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Let g be a (real) almost periodic function ([1], [2]), ¢ # 0, and A a (real) para-
meter. Consider the differential equation

Y+ @y =0 (Aq)

It is well known (see [3]) that (Aq) is either disconjugate, i.e. every nontrivial
solution of (Aq) has one zero (on R) at most, or it is oscillatory, i.e. &0 are the
cluster points of zeros relative to every nontrivial solution of this equation. If 1 =0,
then (Aq) is disconjugate.

Our object now is to obtain such a necessary and sufficient condition laid on
the function q for the equation (Aq) to be oscilla’ory for every 4, Ae R — {0}.
A necessary and sufficient condition for the special case with q being periodic
is given in [6] and follows directly from

Theorem 1. Let q be an almost periodic function, g % 0. Then (ALq) is oscillatory
t

for every A, AeR — {0}, exactly if M{q} =0, where M{q} := lim-l—j q(s) ds
(V]

t»o0 [
means the mean value of the function q.
Prior to proving the above Theorem we will prove

Lemma 1. Let f be an almost periodic function and M{f} = 0. Then there exists
to every number t > 0 an almost periodic function p, | p(t) | < t for t € R, such that

t
the function a(t): = [ (f(s) + p(s)) ds, t € R, is bounded on R.
o
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t
Proof. If the function § f(s) ds is bounded on R, we put p = 0. Let the function
0
t
I f(s) ds be unbounded on R and © > 0 be an arbitrary number. Then there exists

a trigonometric polynom P(f) = a, + Z (a, cos vt + b sinvt) (v # 0 for k =
=1,2, ..., N) (see e.g. [2] p. 62), such that

Lf(H) = P()| < g- for teR. ¢))
If M{P} = a,, then on our assumptions M{f} = 0 and (1) we get inequality

lagl < - @

Putting p(f) := P(¢) — f(t) — a,, t€R, then p is almost periodic function and
t
from (1) and (2) we get | p(r)| < 7 for teR. Since a(f) = [ (f(s) + p(s)) ds =
0
0k=1 k=1 t

42| )
Vi

for ¢ € R, so that the function « is bounded on R.

Proof of Theorem 1. (<) If M{q} = 0, then it follows from Theorem 2 ([3])
that (Aq) is oscillatory for every 4, Ae R — {0}.

(=) Suppose (Aq) to be oscillatory forevery A, A € R — {0}, and M{q} = c(#0).
For certainly let ¢ > 0 (for ¢ < 0 the function —gq instead of g is considered). Let
us put g,() :=4q() — ¢, teR. Then g, is an almost periodic function and

tN N
= Y (@ cos wx + by sin v.x) dx, it follows that |a() | £ Y ( L

M{q,} = 0. By Lemma 1 there exists an almost periodic function p, | p(?) | < —;—

t 14

for t € R, such that the function [ (g4(s) + p(s)) dsis bounded on R. Let | { (g4(s) +
0 0

+ p(s))ds| £ K for t e R, where K is a constant. Then, of course,

t
| §(q:(s) + p(s))ds | 2K  for 0 x <t 3
x
Let
¢
0<i<— 4
We will prove that
Y- /l(ql(t) +p(1) + %)y =0 ©)

is nonoscillatory on [0, o) for all 4 satisfying (4). Consequently, equation (5) is
for all such A necessarily disconjuge (on R). Suppose that A > 0. By substitution

of y = exp( /-%c—t) z equation (5) is transformed onto equation
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r@®z) + 0z =0, ©6)
where r(f) := exp (\/ ﬁ—c:t), Q) := —A(q,(?) + p(v)) exp (\/zl_;t), t e R. Then for
ever. A satisfying (4) we get from (3) forevery0 S x < ¢
t @ ) ) R
1§(Q0s) § (Lr(w)) du ds | = 4| [ exp (\/24cs) (q1(s) + p(s)) | exp (—/2Acu) duds| =
A
V2

It now follows from the above and from the Moore criterion for the nonoscillation
of (6) (see [4] or [5] p. 196) that equation (6) is nonoscillatory on [0, 00) for every 4

| § (q1(s) + p(s)) os | é\/%)“—K <-12-.

satisfying (4). It then naturally follows from the inequality A (q,(t) + p(t) + —;—) <

< Mgq(#) + ¢) = Aq(¢) and from the Sturm comparison theorem that (Aq) is
disconjugate for every A satisfying (4) which, however, is contrary to our assumption
of the Theorem.

t
Remark 1. If the function [ g(s) ds is bounded on R, then the assertion of Theo-
0

rem 1 may be proved directly using Theorems 2 and 6 in [4].
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OSCILACE RESENI DIFERENCIALNI ROVNICE " = Aq(t) y
SE SKOROPERIODICKYM KOEFICIENTEM

Souhrn

V praci je dokdzdna véta: Necht ¢ je skoroperiodickd funkce, g == 0. Pak rovnice
Vo= 2q(t) y
1T
je oscilatorické pro kazdé 4, A€R — {0}, pravé kdyz M{q} = 0, kde M{q} := lim T [ q@t) de
0

T-

znali stiedni hodnotu funkce g.
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O KOJEBJKOMUXCA PEMEHNAX
JUNOOEPEHIMAJDBHOIO YPABHEHNA y" = Aq(t)y
C NOYTH-NEPHOINYECKIAM KO3OONIMNEHTOM

Pesome

B pa6ore mpuBogutcs teopema: ITycte ¢ mouim-mepuonuueckas ¢pyuxmus, g == 0. Jna Toro,
yrobu auddepenmpansHoe ypasnenne y” = Ag(t)y 6vui0 xonebmommmcs mis A €R— {0}, me-
1T
06X0AMMO ¥ AOCTaTOYHO, 4TO6bl M{gq}= 0, rae M{q} : = lim T | q(r)dr— cpennee 3nauenne
T= o 0
bysRUER g.
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