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Katedra algebry a geometrie přírodovědecké fakulty 
Univerzity Palackého v Olomouci 

Vedoucí katedry: Prof.RNDr.Ladislav Sedláček, CSc. 

ON GENERALIZED FORMAL 
POWER SERIES 

ALENA VAN2UROVi 

(Received April 4th, 1985) 

In the present paper the usual construction of formal 
power series is carried over to the case where "exponents" 
form an ordered loop and "coefficients" form a structure T 
with two binary operations + , • such that (T,+) is a commu
tative group with a neutral element 0,(T-{0],.) is a quasi-
group, and a.O=0.a=0 holds for all a € T. Especially, if 
the set of ©©efficients is a commutative Cartesian group, 

then formal power series also form a commutative Cartesian 

group. Some of our proofs can be understood as a modern form 

of the classical proofs given by H. H a h n in 74/ for 

power series with real coefficients and exponents forming 

an ordered commutative group. We use transfinite induction 

in contemporary version given in /2/, p.243. 

Power series with exponents in an ordered loop and 
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coefficienta in a non-aasociative ring have been inveatigated 
in /3/ by D. Z e 1 i n 3 k i. 

A loop L is said to be ordered under a linear order -^ 
if the set L is linearly ordered under --< so that a ^ b imp
lies c+a ̂  c+b and a+c -̂  b+c for all a,b,c in L. Each ordered 
loop is neces9arily infinite. Some types of ordered loops are 
mentioned in /3/ and /4/. 

Let us investigate an ordered loop (L, + ,-.< ) with a neutral 
element e together with a aet T admitting two binary operationa 
+,. auch that 

(i) (T,+) is an Abelian group with a neutral element 0, 
(ii) (T-{o|,.) is a quasigroup, 

(iii) a.0=0.a=0 for all a € T. 

Denote by D(T,L) the set of all functions from L to T,f <£ T , 
such that the support spt(f ) = [x € L|f (x)?-0} i3 well-ordered 

by the etarting order ^ , that is, each non-empty subset of 
spt(f) has a amallest element. Obviously D(T,L) 4 0 and the 
elements of D(T,L) can be interpreted aa generalized formal 
Laurent 8eriee with exponent8 in L and coefficients in T. 

Define addition and multiplication on D(T,L) by 

(f+g)(x) = f(x) + g(x) for all x € L, 

(f.g)(x) = ) f(y).g(z) for all x £ L. 
y+z=x 

It must be verified that these operation are well-defined. 
Fir8t, the 3et 3pt(f+g) i3 well-ordered by ^ becauae spt(f) 
and spt(g) are well-ordered under ̂  , and apt(f+g) i9 a sub
set in the ordered set-union apt(f) u spt(g). The 3ummation 
in )> f(y).g(z) is meaningful becauae there i8 only a 

y+z=x 
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finite number of non-zero terma under the summation sign. In 

fact, suppo3e an infinite number of auch terms. Then it can be 

found a countable set {(yj>zj) I 0 £ N ] i ^ s {^t2^,... I , 

such that y. £ spt(f),z. g spt(g) and y-+z.=x. Since 

(y^ | 0€ /Nj ia an ordered aubeet in spt(f) under 4 , we can 

suppose without loss of generality that y • -̂  y» m whenever 

j <c k. Now j <: k implies zv -< z-, contrary to the fact that 

the set |z. | j <_ /Nj is well-ordered under *i • Further, spt(f.g) 

is well-ordered under *-> . For if spt(f.g) would not be well-

ordered by 4 , it had to contain a non-empty aubset without 

a 8malle9t element, and it could be found a countable aet of 

couplee (y.,z.) 9Uch that ^y . | j £ /N| C spt(f), 

\zi | j € /N ̂ capt(g) and y_+z_ ^ y/j+z;j wn©never j «/ k. Let y n 

denotea the 3malleet element in { y • | j£ /N], y the emal-

lest element injy- | j > n_^ etc. For any j<£k, we have 

inequalitie8 y_ + z_ -< y_ + z„ , y_ -< y_ , which implies 
nk nk nj nj nj nk 

z -< z , a contradiction. 

In can be eaaily 3een that (D(T,L),+) i8 a commutative 

group with the neutral element o determined by apt(o) = 0. 

From now on we ehall use the notation D(T,L)* = D(T,L) - (o^ . 

Lemma. For all f,g € D(T,L)_ it^is valid the equation 

min spt(f«g)zmin_sgt(f2+^min_9gt(g). 

Proof. Let c=min §^t(f .g)Aa_min_8gt(f) ,1p§in spt(g) . Now 

(f.gMc) = 7 f(j- ) .g(? ) , £ _ S p t ( f ) , ^ £ spt(g) . Thus 

a <4 £ ,b <̂  'V , and c ̂ r a+b. Assume a+b=a+b for some a,b 6 L. 

If a A a, then f(a)=0. The other inequality a -< a implies 

b *< b and consequently g(b)=0. Therefore a=a,b=b, and it must 

be (f.g)(a+b)=f(a).g(b) 4 0. We get a+b e apt(f.g), 90 that 

c ^ a+b. Thua c=a+b. 

9'If a <£ b and a^b we ahall write a -< b. 
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Proposition. Le~t L be an ordered loop and (T, + ,.) a structure 

jja-tijtf£ing^(i)-(iii). Then (D(T,L)y7) is a quasigroup. 

For the proof we shall use the theorem on definitions by 
transfinite induction in the following form (see /2/, p.243) • 
Let S be a set. oC a given ordinal, ̂  a set of all S-valued 

| -sequences1 for all | < / , and H: <J>—>S a given map. Then 
there is a unique S«valued («/ +1)-sequence U such that 

(1) u(6) » H ( U | W ( 6 ) ) for a 1 1 L - f/ * 

P r o o f . We shall show that equation 

(2) f.h=g 

has a unique solution h £ D(T,L)M for any given f ,g <£ D(T,L)X. 

(The case h.f=g is similar.) 

Let S=L .V T. Assume dC is the least ordinal not correspon
ding to any well-ordered subset in L. More detailed, if A is 
the set of all well-ordered subsets of (L,+,<£) and A the set 
of their ordinals, then A is equal to W(*C) for the above ordi
nal <?C . Let A - L X L ->L be a map given by A (u,v)=w^-=->u+w=v 
and T * T k T ~*T a map given by T (a,b)=c <=>a.c=b. Further, 
let the map G :§ _-,̂  T be given as follows. For every ^ -
sequence P*((aL ,bc ) > u c of $ with / j-0,â  <£" L,b^ <s T and 

(3) a, 4 a^ whenever L-^ 4 L2 (i*e.,(a^)^c infective) 

let 

G(P)(a^)=bc for all L <C f , 

G(P)(u)«0 for all u 6 L - { a^ | L ZL £ | 

whereas set G(P)-=o for all remaining P. Now define our map H 

Л.» 
If f is an ordinal, then W(^ ) denotes the set of all 

ordinals less than i • If moreover S is a non-empty set, 

then an S-valued f -sequence is a map from W( f ) to S. 
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by H(P) = (/3 (min spt(f), min spt(g-f .G(P)) f 

T(f(min spt(f), (g-f.G(P))(min spt(g-f.G(P)))) 

for all ?e$ with g-f.G(P) 4 o, 
and 

H(P) = (e,o) for all P£<p with g-f.G(P)=o (recall that e is 
a neutral element of (L,+)). By the Theorem on definitions by 
transfinite induction, there exists a unique (d +l)-sequence 
U=((zt ,rL ))LL<JL+i satisfying (1), i6e*f U( L ) = (z6 frL ) = 
=H((s,y ,r^ )/ŷ / )• Let us denote y=min spt(f),Ud =U | ̂ / \, 
h6 =G(UL ),gL =g-f.hL for all £Z.<+1. Let %L =min spt(g^ ) 
whenever g / 0,6^^+1. Clearly, if x. is defined, then 
f(y).rL =gt (x^ ) and 

(4) y+z^ =x^ . 

Furthermore, hL : ( h - ( z 1 3 s rt f o r t Z < ' 
h (z) = 0 otherwise. 

The proof continues in f ive s t ep s . 

S t e p 1 . (Auxiliary statements) . Let 

(5) (I £ W(*C+1) with U( L ) 4 ( e ,o) for a l l L e W(/?+l) . 

Then 

(6) gL (x)=0 for a l l x < x and £<L/f+l, 

(7) i f JCL C fi +1 and x-t x^ then g (x)=0, 

(8) g 6 ( x ^ ) = O f o r ? ^ / ^ / f + l . 

(6) is trivial. By properties (4) and (6), 

n(x) 

g£ (x)=g(x) - (f.h6 )(x)=g(x) - V ^ f.(y ).h^(z ), 

where 

j f + z , =x, y, £ spt(f), and % r £ spt(h , ). 
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Since y-< y^ and y^- +z c A x*, =y+z 'h , i t must be 
U > j >o < -• 

z /- -4 z^ • Therefore g^ (x)=g- (x)=0, which proves (7). Simi-
lar^considerations lead to (8). 

S t e p 2* For an ordinal /t aatiafying (5) the eequence 
(z L ) , sn+\ is etrongly increaaing. Becauae of (4) it auffi-
cee to 9how that (x^ ). * +, ia strongly increasing. To prove 
it we use transfinite induction: Let ft eatiafiee (5). Set X = 
[ L \ t € w(/? "l*1) a n d ( f < L =^ x, A x^ )J . Aa3ume L L /i +1 
3uch that W([ ) £ X . We must show that £ 6 X. For this, suppode 
there exiet3 f <C L 3uch that x -̂  x . By (7) thia aa3umption 
implie3 g (x6 )=g^ (xL )=0, which contradicta (6). Hence 
xc ^ xL . By (8), g^ (x r )=0. But g 6 (x 6 )j-?0, thus the 
equality cannot occur. Therefore i <£ X, indeed. That is, 
X £ W(/?+l). Since the other inclusion is trivial, the assump
tion ?<C L Cfi +1 implies x<- -{ x L aa required. 

S t e p 3. There exiats i <£ W(<<+1) with U(£ ) = (e,o). In fact, 
supp03e U( C ) ?- (e,o) for all L <C </+1. Then we can express U 
in the form U = ((z L ,r^ )) , / +1, where (z ̂  ) ^ + 1 is by 
step 2 a strictly increasing L-valued (< +1)-sequence. But 
{z, j(<£ oC +ljj<£TA is a well-ordered subset in L with the ordi
nal CT( , a contradiction. 

S t e p 4. (Existence of^solution) Let £ =min { i\\J( £ ) = (e,o)i • 
Then h=hf =G(U* ) is a solution of (2). It is clear that 
h <£ D(T,L) . Since U( > Q)-=(e,o), the equality g-f.h=o holds. 

S t e p 5. (IIniquene99K The proof of unicity ie baaed on 
unique aolvability of all equations (4) and uaee tranafinite 
induction again. QED. 

Remarks. Many algebraic propertiea of the original structu
re (T,+,.) are preserved by paeding over to (D(T,L),+,.). If 
T haa asaociative or commutative multiplication, D(T,L) haa 
the aame property. Alao di9tributive law9 in (T,+,.) are 
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preserved in D(T,L). If T has an element 1 such that x.l = 

* l.x=x for all x € T, then D(T,L) contains an element j such 

that j(e)=l, j(x)=0 for all x?-e,x £ L# If T is a ring without 

divisors of zero, then D(T,L) is also a ring without divisors 

of zero. If T is a division ring, D(T,L) is a division ring, 

too* If T is a commutative Cartesian group, then so also is 

D(T,L). These facts permit a construction of some non-desar-

guesian projective planes yielding convenient homomorphisms 

of projective planes. 
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SHRNUTÍ 

ZOBECNĚNÉ FOHMÍLNÍ MOCNINNÉ SADY 

Alena VANŽUROVÍ 

Článek vychází z klasické práce H.Hahna (z r.1907) a z 
článku D.Zelinského (z r.1948). Ukazuje se, že obvyklá kon
strukce zobecněných formálních (Laurentových) řad dává užiteč
ný výsledek i v případě, že exponenty jsou prvky z uspořádané 
lupy a koeficienty tvoří strukturu se dvěma binárními operace
mi (sčítání a násobení), přičemž sčítání tvoří abelovskou gru
pu s neutrálním prvkem O, násobení tvoří na nenulových prv
cích kvazigrupu a součin prvku 0 s libovolným prvkem je opět 
O. Zvolíme-li koeficienty v komutativní kartézské grupě, tvo
ří Laurentovy řady opět komutativní kartézskou grupu. Této 
skutečnosti lze využít ke konstrukci příkladů netriviálních 
homomorfismů velmi obecných projektivních rovin. 

Author's adresa: 
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Palacký university 
Leninova 26 
Olomouc 
771 46 (ČSSR) 

AUPO, Fac.rer.nat. 8£, Mathematica XXV, (1986) 
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РЕЗЮМЕ 

ФОРМАЛЬНЫЕ СТЕПЕННЫЕ РЯДЫ 

АЛЕНА ВАНЖУРОВА 

Статья исходит из работ Хана и Зелинского. Показывается 

что привычная конструкция степенных рядов дает полезный ре

зультат даже в случае когда экспоненты принадлежат упорядо

ченной лупе и коэффициенты составляют структуру (Т, +,.) 

выполняющую следующие условия: (Т, + }-коммутативная группа 

с неутральнъш элементом 0, а. = О.а = 0 для вг̂ ех аеТ и все 

ненулевые элементы образуют квазигруппу. Если исходить из 

коммутативной картезианской группы (Т, +,.), то степенные ря

ды образуют опять коммутативную картезианскую группу. 

Тот факт можно применить к конструкции примеров гомоморфиз

мов проективных плоскостей. 
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