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1. Introduction 

We investigate differential equations having the type 

y" = q(t)y, qGCo(R). (q) 

The distribution of zeros of solutions of (q) may be described by means of the 
basic central dispersion q> of (q). O. Boruvka proved in [2] that the function 
(p(t) — t is ^-periodic if the coeficient q of the oscillatory equation (q) is 7E-periodic., 
too. This paper proves 

Theorem 1. Let q be an almost periodic function and let cp be the basic central 
dispersion of the oscillatory equation (q). Then the function <p(t) — t is almost 
periodic. 

2. Fundamental concepts and lemmas 

An equation (q) is called oscillatory on R if ± oo are cluster points of zeros of 
every nontrivial solution of (q). A function a e C°(R) is a (first) phase of (q) if 
there exist independent solutions w, v of (q) such that 

tg <x(0 = u(t)/v(t) for t e R - {t; v(t) = 0}. 
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Every phase a of (q) has a continuous derivative of the third order on R and a\t) ^ 
^ 0 for t e R. The equation (q) is oscillatory if a(R) = R. If (S denotes the set 
of phases of y" = — y and a is a phase of (q), then (£a : = {e<x, e e (£} is the set 
of phases of (q) and e(t + n) = e(t) + sign ^' for e eC . 

Let a be a phase of (q) and let us put cp(t) := a -1[a(t) + TT sign a'] for teR. 
The function cp is called the basic central dispersion (of the first kind) of (q) (see 
[1]. [2])-

Definition 1. ([4]). The continuous function f is called almost periodic (on R) 
if there exists a number L( = L(s)) to every s > 0, such that at least one number x 
exists in [x, x + L) for every x e R so that 

I / C + T) - /CO I < £ / ^ feR. 

It was proved in [5] that every equation (q) with an almost periodic coefficient q 
is either oscillatory or disconjugate (i.e. every (nontrivial) solution of (q) has at 
most one zero on R). 

Lemma 1. Let qn e C°(R) and lim qn(t) = q(t) uniformly on R. Then ther^ exist 
n-+co 

phases an of (qn) and a o/(q) such that 

lim an(0 == a(t), m 
n-+oo ( 1 / 

lim an(0 = a'(0 
n-+oo 

uniformly on every compact interval. 
Proof. Let un, vn be solutions of (q„) and u, v be solutions of (q) satisfying the 

initial conditions:un(0) = u(0) = vn(0) = v\0) = 0, u'n(0) = u'(0) = vn(0) = v(0) = 
= 1. Let us put 

pn(t): = l/(u2(0 + v2(0), P(0 : = l/("2(l) + v2(l)), / e R. 

Then lim (un(t) + vl(t)) = u2(t) + v2(0 uniformly on every compact interval 
n->oo 

([3], Theorem 2.4.) and thus also lim pn(t) = fi(t) uniformly on every compact 
n-*co 

interval. Let us put 

*n(t) ' - J Pn(s) ds, a(0 : - j P(s) ds, r G R. 
0 0 

Then a„ is a phase of (qw) and a is a phase of (q) having properties given in the 
Lemma. 

Remark 1. It appears from the following example that (1) generally does not 
uniformly hold on R. 

Example 1. Let qn(t): = -((« + l)/«)2, q(t) : = - 1 for / e R. Then lim qn(t) = 
n-*oo 

= q(t) uniformly on R. The function t(n + l)/n is a phase of (q„) and the function t 
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is a phase of (q). Assume the existence of phases <xn of (q„) and a of (q) such that (1) 
uniformly holds on R. Then there exist phases e„, e G (£, such that 

lim en(t(n + l)/n) = e(t) (2) 

uniformly on R. Hence, there is an index Nt such that | en(t(n + l)/n) — e(t) \ < I 
for t e R and every n > Nx. Specially (we put / = nn) 

| en((n + 1) TT) - e(n;c) | < 1 for n > Nx. (3) 

From (2) we get lim en(0) = e(0) and further sign en = sign e', en((n + 1) TT) = 
7t-*00 

= en(0) + (n + 1) % . sign e' for n > N2, e(nn) = e(0) + nn sign e'. Then we 
have for n > N2 

| e„((n + 1) n) - e(n7r) | £ TT - J e„(0) - e(0) |, 

which leads, because of lim e„(0) = e(0), to a contradiction of (3j. 
«-*oo 

Lemma 2. Let <pn and <p be the basic central dispersions of the oscillatory equations 
(qn) and (q), respectively. Let lim qn(t) = q(t) uniformly on R. Then 

n-*ao 

lim (p„(t) = cp(t) 
n-»oo * 

uniformly on every compact interval. 
Proof. Let an and a be, respectively, phases of (q„) and (q) having the properties 

given in Lemma 1. Then a„(R) = R, a(R) = R and sign ccn = sign a' for n > N By 
Lemma 1 lim a(0(0 = a(i)(t) uniformly on every compact interval, / = 0,1. It follows 

J1-+00 

from this that l ima"1^) = a_1(1) uniformly on every compact interval. From 
n-*ao 

the above properties of sequences {an(t)} and {a"1^)} and from the equalities 
n̂vO = a^lXvO + 7csigna^], cp(t) = a"x[a(t) + n sign a'] then follows the 

assertion of the Lemma. 

Lemma 3. Lef q be an almost periodic function and (p be the basic central disper
sion of the oscillatory equation (q). Then there exists a number K > 0 such that 
cp(t) - t < Kfor t e R. 

Proof. Let s := <p(0). By the Theorem on continuous dependence of solutions 
on parameters there exists an e > 0 such that for | A | < e any (nontrivial) solu
tion zx of z" = (q(t) + X) z, zx(0) = 0, has a zero in (s/2, 3s/2). Then it follows from 
the Sturm comparison theorem that any (nontrivial) solution z of (p), z(0) = 0, 
has a zero in (s/2, 3s/2) for every p e C°([0, 3s/2]) for which | q(t) - p(t) | < e 
for t e [0, 3s/2]. By assumption q is an almost periodic function i.e. there is 
a number L with such a property that there exists a T: | q(t) — q(t + t) [ < e 
for t e R on every interval of type [x, x + L) (x e R). If x0 e R, then there exists 
such a T0 G [x0, x0 + L) that | q(t) - q(t + T0) | < e for t e R. 
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If w is a (nontrivial) solution of y" = q(t + T0) y, u(0) = 0, then there exists 
such a solution y0 of (q) that u(t) = y0(t + T0) for t e R. Let u(£) = 0, u(t) ?- 0 
for te (0,0- Evidently £e(s/2, 3s/2), j>0(

To) = yo(^o + 0 = 0 a n ( i using the 
Sturm comparison theorem we obtain 

cp(x0) ^ (p(r0) = T0+Z<X0+L + £<X0+L + 3s/2. 

It then follows that 

q>(x0) - x0 < L + 3s/2. 

The assertion of the Lemma can be found by setting K: = L + 3s/2. 

Lemma 4. Let q be an almost periodic function, (q) be an oscillation equation and 

lim q(t + hn) = p(t) 
n->oo 

uniformly on R, where {hn} is a sequence of numbers. Then (p) is an oscillatory 
equation. 

Proof. Let a be a phase of (q), sign a' = 1. Then evidently a(t + hn) is a phase 
of (qn), where qn(t) : = q(t + hn) for t e R. By Lemma 1 there exist en e G, sign en = 
= 1 and a phase j8 of (p), sign />' = 1, such that 

limen(a(* + hn)) = /?(0 (4) 
n-*oo 

uniformly on every compact interval. Let q> be the basic central dispersion of (q). 
By Lemma 3 there exists a number K > 0: 

(p(t) - t < K for t e R, 

whence a(f + An + K) > ocq>(t + hn) = oc(t + hn) + n< Hence a(hn + K) > a(An) + 
+ n. If (p) is not oscillatory equation, then it is a disconjugate eqation so that 

I P(t) - j?(0) | < TT, for t e R, (5) 

(see [1], [2]). Putting t = 0 or / = K in (4), we find 

P(K) - j3(0) = lim [en(a(K + hn)) - en(a(fcn))] = 
n-+ao 

^ lim [en(a(hn) + TI) - en(a(hn))] = lim n = TC. 
n-*oo n-*oo 

But this contradicts (5) above. 

3. Proof of Theorem 1 

By the Bohr — Bochner theorem a function g e C°(R) is almost periodic if and 
only if there exist for any sequence {hn} a sequence of functions selected from 
{g(t + hn)} uniformly converging on R (see [4], Theorem 4). 
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To prove that the function <p(t) — / is almost periodic, it suffices to show that 
for any sequence {hn} a subsequence uniformly convergent on R may be selected 
from the sequence {cp(t + hn) — t — hn}. By our assumption, q is an almost 
periodic function. Thus, we can select a subsequence uniformly convergent on R 
from {q(t + hn)}. Without any loss of generality we may assume, lim q(t + h„) = 

W-+00 

= p(t) uniformly on R. Let oc(t) be a phase of (q). Then oc(t + hn) is a phase of 

y" = q{t + hn)y. (6) 

Let \J/ be the basic central dispersion of (6). It then follows from occp(t) = ot(t) + 
+ % sign a', a(^(t) + hn) = a(t + h„) + n sign a' that \j/(t) = q>(t + hn) — hn. 
Following Lemma 2 {cp(t + hn) — t — hn} converges uniformly on every compact 
interval. Let us assume {q>(t + hn) — t — hn} not to converge uniformly on R. 
Then there exists a number a (> 0) and increasing sequences of positive integers 
{kn}, {rn} and {tn} (\ tn | -> oo) such that 

I <p(tn + * J - K - <P(tn + AJ - K I = ^ « = 1, 2, 3,... (7) 

By Lemma 3, the sequences {cp(tn + hfcn) - tn - hfcn}, {<p(tn + hrn) - tn - hrn} 
are bounded and q is an almost periodic function. Possing to appropriate sub
sequences, under the same notation for simplification, we find that 

lim (cp(tn + hfcn) - tn - hfcn) = b, 
n-*oo 

lim (<p(tn + ft J - <•„ - ft J = c 
I I - * 00 

and 

lim «(f + tn + hfcn) = px(0, lim q(t + fn + hrn) = p2(0 (g) 
n->oo n-*oo 

uniformly on R. 
With respect to (7) 

I b - c | = a. (9) 

We now prove that px =p 2 . Let e > 0. Since lim q(t + hn) = p{t) uniformly 
I I - * 00 

on R and (8) holds, there exists an index N such that: 
(i) | q(t + hfcn) - q(t + hrn) | < e/3 for t e R and all n > N Thus, also 

| q(t + tn + hfcn) - q(t + tn + hrn) | < e/3 for t e R and all n > N, 

(ii) | q(t + tn - hfcn) - Pl(t) | < e/3, | q(t + tn + hrn) - p2(0 | < e/3 for t e R 
and all n > N. 

It then follows from (i) and (ii) | px(t) — p2(t) | < s for t e R and since e is an 
arbitrary positive number, we get pi = p2. 

Since q>(t + tn + hkn) — tn — hkn is the basic central dispersion of y" = 
= <?(* + n̂ + îtn) y

 a1id ^(^ + tn + hrn) — 1n — hrn is the basic central dispersion 
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of y" = q(t + t„ + hrJy, we obtain from pt = p2 and by Lemma 3 

lim [<p(tn + hj -tn- hkJ = lim [cp(tn + hj -tn- hrJ 
n-+oo n->oo 

contrary- to (9). 

ОСНОВНАЯ ЦЕНТРАЛЬНАЯ ДИСПЕРСИЯ 
ДИФФЕРЕНЦИАЛЬНОГО УРАВНЕНИЯ у" = ^{^)у 

С ПОЧТИ-ПЕРИОДИЧЕСКИМ КОЭФФИЦИЕНТОМ д 

Резюме 

Пусть 

(ч) У " - « ( О Л -1еС°(К), 

колеблющееся уравнение, 10еКиу(Ф 0) — решение уравнения (ф, у(г0) = 0. Пусть <р(10) — 
первое справа сопряженное число с г0. Тогда функция <р определена на К и называется оснво-
ная центральная дисперсия уравнения (ф. В работе показана теорема: 

Пусть <р — основная центральная дисперсия колеблющего уравнения (аЗ с почти-периоди
ческим коэффициентом ^. Тогда <р(() — I почти-периодическая функция. 

ZÁKLADNÍ CENTRÁLNÍ DISPERSE DIFERENCIÁLNÍ 
ROVNICE ý' = q(t)y SE SKOROPERIODICKÝM 

KOEFICIENTEM q 

Souhrn 

Nechť 

(q) ť=q(t)y9 aeC°(R), 

je oscilatorická rovnice, t0 e R a y je netriviální řešení rovnice (q), y(t0) = 0. Nechť <p(t0) je první 
zprava od bodu t0 ležící nulový bod řešení y. Pak funkce <p je definovaná na R a nazývá se základní 
centrální disperse rovnice (q). V práci je dokázána věta: 

Nechť <p je základní centrální disperse oscilatorické rovnice (q) se skoroceriodickým koeficien
tem q. Pak <p(t) — t je skoroperiodická funkce. 
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