12) 

Because of 

a(ak) = acpnik(xk) =- a(xk) + nikn, 

a(bk) = oc(p^njk(yk) -= a(yk) - njkn, 

a(x) ^ a(xk) < a(x + n), a(x - n) < a(yk) < a(x), 

we find that 

a(x) + nikn g a(ak) < a(x + n) + nikn, 

a(x - n) - njkn < a(bk) g a(x) - njhn. 

From (11) we now find the following inequalities 

X + (ik - 1) 7T ̂  xfc + (ifc - 1) 7T < <pnik(xk) < Xk + (ik + \) 71 < X + (ifc + 2) 7T, 

x - (A + 2) n < yk - (jk + 1) 7T < cp_nh(yk) < yk - (Jk - -) * -§ * ~ (A - 1) n. 

Hence, for sufficiently large k 

a(x) + nikn a(ak) a(x + n) + nikn 
x + (ik + 2)n ak x + (ik — 1) 7r ' 

a(x) - n^n a(bk) a(x - n) - n7fc7r 

* - (Jk + 2)x h x - (jfc — 1)n ' 

and, according to the Theorem on the limit of three sequences, we get lim a(ak)/ak = 
fc-+oo 

= lim a(bk)/bk = n. 
k-* oo 

Let us assume that sign a' = — 1 and let us put p(t) : = - a(t), t e R. Then sign /?' = 
= 1 and since fi is a phase of (q), it follows from the first part of the proof of Lemma 3 
that lim a(t)/t = -lim/?(t)/T = — n and Lemma 3 is thus proved. 

fc-*±oo fc-*±oo 

Lemma 4. 
Let n be an integer, 0 < a < 1. Let (2, n) be the cathegory of (q) and e±aKi its 

characteristic multipliers. Then, for any phase a of (q) 

lim a(t)/t = | 2n + a \ sign a. 
t-*±oo 

Proof. Let n be an integer, a e (0, 1). Then, by Lemma 2, the equation (q) has 
the cathegory (2, n) and its characteristic multipliers equal to e±ant precisely if there 
exists a phase a of (q) satisfying (8). Let a := sign a'. We prove first that the state
ment of Lemma 4 holds for this phase. Letting {afc}, {bfc} be arbitrary sequences, 
lim afc = oo, lim bfc = - c o , then ak = xk + ikn, bk = yk — jfc7r, where 0 ^ xki 
k-*oo k-*oo 

yk < n for any positive integer k and {ifc}, {jfc} are the sequences of the integers, 

lim 4 = lin1A = °°- Therefore 
fc~+oo k-*oo 

lim a(ak)\ak = lim a(xk + /fc7r)/(xfc + ikn) = 
fc-*oo fc-*oo 

= lim (a(xfc) + ik(2n + a) n)/(xk + ikn) = 2n + a = \2n + a\a, 
k-*oo 



lim a(bk)lbk = lim a(yk ™ jkri)i(yk - I» = 
fc->oo A:->oo 

= lim (a(yk) - jk(2n + a) n)/(yk - jkn) = 2n + a = | In + a | a. 
k-+ oo 

Let at be an arbitrary phase of (q). Then ax = ea for a phase e e g , s igna t = (X. 

. sign e'. From (2) we find that 

sign e' + (e(0) ~ n) t"x < e(l)/t < sign e' + (e(0) + n) t"l for t > 0 

and 

sign e' + (e(0) + TT) t ' 1 < e(t)/t < sign a' + (e(0) - TC) t"1 for t < 0. 

Hence lim e(t)/t = sign ef. Herefrom and from the first past of the proof of Lemma 4 
f±"*00 

follows 

lim ax(t)jt = lim ea(t)li = lim ea(t)/a(t). lim a(0/f = 
r-*±oo f-*±oo f-->±oo f->±co 

= I 2n + a | a . sign a' = | 2n + a \ sign a'x. 

Theorem 1. 
Let (q) be an oscillatory equation, 0 < a < 1, and n be an integer. Then 
(i) lhe equation (q) has the cathegory (1, n), where n is a positive integer exactly 

if it holds for any (and then for every) phase a of(q) that 

lim a(0/* = n . sign a'; (13) 
f->±oo 

(ii) the equation (q) has the cathegory (2, n) ande±ani are its characteristic multipliers 
exactly if it holds for any (and then for every) phase a of (q) that 

lim a(0/* = I 2n + a \ sign a'; (14) 
f-+±oo 

Proof. If the equation (q) has the cathegory (1, n), then the equality (13) follows 
from Lemma 3. 

If the equation (q) has the cathegory (2, n) and e±ani are its characteristic multipliers, 
then (14) follows from Lemma 4. 

Let us assume that (13) holds for any phase a of (q), where n is an positive integer. 
Then (q) has real characteristic multipliers, because in the contrary case lim a(0/ ' 

t -* ± 00 

would not be equal to an integer (by Lemma 4). Let us assume that (1, m) is a cathe
gory of (q). Then we get by Lemma 3 that lim a(t)/t = m . sign a', which with respect 

r->±co 

to (13) holds exactly if m = n. 
Let (14) hold for any phase a of (q). Then (q) has complex characteristic multipliers, 

for in the contrary case lim a(t)/t would be equal to an integer (by Lemma 3). 
t->±oo 

Assume that (2, m) is the cathegory of (q) and e±bni where b e (0, 1) are its character
istic multipliers. Then by Lemma 4 lim a(t)/t = | 2m + b \ sign a' and with respect 

* ->±C0 
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to (14) we get | 2m + b | = | 2n + a \. The last equality is satisfied for the integer 
m, n and a, be (0, 1) exactly if m = n and a = b. This completes the proof of 
Theorem 1. 

Corollary 1. 
Let x0 e R, u, v being independent solutions of (q), w : = uv' — u'v. Then 
(i) the equation (q) has the cathegory (1, n) exactly if 

lim t"1 J — — i _ = l l | w r S 
*-*±oo *0 u (s) + v (s) 

(ii) the equation (q) has the cathegory (2, n) and e±£m (0 < a < 1) are its character
istic multipliers exactly if 

limr^^7TT-VT = iw_1(2" + a) |-
t->±oo x0 u (s) + v (s) 

Proof. Let u, v be independent solutions of (q), w : = uv' — u'v be their Wronskian 
and a be a phase of (q) satisfying (1) and therefore also (3). Then sign a' = —sign w 
and after integration of (3) from x0 to t we get 

a(f) - a(x0) = - w J 
XQ U (s) + v (s) 

Since 
' ds 

lim 0L(i)jt = - w . lim t x J — 
f-±oo *-»±oo *3 u

2(s) + V (s) 

we find that 
ds sign a', lim a(t)/t = | w | lim t x J 

r->±oo .-•±00 JCO u (s) + V (s) 

and Corollary 1 immediately follows from Theorem 1. 

Theorem 2. 
Let q>k be the central dispersion of an oscillatory equation (q) w//h the index k. Then 
(i) the equation (q) has the cathegory (1, ri) exactly if for any (and then for every) 

xeR 
lim (pk(x)/k = nn~x 

fc-» ± 00 

(ii) the equation (q) has the cathegory (2, ri) and e±ani (0 < a < 1) are its character-* 
istic multipliers exactly if for any (and then for every) xeR 

lim cpk(x)jk = n \ 2n + a |"x . 
fc-> ± 00 

Proof. It follows from Theorem 1 that for any phase a of (q) there exist limits 
lim (x(t)/t being equal to one another and independent on the choice of the phase 
f->±oo 

a of (q). 
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Let x e R and a be a phase of (q). Then q>k(t) = a 1(a(t) + kn . sign a'). Hence 

lim (pk(x)jk = lim oc_1(a(x) + kn . sign a')/fc = 
fc-> ± 00 fc~> ± 00 

= lim a""1(a(x) + kn . sign a')/(a(x) + kn . sign a'). lim (a(x) + kn . sign a')/fc = 
fc-+±oo fc->±oo 

= n . sign a\ lim a_1(0/^ = n . sign a', lim tja(t) 
f —> ± 00 f —> ± 00 

whence we obtain 
lim (pk(x)jk = 7i. sign a', lim */a(f). 0 5 ) 

fc->±oo f-+±oo 

This proves that there exist proper limits lim (pk(x)/k for any x e R and it follows 
fc~> ± 00 

from (15) that their value is independent on the choice of x. Theorem 2 follows 
immediately form Theorem 1 and (1.5). 

Remark 1. 
The existence of the proper limit lim q>k(x)jk has been proved in [6]. 
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S O U H R N 

O L I M I T N Í C H VLASTNOSTECH FÁZÍ 
A C E N T R Á L N Í C H D I S P E R S Í OSCILATORICKÉ 

ROVNICE y" = q(t)y S PERIODICKÝM 
K O E F I C I E N T E M 

SVATOSLAV S T A N E K 

V práci je vyšetřována diferenciální rovnice 

(q) y" = q(f)y9 qe C°(R), q(t + n) = q(í) pro /eR( = (-oo, co)), 

která je oscilatorická na R. Nechť a je fáze a <JOW je centrální disperse rovnice (q) 
s indexem w, x e R. Je dokázána existence limit lim a(ř)/l, lim <pn(x)/n a jejich hod-

f-* ± oo n-* ± oo 

noty jsou vyjádřeny pomocí hodnot charakteristických kořenů rovnice (q). 

Р Е З Ю М Е 

ОБ П Р Е Д Е Л Ь Н Ы Х СВОЙСТВАХ ФАЗ 
И Ц Е Н Т Р А Л Ь Н Ы Х Д И С П Е Р С И Й К О Л Е Б Л Ю Щ Е Г О 

У Р А В Н Е Н И Я у" =р(г)у С П Е Р И О Д И Ч Е С К И М 
К О Э Ф Ф И Ц И Е Н Т О М 

С В А Т О С Л А В С Т А Н Е К 

В работе изучается колеблющиеся на К (= (— со, со)) дифференциальные 
уравнения 

(я) у" = <К0 у, ^ б с°(В), ^(^ + п) = &\ г е к. 

Пусть а фаза и <рп центральная дисперсия уравнения ^ ) с индексом п, хеЖ. 
Доказано существование Нт а(/)Д, Ит <рп(х)/х и значения этих пределов пред-

*~->±оо п-*±оо 

ставлены с помощью значений характеристических корней уравнения (ц). 
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