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1. I N T R O D U C T I O N 

O. Bomvka described m [4] the set of coefficients of all both side oscillatory 
equations on R ( = (— oo, oo)) having the form 

(0 y" = KOy, reC°(R), 
which have a common oneparametric continuous group of dispersions. If the coeffi
cients of two different equations relating to this set are ^-periodic (on R), then all 
its function possess the above property. The paper below presents another character
ization of the set of equations with 71-periodic coefficients having a common one-
parametric continuous group of dispersions. This characterization is connected with 
the coincidence of finite intervals of nonstability in a certain equation y" = 
= (q(0 + Xp(t)) y w ^ k ^-periodic coefficients p,q; Xe R. 

2. D E F I N I T I O N S , N O T A T I O N , B A S I C P R O P E R T I E S 

Let (r) be an on both side oscillatory equation on R (meaning thereby that any 
nontrivial solution of (r) has infinitely many zeros on the right and on the left of 
each point t0). Say that a function a is the (first) phase of (r) if there exist its indepen
dent solutions u, v: 

tg a(0 = u(t)jv(t) for / e R - {t e R; v(t) = 0}. 

Any phase a of (r) has the following three properties: 
(i) a G C3(R), 

(ii) a '(0 T* 0 for te R, 
(iii) a(R) - R. 
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The phase a of (r) uniquely determines the coefficient r of this equation in the sense 
as follows 

r(t) = -{a, t} - a'2(l), t eR, 

where {a, t) := a,n(t)l2a'(t) - (3/4) (a"(l)/a'(0)2 1s the Schwarzian derivative of the 
function a at the point t. 

Say that the function a is a phase function if it possesses the properties (i) —(iii). 
Any phase of (r) is a phase function. The set of phase functions forms the group © 
with respect to rule of composition of functions. 

Let (q), (Q) be both side oscillatory equations, q e C°(R), Q e C°(R). Any so
lution X, X'(t) 7* 0 for t eR, of the differential equation ' 

(Qq) ~ { ^ } + X ' 2 . Q ( X ) = q(0 

is called the general dispersion of (q) and (Q) (in the above order). The general 
dispersion Xof (q) and (Q) is a phase function and possesses the following character
istic property: There is one-to-one correspondence of solutions y of (q) and Y of (q) 
given by 

3/(0= YX(t)j\X'(t)\112, teR. (1) 

Let X be a general dispersion of (q) and (Q) and let X"1 denote the inverse 
function to the function X (on R). Then X""1 is a general dispersion of (Q) and (q), 
consequently, it is a solution of (qQ). 

Let q = Q. Then the solutions of (qq) are called the dispersions (of the first kind) 
of (q). The dispersions of (q) form a group with respect to the rule of composition, 
which is called the group of dispersions of (q); denotion S£q. The set S£q of increasing 
dispersions of (q) is a subgroup of the group S£q. Let a be a phase of (q). Then the 
function (p(t) := a_1(a(t) + n . sign a'), teR, is a dispersion of (q); cpeSfq. The 
function (p is called the basic central dispersion (of the first kind) of (q). 

All the above definitions and properties are stated in [2], [3]. 
Conformably with [4] let us say that a group 21, 21 c (5, is a oneparametric 

continuous group if exactly one element from 91 passes through any point (t0, x0) e 
eRxR. In other words, to any point (t0f x0) there exists one and only one function 
Xe 91 such that X(t0) = x0. 

Lemma 1 ([4]). 
Let (qt), (q2) be both side oscillatory equations, qx e C°(R), q2 e C°(R), qi — q2 e 

e C2(R), qx{t) T* q2(0, t e R. Then Vqiqi : = S£qi n S?q2 is a oneparametric continuous 
group (we say that (q0 and (q2) have a common oneparametric continuous group of 
dispersions) just if there exist a phase function X and positive numbers kif k2,kl 7-= k2, 
such that 

qt(t)= -{X,*} - kt. X,2(0, ^ R , i= 1,2. 

Let X be a phase function and put [X] := {q(t); q(t) = -{X, t} - k. X'2(f), 
keR+, teR}, where R+ := (0, 00). It follows from Lemma 1 that [X] is the set 
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of coefficients q of exactly those both side oscillatory equations (q), that f] S£\ is 

a oneparametric continuous group. It is easy to verify that [X] = [Y] holds for the 
phase functions X, Y exactly if X = aY + b, where a 7- 0, b are constants. The 
equality [X] = [Y] is to be taken as an equality of two sets. 

Assume that r is a continuous and a ^-periodic function. Let X e R and u, v be 
solutions of the equation y" = (r(t) + X) y satisfying the initial conditions u(0) = 
= v'(0) = 0, u'(0) = v(0) = 1. Let us put A(X):= v(n) + u'(n). We know from the 
Floquet theory ([6] - [ 8 ] , [10]) that there exist sequences {A,}?°=0, {X'i}^Li, 

x0 > A; ^ xf
2 > Xy =- x2 > A3 = A; > ... 

such that A(X) = 2 exactly for A = A, (/ = 0, 1, 2, ...) and A(X) = - 2 exactly for 
A = A; (1 = 1, 2, 3, ...). The intervals [X2n-l9 A2„], [A2n_l5 A2„] (n = 1, 2, 3, ...) 
are called the finite intervals of nonstability of the equation (r + X). The above 
mentioned intervals degenerate to one point, i.e. X[ = A2, Xx = X2, A3 = A4, ... 
exactly if r(t) = a constant. That is, the equation (r + X) is for any X < X0 stable 
on R (all solutions of the equation (r + A) are bounded on R) exactly if r(t) = 
= a constant (cf. [1], [6], [10]). The equation (r + X) is stable exactly if there exists 
a phase a of this equation such that 

a(t + n) = a(t) + a, t e R, 

where a ^ 0 is a constant (cf. [3]). 
It should be noted here that the equation (r) with a ^-periodic coefficient r is 

either both side oscillatory or disconjugate (i.e. any nontrivial solution of (r) has 
one zero on R at most). 

3. MAIN RESULTS 

Theorem 1. 
Let p, q be n-periodic functions, p e C2(R), q e C°(R), p(t) > 0 for t eR. Let the 

equation 
(q + *.p) / = (q(t) + Xp(t)) y, X e R, 

be both side oscillatory for X < X0 > 0 and disconjugate for X — X0. The equation 
(q + Xp) is then stable on R for any X < X0 exactly if there exists a phase function X 
such that 

[X] = {q + Xp; X < A0}. 

Remark 1. 
It is implied from Theorem 1 that for X < X0 both side oscillatory equations 

(q + Xp) have a common oneparametric continuous group of dispersions exactly 
if the equation (q + Xp) is stable for any X < X0. 

To prove Theorem 1 we use the following lemmas: 
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Lemma 2. 
Let Xbe a phase function. Then there exists exactly one function q e [ X ] such that X 

is a phase of(q). 
Proof . Let X be a phase function. Putting q(t) := - { X , f } - X'2(0> ' e R , we 

have q e [ X ] and X is a phase of (q) (see § 2). 

Lemma 3. 
Let X be a phase function. Then two different n-periodic functions lie in the set [ X ] 

if and only if all functions in [ X ] are n-periodic. 
Proof. The proof in one direction is obvious. Let now qt, q2 be 7r-periodic function 

in [ X ] , qt ?- q2. It follows from the definition of the set [ X ] the existence of numbers 
kl9k2eU+

9kl # k 2 : qt(t) = -{X, t} - kt. X,2(t). Since q2(t)- qx(t) is arc-periodic 
function and q2(l) — ax(t) = (kx — k2) X/2(l), then X'(t) is a 7i-periodic 
function. Hence, also the function — {X, t) — k . X,2(t)is Ti-periodic for any k e R + . 

From the proof of Lemma 3 follows: 

Corollary 1. 
Let X be a phase function. Then [ X ] contains two different n-periodic functions 

exactly if X' is a n-periodic function. 

Lemma 4. 
Let X be a phase function and X' a n-periodic function. Let qe [ X ] . Then (q) is 

stable on R. 
Proof. Let the assumptions of Lemma 4 be fulfilled. According to Corollary 1 

is q a ^-periodic function. From the assumptions now follows the existence of numbers 
a ?- 0 and k e R + such that X(t + n) = X(t) + a, q(t) = ~{X, t} - k. X/2(t). 
Putting a(0 := kxn . X(t), t eR, then a is a phase of (q) and it follows from a(t + n) = 
= k1/2 . X(f + n) = k1/2 . X(t) + tfk1/2 = a(t) + ak1/2 that (q) is stable on R. 

Corollary 2. 
Let X be a phase function and let two different n-periodic functions exist in [ X ] . 

Then the equation (q) is stable on R for any q e [ X ] . 
Proof. It follows from Corollary 1 that the function X' is 71-periodic and by 

Lemma 4 the equation (q) are stable on R for any q e [ X ] . 

Lemma 5. 
Let p, q be continuous n-periodic functions, p(t) > 0 for t eR. Then there exists 

a number l0 such that the equation (q + Xp) is both side oscillatory for X < X0, 
and disconjugate for XTz. XQ. 

Proof. Let the assumptions of Lemma 5 be fulfilled. It is evident that the equation 
(q + Xp) is not for all X either both side oscillatory or disconjugate. We know 
([5]) that for a fixed t is the basic central dispersion cp(t9 X) of (q + Xp) a continuous 
function of X whenever it is defined. Herefrom and from the Sturm comparison 



theorem then follows the existence of the number X0 having the properties given 
in Lemma 5. 

Lemma 6. 
Let p, q be n-periodic function, p e C2(R), q e C°(R), p(t) > OfOr t eR. Let X0 > 0 

be a number with the property stated in Lemma 5. Then the equation (q + Xp) is stable 
t 

for all X < X0 if and only if X^12 Jp1/2(T) dT is a phase of (q). 
o 

Proof. Let the assumptions of Lemma 6 be fulfilled. We prove first that (q + Xp) 
may be transformed onto an equation of the type 

(Q + |i) y" = (Q(t) + li), y, peR, 
n 

where Q is a continuous 7t-periodic function (cf. [9]). Putting s : = nj\pll2(x) dT(> 0), 
7t On 

X(t) := s Jp1/2(T) dT, t eR , then Xe C3(R), X'(t) > 0, X(t + n) = s Jp1/2(T) dT = 
0 t + n 0 

= X(t) + s J p1/2(T) dT = X(t) + n for t eR and X(R) = R. Let X"1 be the inverse 
t 

function to Xon R. Obviously X"1eC3(R),X"1,(0> 0andX _ 1 ( t + TC) = X~\t) + 
+ n for / e R . Putting Q(t):= - { X _ 1 , l } + X'u\t).q{X'\t)\ t eR, then Qe 
e C°(R) is a 7r-periodic function and it holds 

(2) ~{X,t} + X'2(t). Q(X(0) = q(t), t e R, 
whence 

-{X , t} + X'2(t). (Q(X(t)) + As"2) = q(t) + Xp(t). 

It follows from the theory of dispersions that there is one-to-one correspondence of 
solutions y of (q + Xp) and Y of (Q + Xs~2) given by (1). 

According to the assumption, the equation (q + Xp) is both side oscillatory 
for X < X0 and disconjugate for X ^ X0. Consequently also (Q + Xs~~2) is both 
side oscillatory for X < X0 and disconjugate for X ^ X0. We know from the Floquet 
theory that (Q + Xs~2) is nonstable for X ^ X0. Hence (q + Xp) is also nonstable 
for these X. Let (q + Xp) be stable for any X < X0 and thus (Q + Xs~~2) is also stable 
for this X. This is possible exactly if the finite intervals of nonstability of (Q + Xs~2) 
coincide which occurs exactly if Q(t) = a constant (: = k). Since (k + X§~2) is stable 

exactly if k + Xs~2 < 0, there is necessarily k = —X0s~2. Then -{X, t} — A0s"2 . 
t 

. X'2(t) = q(t) follows from (2), which implies that Aj /2s_1 . X(t) = X112 \p1!2(x) dT 
o 

is a phase of (q). 
t 

Let X(t) := Xl
0

12 \pll2(x) dT, t eR, be a phase of (q). Then X(t + n) = X(t) + a, 
7T 0 

where a := X0
12 Jp1/2(T) dT and therefore (q) is stable. Let // e R + and put Y/Xt) : = 

o 
: « ix. X(t), t eR. Then Y;i is a phase of (rM), where rM(0 = -{Y^ , t} - Y;2(t) «= 
= - {X, t} - p2. xf2(t) = - {X, t} - X/2(0 + (l - /i2) X/2(t) = G(t) + (i - p2) x0. 
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.p(t) = q(t) + Xp(t); X :== (1 - /*2) A0. Since r,(ř + *) = /i. (X(t) + a) = YM(0 + 
+ jií£, the equation (r.J is stable. Consequently (q + A,p) is stable for X < X0, which 
we were to prove. 

Proof of Theorem 1. Let the assumptions of Theorem 1 be fulfilled and (q + Xp) 
t 

be stable for any X < X0. By Lemma 6 is then the function X(t) := A0
/2

 JP 1 / 2 (T) dT, 
o 

/ e R, a phase of (q) and we get from the second part of the proof to Lemma 6 that 
[X] = {a + ;p ;A<A 0}. 

Let [X] = [q + Xp; X < X0}. According to Corollary 1, X' is then a rc-periodic 
function which means by Corollary 2 that (q + Xp) are stable for X < X0. 
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S O U H R N 

O NĚKTERÝCH VLASTNOSTECH Ř E Š E N Í 
L I N E Á R N Í C H D I F E R E N C I Á L N Í C H ROVNIC 

2. ŘÁDU S P E R I O D I C K Ý M I KOEFICIENTY, KTERÉ 
MAJÍ SPOLEČNOU JEDNOPARAMETRICKOU 

SPOJITOU G R U P U D I S P E R S Í 

SVATOSLAV S T A N Ě K 

Nechť reC°(R) a nechť rovnice (r): y" = r(t)y je oscilatorická na R. Řekneme, 
že funkce X, Xe C3(R), X'(ť) =č 0 pro t eR, je disperse rovnice (r), když je řešením 
rovnice 

-X72X ' + (3/4) (X"\X'f + X'2 . r(X) = r(t). 

98 



Рос^гара 91 §шру $РГ сНзрегз! гоушсе (г) зе пагууа ]ес!порагате1пска зро]ка §шра 
сНзрегз!,1е81Н2е кагдут Ьоёет (х0, х 0 ) е Е х Ё ргоспаг! ргауё е̂стпа гипксе ъ 91. 
V ргас11е ёокагапа уё!а: КесМр, #.1§ои я-репосНскё Гипксе, р е С2(Ж), ^ е С°(К), 
р(() > О рго ГеИ. КесЬ!'гоушсе 

]е озс11а1ог1ска рго X < Х0 > 0 а ё1$коп1и§оуапа рго Я §: Х0. Рак рго каМё Я < Х0 

}0 гоупюе ^ + Хр) 81аЫШ па К ргауё кёуг рго кагёё X < Х0 тщ{ гоушсе 
(ц + Хр) з1е]пои ]ес1порагате1Пскои зрелой §шри сНзреш'. 

РЕЗЮМЕ 

ОБ Н Е К О Т О Р Ы Х СВОЙСТВАХ Р Е Ш Е Н И Й 
Л И Н Е Й Н Ы Х Д И Ф Ф Е Р Е Н Ц И А Л Ь Н Ы Х 

У Р А В Н Е Н И Й 2-ОГО ПОРЯДКА 
С П Е Р И О Д И Ч Е С К И М И К О Э Ф Ф И Ц И Е Н Т А М И 

КОТОРЫЕ И М Е Ю Т СОВМЕСТНУЮ 
О Д Н О П А Р А М Е Т Р И Ч Е С К У Ю Н Е П Р Е Р Ы В Н У Ю 

Г Р У П П У Д И С П Е Р С И Й 

СВАТОСЛАВ С Т А Н Е К 

Пусть г е С°(К) и уравнение (г) : / ' = г(1) у - осциллирующее на М. Функция 
X, Хе С3 (К), Х'(0 Ф 0 для 16 К, называется дисперсией уравнения (г), если 
является решением уравнения 

-Х'"/2Х' + (3/4) (Х"1Х')2 + X'2 . г(Х) = г(/).! 

Подгруппа Ш группы У?г дисперсий уравнения (г) называется однопараметри-
ческая непрерывная группа, если каждой точкой ((0, х0) е К + К проходит 
только одна функция из 21. В работе приводится теорема: Пусть/?, ^ — периоди
ческие функции, р 6 С2(К), ^ е С°(И), р(() > О, I е К. Пусть 

(Я + Ар) / = Й(0 + ^ 0 ) У 

является осциллирующим уравнением для Я < Я0 > 0 и уравнением без со
пряженных точек для Я ^ Я0. Тогда уравнение ^ + Яр) устойчиво для X < Х0 

тогда и только тогда, когда уравнения (& + Яр) имеют для X < Х0 совместную 
однопараметрическую нептерывную группу дисперсий. 
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