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1. Introduction 

O. Boruvka [3] investigated in his lectures the structures of the intersection 
of groups of dispersions of two oscillatory equations (qt) : y" = q^t) y, (q2) : y" = 
= q2\0 y and found necessary and sufficient conditions for this intersection to be 
one-parametric continuous group. This problem is considered also in the present 
paper. Here the structure of the intersection of sets of dispersions of equations (q t) 
and (q2) is entirely described and namely under the assumption that (qt) is a oscil­
latory equation, q1 e C°(R), qx - q2 e C2(R) and qx(i) ?- q2(t) for t e R. 

2. Basic notions and notation 

In the interest of brevity we shall write hereafter qX(0> a_1£a(t)etc. instead of 
#[X(0]> a~1[s(a(t))] etc. If there exists a function inverse to the functionf we will 
denote it byf"1 . 

We investigate differential equations of the type 

y" = q(0y, qeC°(R). (q) 

Say that a function a e C°(R) is the (first) phase of (q) if there exist independent 
solutions u, v of (q) such that 

tg a(r) = u(t)/v(t) for t e R - {t e R, v(t) = 0}. 

Every phase a of (q) has the following properties: 

a e C3(R), a'(0 # 0 and q(t) = -{a, t) - a'2(f), 
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where {a, t) := a"(t)/2a"(0 - J(a"(0/a'(0)2 is the Schwarz derivative of the 
function a at the point t. 

Equation (q) is oscillatory exactly if any (and then every) phase of (q) maps R 
onto R. 

The set of phases of the equation y" = - y will be written as (£. If a is a phase 
of (q) then (£a : = {ea, e e (£} is the set of phases of (q). 

Say that a function Xe C3(j), X'(0 # 0 for t e j cz R, is a dispersion (of the 
1st kind) of (q) exactly if X is a maximal solution of a nonlinear differential equation 
of the 3nd order 

-{X , t} + X'2(t) . qX(t) = q(t). 

The dispersion X : j -> R of (q) has the following characteristic property: for 
every solution u of (q) uX(t)j\l\ X'(t) \ is again a solution of this equation (in the 
interval j). 

Let a be a phase of (q). Then a^CSa is the set of dispersions of (q), that is: 
if X is a dispersion of (q) defined in j , then there exists e e (£ such that X(t) = 
= a_1ea(t) for t e j and also conversely, for every eeiS the function a_1ea is 
a dispersion of (q) and namely in the interval where the composite function a^aa 
is defined. 

The set of the dispersions of (q) will be written as S£ q, the set of increasing 
(decreasing) dispersions of (q) a s ^ + (S£~). Equation (q) is oscillatory exactly if all 
their dispersions are mapping R onto R. In case of an oscillatory equation (q), 
the sets S£ q and S£q generate groups under the composition of functions. 

If idj denotes the identical mapping j ( c R) on j , then there is idR£<£?+ for 
every equation (q). 

The reader is referred to [1, 2] for all definitions and results. 
Let (q) be an oscillatory equation (on R) a n d ^ + c S£q. Say t ha t ^ + is a con­

tinuous one-parametric group if ^*+ is a subgroup S/?q and through the 
every point (t0, x0) e R x R passes exactly one function from 3?+. 

By ^ M , (K^^iJ we denote the set&qi n <£\2 (J*?+ n J ^ + ; JSf " nJSf"). For 
any two equations (qx) and (q2) is idR e£Pqiq2. 

Say that a function / belongs to the set Jt iff / : j -> R for an interval j e R 
and there exists a number Q with f( — t 4- Q) = / ( 0 for lej. Obviously feJi 
exactly if the graph of the function / is symmetric with respect to a line parallel 
with the axis of ordinates. 

3. Principle results 

Say that functions ax and q2 satisfy the assumption (L) if 

qt e C°(R), q1~q2e C2(R), qx(t) * q2(t) for t e R 

and the equation (qx) is oscillatory. 
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Lemma 1. Let functions ql9 q2 satisfy the assumption (L). Let X be a dispersion 

of (qx). Let t0eR and put y(t) : = J <J\ qx(s) - q2(s) \ ds for t e R and j : = 7(R). 
to 

Then 
(i) Xe&qiq2 exactly if for a number k is 

yX(t) = sign X'. y(t) + k, t e R. (1) 

(ii) IfXe0>+iq2 and X # idR, then j = R. 
(iii) If} ^ R, then0>qiq2 = {idR} and ̂ qiq2 containes one element at most. 
(iv) VXeP-u, then0-o = -*3»+

ft (= K**)-
Proof. Let the assumptions of Lemma 1 be fulfilled and let a = signX'. 
(i) According to the definition of the dispersion is Xe0*qiq2 iff 

- {X, t) + X'2(t). qtX(t) = qt(t), t e R, i = I, 2, 

which is equivalent to 

X'(t)y/\ qxX(t) - q2X(t) | = aVI gi(0 - q2(0 I, teR. (2) 

Integrating (2) from t0 to t, using the substitution method and respecting the 
definition 7, gives 

7X(0 = a. 7(0 + k, teR, (3) 

* ( * o ) 

where k := yX(t0) = J ^J\ qx(s) — q2(s)\ds. Let the dispersion X of (qt) 
to 

satisfy (3), where k is a number. Then by differentiating (3) we obtain (2) whence 

^ e ^ u q 2 -

(ii) Let X e &qiq2, X ^ idR. Then, by (i), there exists a number k, k # 0, such that 
7X(t) = 7(0 + k for t e R and therefrom 7(R) = R, hence j = R. 

(iii) Let j 7- R. We have from (ii) that idR is the single element of &qiq2. Let 
Yl9 Y2 e^~g 2 , Yx ^ Y2. Then, by (i), there exist numbers kl9kl9 k1 7-= k2, such 
that 7 7 ^ ) = -7(t) + kl9 Y2(t) = -y(t) + k2. From this 7 Yx Y2(t) = -yY2(t) + 
+ ki = 7(t) + k1 - k2. Putting 7(0 := 7 ^ ( 0 , teR, k := kt - k2 then 
sign r = 1, k 7- 0, 77(t) = 7(0 + k. Hence 7 7- idR, Ye0>fiq2. By (ii) then j = R 
which contradicts our assumption. 

(iv) Let Xe0*~iq2. lf^qiq2 = {idR}, then with respect to (iii) the assertion (iv) is 
true. Let Ye^qiq2, 7 ¥= idR. Then there exist numbers kl5 k2 7-= 0: 7X = — 7 + 
+ kl9 yY = y + k2. From here 7X7 = - 7 7 + k1 = -y + ky - k2, 77X = 
= 7X + k2 = — y + k1+k2 and by (i)we have XY, YXe0>qiq2. This proves 
that X^2 c &;m9 <?tiq2X cz 0>qiq2. Let Xx e ^ 2 , X * X, and 7X1 = - 7 + ^3 
for a number k3. If we put 7x : = X" 1X1, Y2 : = XtX *, then sign 7/ = sign Y2 = 
= 1 and from yYt = yX~1X1 = -yXx + k1 = 7 + k1 - k3, yY2 = 7X1X"1 = 
= -7X" 1 + k3 = 7 + k3 - k! and from (i) we get Yl9 Y2e0>qiq2. Therefore 
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Xi = X Y 1 e X ^ 2 , X 1 = Y2Xe^2Xandconsequently^2cX^2,^2c 

cz &>+q2X. From this <?~q2 = X<,2 and X0>+u = < i g 2 X 

Remark. According to (iii) of Lemma 1 we have from the assumption j ^ R 
that ^qiq2 has one element at most. The following example shows that there exist 
functions qx, q2 fulfilling the assumptions of Lemma 1 and such that SPqxqi is 
a one-element set. 

Example 1. Let qt(t) : = - 1 , q2(0 : = - 1 + (1 + l4)"1, t e R. The functions 
qx, q2 satisfy the assumptions of Lemma 1 and since the improper integrals 
00 fo 

J ( l + t4)"1/2dt, J ( l + l4)~1/2dt converge, we get j # R. Let us put X(t) := - t , 
fo ~ CO 

/ e R. Then -{X , t) + X'2(0 . qtX(t) = qt(t\ t e R, t = 1, 2. Thus Xis a dispersion 
of both equations (qx), (q2) and according to (iii) 0>~q2 is a one-element set. 

Lemma 2. Let functions qx, q2 fulfil the assumption (L). Let ax be a phase Of(qi) 

and X be ils dispersion. Let t0 e R and 7et uS pwt y(t) : = J /̂{ ^ ( s ) — q2(s) \ ds for 
to 

teRandfi(t) : = *xy~\t)for tej : = 7(R). Then Xe^,ig2 and X = a ^ ^ , eeCB, 
*.# for a number k 

P(t. sign X' + k) = e£(t), * e j . (4) 

Proof . Let the assumptions of Lemma 2 be fulfilled and let a = sign X'. Let 
next X e 0>M2 and X = aj" 18«1,2 e (£. Then according to the assertion (i) of Lemma 1 
there exists a number k: 7X(0 = o-. 7(0 + k, t e R. From this we have 7a1~

12a1(0 = 
= a . 7(0 + k and consequently ^/^(0 = P(at + k) for t e j . Let for a number k 
and £e(S the relation (4) hold. Then for the dispersion X := a1"

12a1 of (qx) we 
get 7X(0 = G - y(*) + k> t eR, and from the assertion (i) of Lemma 1 we have 

Corollary 1. Let the assumptions of Lemma 2 be fulfilled and let the function 
p : j -> R be a phase of (p). Then 

(i) Xe0*qiq2 and X 7-= idR iff p is a periodic function on R, 
(ii) Xe&~iq2 iffp eM and p : j -> R. 
Proof . Let the assumptions of Lemma 2 be fulfilled and let /? be a phase of (p) 

and a = sign X'. By Lemma 2 is X e @qiqi iff for a number k and ^ e (£ the relation 
(4) holds. From the theory of phases now follows that (4) is equivalent to the 
assertion saying that (p) has also a phase $(at + k), which is again equivalent 
to the equality p(at + k) = p(t) for tej. 

(i) If Xe£Pqtq2 and X ^ idR, then j = R (see (ii) of Lemma 1) and p is a periodic 
function with the period k ^ 0 on R. Reversely, if p is a periodic function with 
a period k / 0 on R, then for any e e C w e have p(t + k) = eP(t). Hence X : = 
: = a ^ W j e ^ f t , X 7* idR. 
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(ii) If Xe^qiq2 then p(-t + k) = p(t) for tej and peM. Let peJt and 
p : j ~> R. Then there exists a number k such that p( — t + k) = p(l) for t e j and 
consequently for an e G (S we have /?(-1 + k) = e/?(t) for f G j and by Lemma 2 
we have X : = a ^ e a ! e ^ ~ 5 2 . 

Lemma 3. Let functions qx, q2 fulfil the assumption (L). Let ax be a phase Of(qi), 

f0 e R awd pwf 7(t) : = J Vi 4i(s) ~ qiO) | ds for t G R and P(t) : = axy " l(t) for 
to 

t G j : = y(R). Let p be a phase of(p). Then 

(i) ^ £ € 2 /s a one-parametric continuous group iff j = R awd p(t) = constant, 
(ii) ^+

ir22 w a« infinite cyclic group iff j ' = R a«d p is ara w constant periodic 
function. 

Proof . Let the assumptions of Lemma 3 be satisfied. Note first that from (i) 
and (ii) follows that ^qiq2 contains at least two elements and l 6 ^ 2 , X # idR 

if j = R and for a number k # 0 we have X = 7_1(7 + k). 
Let ^ e ^ g 2 , Y T£ idR. Then by Corollary 1, p is a periodic function on R. 

With respect to the continuity of the function p there may occur two possibilities: 
a ) p(t) = constant. Then fi(t + k) is a phase of (p) for every k G R and ^qiq2 = 

= {y"1(y(t) + k), k G R} follows from Lemma 2. It is easily verified that exactly 
one function passes through each point (t0, x0) e R x R — hence &qiq2 is a one-
periodic continuous group. 

b) P(0 T-= constant and r > 0 is its main period. Then fi(t + k) is a phase of (p) 
iff k = nr for an integer n. Hence 0>qiq2 = {y'1(y(t) + nr), n = 0, ± 1 , ± 2 , . . . } . 
Again, it is easy to verify that ^*+

g2 is an infinite cyclic group. 
Let ^qiq2 be a one-parametric continuous group. Then j = R and because of the 

elements &*qiq2 being of the form y 'Hy + k), where k is a number, it is necessarily 
^Qiqi = {yi(y(t) + k), k G R}, hence every number is a period of the function p 
and with respect to its continuity, necessarily p(t) = constant. Let 0>qiq2 be an 
infinite cyclic group and y~1(y + r) be one of the generators of the group 0*qiq2. 
Then j = R and p is necessarily an in constant function where | r | is its main 
period. 

From Lemmas 1 - 3 and from Corollary 1 now follows 

Theorem 1. Let functions qx, q2 fulfil the assumption (L) and let a1 be a phase 

of (qx). Let t0 G R and put y(t) : = j j \ qt(s) - q2(s) | ds for t e R and j5(t) : = 
to 

: « <x%y (t) for / G j : = y(R). Let p be a phase of (p). 
Then 0*qiq2 is either a one-parametric continuous group or it is an infinite cyclic 

group or0>qiq2 = {idR} and it holds: 

(i) &qiq2 Is an one-parametric continuous group, ^qiq2 is an non-empty set and 

&Mi - X&M2for a XeP~q2 iff p(t) = constant for t G R, 
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(") &MI is an infinite °yclic group, 0>~qz is an non-empty set and &>~q2 = X0>*q2 

for a Xe&qiqi iff p is an ion-constant periodic function on R and peJ(y 

(iii) 0>qiq2 is an infinite cyclic group and 0>~q2 is the empty set iff p is an in­
constant periodic function on R and p $ M$ 

(iv) 0>*iq2 = {idR} and ^qiq2 is an non-empty set (then necessarily one-element) iff 
p^M and p is not a periodic function, 

(v) 0>qiq2 = {idR} and &*qiq2 is an empty set iff p^M and p is not a periodic fun­
ction. 

R E F E R E N C E S 

[1] O. Borůvka : Linear Differential Transformations ofthe Second Order. The English Univ. Prеss, 
London, 1971. 

[2] O. Бopyвкa: Teopuя глoбaльныx cвoйcmв oбыкнoвeнныx лuнeйныx дuффepeнцuaльныx ypae-
нeный вmopoгo nopядкa. Диффеpенциaльные ypaвнения, Ns 8, т. XII, 1976, 1347—1383. 

[3] O. Borůvka: Lectures at the seminar ofthe Institute of Mathematics ofthe Czechoslovak Academy 
of Science in Brno. 

Souhrn 

STRUKTURA P R Ů N I K U M N O Ž I N Y D I S P E R S Í 
DVOU L I N E Á R N Í C H D I F E R E N C I Á L N Í C H 

ROVNIC 2. ŘÁDU 

SVATOSLAV STANĚK 

Řekneme, že funkce Xe C3(j), X'(ť) ¥= 0 pro í e j := (a, b) <=. R, je disperse 
rovnice 

y" = q(t)y, ?eC°(R), (q) 

jestliže je řešením diferenciální rovnice 

m-+ 4 - ^ 7 + X'2 . q(X) = q(t). 2 x' 4 

Označme S£\ množinu dispersí rovnice (q). Nechť qx e C°(R), qi - q2 e C2(R)> 
?i(0 # q2(0 pro l G R a nechť rovnice (q%) je oscilatorická. V práci je vyšetřována 
algebraická struktura množiny &qi c\$£qi. 
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Резюме 

СТРУКТУРА ПЕРЕСЕЧЕНИЯ МНОЖЕСТВ 
ДИСПЕРСИЙ ДВУХ ЛИНЕЙНЫХ 

ДИФФЕРЕНЦИАЛЬНЫХ УРАВНЕНИЙ 
ВТОРОГО ПОРЯДКА 

СВАТОСЛАВ СТАНЕК 

Функция X е С3(0, Х'(1) = 0 для / е ^ : = (а, Ь) а К, называется дисперсией 
уравления 

у" = ту, я. е с°(К), (<о 
если X решением уравления 

Ť^+T(£)Í+*-••»--» 
Множество всех дисперсий уравнения (я) обозначаем ^ . Пусть ^ 1 еС°(Е), 
<Ь — ^2 е С2(К), «̂ (О т-= ^г(0 Д д я ^ е Е и (ях) колеблющиеся уравнение. В работе 
исследуется алгебраическая структура множества У?Ях п <^2. 
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