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TO CONJUGACY F U N C T I O N S OF SECOND 
O R D E R LINEAR D I F F E R E N T I A L EQUATIONS 

JITKA LAITOCHOVA 
{Received March 30,1981) 

Dedicated to my father on his 60th birthday 

The present paper investigates sufficient conditions under which the conjugacy 
functions A9n, Al}/n, A(p_n, A{j/_n are concave or convex. It generalizes the results 
given in [4] where the conjugacy functions Aq>1 and Allfl were studied. 

W. Leighton defined the conjugacy function A^ in [2] and treated the problem 
of A(pi increasing and decreasing being concave and convex, respectively. W. Leigh-
ton's results may be generalized in applying methods and results from the dispersion 
theory established by O. Boruvka [ l ] . 

Let us consider a second order linear differential equation in the Jacobian form 

y" = q(t)y, qeC°(R) (q) 

oscillatory on R, i.e. -co and +oo are the limit points of the zeros of any solution 
of (q). Trivial solutions not being considered. 

Following [1] let us denote by cpn (<P-n) the n-th, (-n-th) central dispersion 
of the 1st kind relative to (q) and by i/>„, (^~„) the n-th (-n-th) central dispersion 
of the 2nd kind relative to (q), where q(t) < 0 for t e R; n be a natural number. 

Following [2] and [4] let us define the functions A^t) = cpn(t) - t, A^JJ) = 
= ijsn(t) - t, .V-XO = <P-n(0 - U V»(0 = ^-»(0 - '> ' e R 

Definition. The function A^ (A(p_n) will be called the n-th (-n-th) conjugacy 
function of the 1st kind relative to the differential equation (q). The function A^ (A^,__) 
will be called the n-th (-n-th) conjugacy function of the 2nd kind relative to the 
differential equation (q). 

The monotonicity of the differences cpn(t) - t, \l/n(t) - t, q>~n(t) - t, \l/~n(t) - t 
was treated in [1]. 

The comparison theorem ([3], p. 277) yields the following 
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Lemma 1. Let for 
y" = Q(Oy (fi) 

y" = 5(0y (£) 

Q(t) = Q(t) for t e R, whereby the sign of equality does not identically hold in any 
interval of the type (t, (p^t)) and let cpn ((p-n) be the n-th ( — n-th) central dispersion 
of the 1st kind relative to the differential equation (Q) and cpn ((p-n) be the n-th ( — n-th) 
central dispersion of the 1st kind relative to the differential equation (Q). 
Then 

<Pn(t) > <Pn(t), 9-n(t) < 9-n(0 M t G R. (1) 

Proof follows by complete induction. The first statement in (1) for n = 1 is the 
consequence of the comparison theorem. If the first relation in (1) is true for n — 1, 
we will show that this is true for n too: 

<Pl[<Pn-l(0] > (?l[<Pn-l(0] > 9l[^n-l(0] 
that is 

(Pn(0 > 9n(0-

The comparison theorem similarly yields the second statement in (1) for n = 1. 
If the second statement in (1) is true for n — 1, we will show that this is true for n 
too: 

<P-l[<P-(„-l)(0] < <p-i[9-(n-l)(t)] < £-l[<P-(,,-l)(0] 
that is 

<P-n(0 < <P-n(t)-

Let qe C2(R), q(0 < 0 for t e R. In accordance with O. Boruvka ([1], p. 8 
and onwards) we introduce the differential equation (qt) associated to (q) as the 
equation 

y" = qi(0y (qi) 

where qx(i) - q(t) + Vfq(0l ( W l q(0 I )", t e R. 
For each solution yx of the differential equation (qx) the function yt y/\ q(t) \ 

represents the derivative y' of precisely one solution y of (q). 

Lemma 2 ([1]). Let q e C2(R), q(0 < 0 for teR. The central dispersion of the 
second kind related to a differential equation (q) is the central dispersion of the first 
kind relative to the differential equation (qi) associated to (q). 

In conformity with [2] we put 

h(ť) : - J-q-Қt), řєR. 

Then 9l(t) = q(t) + V Ш Ì (1/VШÍ)" = Ч(f) + Ä 
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Lemma 3. Letqe C2(R), q(0 < 0 for t eR, t0eR be an arbitrary number. Let 
us put h(t) : = v — q_1(0> t eR. Then the following implications hold on R: 

h"(t) < 0 => il/n(t0) < cpn(t0), ij/-n(t0) > cp-n(t0), 
h"(0 > 0 => l//n(t0) > <Pn(t0), *l>-n(t0) < <P-n(t0), 
h"(t) = 0 => il/n(t0) = cpn(t0), x//.n(t0) = cp_n(t0). 

Proof. If h" < 0, then qx - q = h"/h < 0 and thus qt < q. In applying 
Lemmas 1 and 2 we get \]/n(t0) < cpn(t0) and i/>-„(l0) > cp_n(t0). If h" > 0, then 
q1 — q = h7h > 0 and therefore ax > #. Applying Lemmas 1 and 2 we get 
*l>n(t0) > cpn(t0) and *A-n(lo) < <P-„('o). If h" ~ 0, then qx - q = h7h = 0 and 
thus #x = q, so that i/^lo) = <Pn(t0) and iA-n('o) = <P-„('o). 

Theorem 1. Let q e C2(R), q(0 < Ofor t e R. Let us put qx(t) = q(t) 4- yf\ q(t) \ 

( ~-==^) , / e R and /el qi(0 < 0 on R. Let us put further h(t) : = \j -q~l(t), 
Vi«wi/ 

hx(t) : = V-qi" 1^), leR. Then lhere ho/d the following implications on R: 

(2) h"(t) < 0 => Atn is concave, K- is concave 
(3) h"(0 > 0 => Aęn is convex, \- is convex 
(4) hí(0 < 0 => AĄП is concave, dф_ n is concave 

(5) hí(0 > 0 => A^n is convex, à^_ n is convex 

Proof for (2) and (3): Let v = ±1 , ±2, ... . Since A^l) = cpv(t) - t we have 
A;v(t) = cp'v(t) - 1 = [u2[cpv(t)]/u2(t)] - 1 providing that u(l0) * 0. Further 

4v(o = <p:(t) = 
= {2u[cpv(t)] u'[cpv(t)] cp'v(t) u

2(t) - u2[cpv(t)] 2u(t) uf(t)}/u\t) = 

= {2u2[cpv(t)]/u2(t)} u[cpv(t)] uf[cpv(t)] - u(t) uf(t)/u2(t)}. 

If t0 ej is an arbitrary number and u is such a solution that u'(l0) = 0, then 
u(t0) ^ 0. Then we have 

KS*o) = <p:(t0) = {2u2[cpv(t0)]/u2(t0)} {u[cpv(t0)] .uf[cpv(t0)]/u2(t0)}. 

Let n = 1,2,3, ... 
For u(t0) ^ 0 holds u[cpn(t0)] ^ 0 for n being even and u[cpn(t0)] ^ 0 for n 

being odd. In case of \//n(t0) < cpn(t0), then u'[^(l0)] ^ 0 f or n being odd and 
u'[<pn(t0)] $ 0 for n being even; in. case of W o ) > <Pn(t0), then u'[cpn(t0)] § 0 
for n being odd and uf[cpn(t0)] -§ 0 for n being even. 

If h" < 0, then i//n(t0) < cpn(t0). From this follows that u[cpn(t0)] uf[cpn(t0)] < 0 
and therefore A%n(to) = <Pn(t0) < 0. Thus the function A«,n(0 is concave. 

If h" > 0, then if/n(t0) > cpn(t0). From this follows that u[cpn(t0)] uf[cpn(t0)] > 0 
and therefore A;„(l0) = <Pn(t0) > 0. Thus the function _4„n(0 is convex. 
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For u(t0) ^ 0 is u[<p_n(t0)] ^ 0 for n even and u[<p_n(l0)] $ ° f o r » o d d - I f 

\jj-n(t0) < <p~n(t0)9 then u'[<p_„(l0)] ̂  0 for n even and u'f^Oo)] i$ 0 for n odd. 
Ifi^_n(t0) > (p-n(t0), thenu'[<p_n(l0)] ^ 0 for n even and u(cp-n(t0)) ^ 0 for n odd. 

Ifh" < Othen^_n(/0) > (p-n(t0). From this follows that u[<P-„(*o)] u'[cp__n(t0)] < 
< 0 and therefore Al_n(t0) = <P-»(lo) < °- T n U S t n e function A(p_n(t) is concave. 

If h" > 0, then ̂ -n(t0) < q>-n(t0). From this follows that u[^_n(l*o)] "'[<P-w('o)] > 
> 0 and therefore Af^_n(t0) = cp"-n(t0) > 0. Thus the function A^.Jit) is convex. 

Proof for (4) and (5) proceeds analogous for the differential equation (qx). 

R E F E R E N C E S 

[1] O. Borůvka : Linear Differential Transformations ofthe Second Order. The English University 
Press, London 1971. 

[2] W. L e i g h t o n : The Conjugacy Function. Procееdings of tһе Amеrican Mathеmatical Sociеty, 
Vol. 24, No. 4, April 1970, pp. 820-823. 

[3] V. V. St panov : Kurs diferenciálních rovnic. Přírodov dеcké nakladatеlѕtví, Pгaha 1952. 
[4] J. La i tochová : On Conjugacy Functions of Second-Order Linear Differential Equations. Arch. 

Math. 4, Scripta Fac. Sci. Nat. UJEP Brunеnѕiѕ, XV: 213—216, 1979. 

Souhrn 

PŘÍSPĚVEK KE KONJUGOVANÝM F U N K C Í M 
L I N E Á R N Í C H D I F E R E N C I Á L N Í C H 

ROVNIC 2. ŘÁDU 

JITKA LAITOCHOVÁ 

V článku jsou definovány n-té (-n-té) konjugované funkce 1. druhu příslušné 
k diferenciální rovnici (q) y" = q(t) y vztahy A^n(t) = cpn(ť) - t,A(p_n(t) = <p-n(t)-
— t a n-té (-n-té) konjugované funkce 2. druhu příslušné k diferenciální rovnici (q) 
vztahy A^t) = xj/n(t) - t a _V_n(0 = ý-n(t) - l, kde <pn (<p_n) je n-tá (-n-tá) 
centrální disperze 1. druhu a \j/n (ý-n) je n-tá (-n-tá) centrální disperze 2. druhu [1]. 

Jsou nalezeny postačující podmínky konkávnosti a konvexnosti těchto funkcí. 
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Резюме 

ЗАМЕТКА О С О П Р Я Ж Е Н Н Ы Х Ф У Н К Ц И Я Х 
Л И Н Е Й Н Ы Х Д И Ф Ф Е Р Е Н Ц И Я Л Ь Н Ы Х 

У Р А В Н Е Н И Й 2-ГО РОДА 

ЙИТКА ЛАЙТОХОВА 

В работе определены н-тые (-н-тые) сопряженные функции 1-го рода со
ответствующие дифференциальному уравнению (д)/' = ^(^)у соотношениями 

-1фЯ(0 = Ф.(0 - и -4Ф.П(0 = <р-п(1) - г 

и н-тые(—н-тые) сопряженные функции 2-го рода соответствующие дифферен
циальному уравнению (сЦ) соотношениями 

-4*„(0 = Ы*) - *> АФ-П(*) = ^-»(0 - >> 

где срп (ф_п) является н-той (-н-той) центральной дисперсией 1-го рода и фп 

(ф-п) является «-той (—н-той) центральной дисперсией 2-го рода [1]. 
Найдены достаточные условия выпуклости и вогнутости этих функций. 
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