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A NOTE ON LINEAR DIFFERENTIAL EQUATIONS
OF THE SECOND ORDER WITH THE SAME BASIC
CENTRAL DISPERSION OF THE FIRST KIND

MIROSLAV LAITOCH
(Received April 15th, 1980)

Consider a linear differential equation of the 2nd order

¥ =q().y, @

where g € C'9 on an interval j = (—o0, 00). We assume the solution of the differential
equation (g) to be oscillatory on the interval j to both end points of the interval.

Let ¢ be the basic (z.) central (c.) dispersion of the 1st kind relative to the differential
equation (¢). Let cej be an arbitrary number and let y be such a solution of the
differential equation (¢q) that y(c) = 0. The zeros of y are just the numbers ¢, = ¢,(c),
y=0, +1, +2, ...

O. Boriivka [1] proved under the above assumptions the following Theorem:
The carriers g of all differential equations (§) with the same basic central dispersion
of the Ist kind ¢, possessed by the differential equation (g) with the carrier g, are
given by the formula

. P Y p *
¢=q+--+ 2 Ty @)
where p is an arbitrary function defined in the interval j having the following five
properties:
1° p(f) # 0 for ¢t €,
2° plo()] = p() for r €,
3° p(t) e COj),
4° p'(c) = 0,

P
¢ Lp'(e) pa)d y(o)

and the value of the last addend on the right in (¥) at the point ¢, is defined by the
formula 2p"(c,)/p(c,).
We present now some findings on the function p discussed in the above theorem.
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Theorem 1.
Let c € j be an arbitrary number and let f(f) be an increasing st phase of the differen-
tial equation (q), f(c) = 0. Let the function h = h(¢) satisfy the following conditions;
0° h(?) is defined on the interval j,
A° h(t + m) = h(f) for t€j,
B° h(z) e CO, h(¥) . sin® (f) € CA(}),

c° fh(t) dr =0,
D° (;l(t) .sin* (f) < 1 for tej.
Then the function
p(®) = {1 = sin® [f(O] . H{fO]} /%, 1€ **
possesses the five properties 1°—5° stated in the Theorem of Boriwka. And conversely

also, if the function p = p(t) possesses the properties 1°—5° in j, then there exists
a function h = h(t) with the properties 0° — D°® and there holds the equality

p() = {1 —sin? [f(O] . AL FO]} Y2, tej.

Proof. Let us first note that the 1st phase is known that it satisfies the function
equation
E%  [fo]-f()=mn  for tej,
that
F°% feC®,

for f'is a solution of the 3rd order nonlinear equation

Nyl ( ! ) —fr=q  qeCc),
VIS
that by assumption
G%  flo) =0,
that
HY:  f(¢) maps the interval j schlicht on itself,
that

HY: f())#0 for tej.

We know also that the solution y discussed in the Theorem of O. Borlivka may
be expressed in the form

Ly y=sinfONISOI.

Now we prove
Property 1°.

Let p = p(f) be defined by the equation (**). With respect to D° and HJ we infer '
that p = p(¢) is a real function different from zero in j.
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Property 2°.
With respect to 4° and E° we may say that

ple®] = — . = . ! =
V= sin?[f(o(0)]. h[A(e®)] V1 —sin®[f(t) +]. B[f()) + 7]
1

NI T

= p(t) for tej.

Property 3°.
It is easy to see that with respect to B and F° p(t) e C®(j).
Property 4°.
Differentiating (**) we obtain
' (t
() = f®

201 —sin? L) BT
x[2 sin [£()] . cos [f ()] . RLA)] + sin? [£() . LS.

With respect to G, we get p'(c) = 0 for the square bracket is equal to zero at the
point ¢ = c.

Property 5°.

By calculation we find that with respect to (**) HY, E® and C° is

vOF 1 1 Jdo 0, )
_ = 1 - .h —-11. —————~2 — do=
! [pZ(o) p2<c)] e e e T TR

- (f)h[ f@]. f(0) . do = —[ hx) . de =0,  for p(c) = 1.
c 0

Conversely, let the function p = p(¢r) have the properties 1°—5°. Clearly, without
any loss on generality, we may assume that p?(c) = 1 and so p*(f) > 0 on j with

respect to 1°. According to 2° we have f[¢(f)] = f(¢) + = and since f(c) = 0, it
follows that f~'(t + n) = o[ f ()], f~'(c) = 0.

We prove now Property 0°. Let us define the function A(f) on the interval j by
putting

——}—.(l—-—l—) fortej, t + kn,
h(t) = sin t ' P ]
P'©. 7
P
k=0,+1,+2, ..

fort =kn
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Since

fim k() = lim 2 T@O1 70 7Y@ e 0]

-0 -0 2sint.cost.p’[f ()] p’(©) -0 sin ¢
SO P01 7O PO )
P(c) o cost p()
and since

h(t + n) = 1 -(1— 1 ):
sin® (¢ + 7) p’[S (1t + )]

Sl M
sin’ t pLo(f ()] sin® t I '] )

for ¢ # kn, is ke CO(j), which proves the first property in B° and h(t + n) = h(t)
for ¢ € j, which proves the property A4°.

The function A(f) . sin? ¢ = (1 -

1
‘ P’/ ]
which proves the second property in B® and 1 — A(z).sin? ¢t > 0 for ¢ ej, which
proves the property DO,
Finally, we verify the property C°:

e 1
jh(z)dt g( —_;[flzt—ﬁ) ;inztdt_

‘(n)
(_77)'q® ds =
~1(0) (s)/ sin”f(s)
o(c) 1 .
o p’(s)/ sin*f(s) 0
is a solution discussed in the Theorem of O. Bortivka.

With the aid of Theorem 1 and the Theorem of O. Borivka we can prove the
following statement.

)for tej and so h(f) . sin? te C)(j),

Theorem 2.
The coefficients g of all differential equations (§) possessing the basic central disper-
sion of the Ist kind ¢ =t + n may be expressed in the form

3 [2sin(t—c¢).cos(t —¢). h(t — ¢) + sin®*(t — ¢). W'(t — )]

4 [1 —sin®(t —¢). h(t — )]

[6 cos®(t — ¢) — 2sin®(t — ¢)] . h(t — ¢) +

+ 65sin(t — c)cos(t —c). h(t—c)+sm (t—2o. h”(t——c)
1 — sin? (t—c) h(t — ¢)

Gg=—1+—

-+

0| =

where the function h(t) satisfies the conditions 0° — DO of Theorem 1.
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Proof. Putting y = sin (¢ — ¢), then y’" = cos (¢ — ¢). With respect to (*) we
get then

p=[1—sin’(t—c). h(t - c)].‘”2
p = %[1 —sin®(t — ¢) . h(t — )] x
x[2sin(t —c¢).cos(t —¢). h(t — ¢) + sin® (t — ¢) . H'(t — ©)],
o= %[1 —sin?(t — ¢) . h(t — )]
x[2sin(t —c).cos(t —¢). h(t —c) +sin® (t —¢). h'(t — &) +
+ %[1 —sin® (1 —¢). h(t — ¢)] 3% x

x[2cos? (t — ¢). h(t — ¢) — 2sin® (1 — ¢) . h(t — ¢) +
+ 2sin(t —c¢)cos(t —c). W't —¢)+ 2sin(t —c).cos(t —c). W'(t —¢) +
+ sin® (t — ¢) . h"(t — ¢)].
Therefore
plp = i— [2sin(t —¢).cos(t —¢). h(t —¢) + sin® (t — ¢) . h'(t — ¢)]* x

x[1 —sin®(t —¢). h(t — )] 7% + % [2cos®(t—c¢). h(t —c) —

—2sin2(t—¢). h(t —¢) + 4sin(t — ) s (t — ¢). Kt — ¢) +
+sin® (t — ). h'(t — )] [1 — sin® (t = ¢) . h(t — )],

p'/p=~;«[2 sin(t — ¢) . cos(t —¢) . h(t — ¢) + sin® (t — ¢) . h'(t — ¢)] x

x[1 —sin® (t — ). h(t — )] "
Next we have

) Y P _ cos(t—c).[2cos(t —c). h(t —¢) + sin(t —¢) . K(t — ¢)]

Py [1—sin®(t —¢). h(t — ¢)] ’
AP
p P y

_3  [2sin(t—c).cos(t—c¢). h(t —¢) + sin® (t — ¢) . (1 — o) 4
4 [1 —sin®(t —c).h(t = ¢)]?
[6 cos?(t —¢). h(t — ¢) — 2sin® (t — ¢)] . h(t — ¢) +
+ 1 +6sin(t —c .cos(t—¢). h'(t—c) + sin® (t — ¢) . b'(t — ¢)]
2 [1 =sin®(t = ¢). h(t — ¢)]
whence the statement follows, because ¢ = —1.
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SOUHRN

\

PRiISPEVEK K LINEARNIM DIFERENCIALNIM
ROVNICIM 2. RADU S TOUZ ZAKLADNI
CENTRALNI DISPERSI 1. DRUHU

MIROSLAV LAITOCH

Uvazujeme linearni diferencialni rovnici 2. fadu (¢) : y" = ¢(t) . y se spojitym
koeficientem g a s oscilujicimi feSenimi v intervalu j = (—o0, o0) a k diferencialni
rovnici (g) piislusnou zakladni centrdlni dispersi 1. druhu ¢. O. Borivka v [1]
dokazal, Ze nosiCe (g) vSech diferencidlnich rovnic y” = ¢(¢).y s touZ zakladni
centralni dispersi 1. druhu ¢ jsou dany vzorcem

- )4 Yy )4

qg=q+ » +2 7y
kde y je feSeni diferencialni rovnice (¢) a funkce p je charakterizovana jistymi péti
vlastnostmi.

V ¢&lanku je konstruovana funkce p pomoci periodické funkce i = h(¢), pro niz
jsou nalezeny nutné a postacujici podminky.

AY

’

>

PE3IOME

3AMEYAHUWE K JTUHEWNHBIM
ITNOOEPEHIIUAJIHBIM VPABHEHUAM
2-ro TIOPAJKA C OMMHAKOBOM LIEHTPAJILHOI
JIUCIEPCUEMN 1-ro POJIA

MUPOCJIAB JIAMTOX

PaccMaTtpuBaetcs nuddepennanbHoe ypaBHenue 2-ro nopsaxa (q) : y" = g(t) y
C HENpPEePBIBHBIM KO3(QQUIIMEHTOM ¢ ¥ C OCLHMIMPYIOIMMHU PELICHHAMU B UHTEpBaJie
Jj = (— 00, 00) ¥ COOTBETCTBYIOILASI OCHOBHAS IIEHTpallbHast qucnepcus 1-ro poaa ¢.
O. Bopyska B [1] moka3zan, uto Hocutenau (7) Bcex muddepenumanbHbIX ypaBHeHN
y" = q(t) .y ¢ onuHaKOBOH LEHTPaNbHOM aucrepcuei 1-ro poga ¢ onpeieseHbl
BBIpaXKeHUEM
" , .
p p Yy
rie y ssisiercs peienueM auddepennuanbuoro ypastenys (q) ¥ GyHKIus p xapak-
TEPU3UPYETCS OTpECIEHHBIMU IATbIO CBOMCTBAMII.
B HacTosiuieil paboTe KOHCTPYpUPyeTCs (ByHKIHS p C NOMOLIBLIO MEPUOAHYECKON
byHkuueit £ = A(t) ons KOTOPON HalAeHBI HEOGXOAUMBIE M JOCTATOYHbIE YCTOBHA.
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