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A PHASE OF THE DIFFERENTIAL 
EQUATION y" = Q(t)y WITH A COMPLEX 

COEFFICIENT Q OF THE REAL 
VARIABLE 

SVATOSLAV STANEK 

(Received January 15th, 1985) 

1. O.Borfivka /!/ has introduced the concept of a (first) 

phase of the equation 

Y #* - q|t)y# q £ C°(j), • (q) 

where jt*(afb) (- &• g a < b £. <*^), with Cn(j) and Cn(j) deno

ting the set of real end complex functions, respectively. ha~ 

ving continuous derivatives up to and including the order n 

(n * 0,1,2* *,#) on j. There were thus given a real form for 

a general solution the above equation together with a neat 

description of the structure of phases of (q) in applying a 
3 

certain decomposition in the set of functions of class C (j) 

with the derivative different from zero on j* The phases of 

(q) appeared to be exceedingly suitable to studying global 

properties of homogenous linear second order differential 

equation, s«g* global transformations, limit circle classify 
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cation, stability of solutions, decomposition of zeros of so

lutions, Floquet theory etc 

This idea inspired the author to introduce a (first) pha

se of the equation 

y " - Q(t)y, Qcc°(j), i» Q(t) * o, (Q) 

in a certain analogy with the above real case. Thus there were 
given a form of the general solution of (Q) (Theorem 5 and to 
it related Theorems 6, 7, 8) and a description of phases of 
(Q) in Theorem 4# Next a proof is given for the fact that the 
phases of (Q) have properties analogous to those of the real 
case (Lemma 3, Theorem 3), yet it is also shown that the pro
perties of solutions of (Q) have no analogies with equations 
having a real coefficient (Lemma 2, Theorems 1, 2, 9), 

2m Let M c R x R be a subset of the Cartesian product 
R * R and let m(M) be the Lebesgue measure of the set M« Then 
the validity of the following Lemma may be verified without 
difficulty. 

Lemma 1. J-et a < ... < t_n < ... < twl < tQ < t1 ... <- tn ... < b, 

H V - n « a' lit *n " b' i eI x * x n < 0 . Y " Yn^J £e-r.2aA 
junctions cojitimjojiS^firs^t^d^rJLvatj.v^s^on ĵ he jfcnteĵ val̂  

(tn-1. tn), n • 0, i 1, - 2 Seating 

Mn:-{(x,y)j x«xn(t), y-yn(t), t€(t n - 1.t n)j cRxR , 

M:« (J Mn , 

«(Mn) Joj:ja£hji 

-and 

ra(M) • o„ 
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3# Let ue look now at eone propertiee of eolutione of 

(Q). The trivial eolution of (Q) will be excluded throughout 

thie text. It is obvioue that to any two conplex nunbere yQ, 

y_£C non-vanishing at the sane tine there exists a unique so

lution y«y(t) of (Q), defined on j and eatisfying the initial 

conditione y(tQ)»y0# y*(t0)*y0 at a point tQ£ j 0 It is next 

obvious: 

(i) The zeros of any solution of (Q) (so far they exist) 

have no clueter point in j; 

(ii) Solutions u, v of (Q) are linearly dependent exactly 

if wi» uv* - u#v « 0 on ji 

(iii) Let u be a solution of (Q) with u(t) j* 0 for 

t € (a_fb_) c j. Let
 t

0
€( a_tb_) and let us set 

v(t):-* u(t) \ g . t£ (alabl) , (1) 
J u2(s) 
o 

Then v is a solution of (Q) on the interval (a_«b,) and 

uv* - u*v « lj 

(iv) Let Q_(t):« Re Q(t), Q2(t):« In Q(t), t€ j. Then 
the solution y(t) « y_(t) + iy2(t) of (Q) is equivalent to 

the solution (y_(t)» y2(t)) of the systen of differential 

equations 

y{* * Qi( t)yi - $2(^2 • 

v'z - Q2
( t)yi+ Ql(t)Y2 • 

The or em 1« Equ^a£ion__(Q) haŝ  a^t l̂ejas^t^on^e^sp l̂utijon^ withjrig, 
zejro__oii j . 

Proof. Suppose to the contrary that every solut ion of 

(Q) has at least one zero on j and suppose u, v are indepen

dent solutions of this equation. Then for any two conplex 
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numbers c, d# non-vanishing at the same time* the equation 
cu(t) • dv(t) K o has at least one root t (»t (e»d))€ j-. Thus, 
to every A c C , A j* 0, there exists %•*€ j such that Au(t^) CT* 
- v(tj^) B o. If u(t1) © 0, then v(t-J « 0* which is in contra
diction to the linear independence of the solutions u» v of 

v(tx) 
(Q)„ Therefore utt-,)^© and - ~ : ± _ B A. By the assumption 

y(t I) 
vi t »>| 

there exists a t«£ Is v(t0) « 0e hence ------------ a o, IT*B s< li 2 % ' 2 u(t2) 

tion u of (Q) has at most countably many zeros on j and let 
u(tn) » 0 with e< ««« 4 t-n ̂  «•„ 4 tQ < • *• <r tn<^ *00 <; b# The 

v ( t ) 
f u n c t i o n maps the se t i - 4 „«»», t „ , • • • , t # , . „ f t .•<,* f 

u ( t ) ( ~ n ° n * 

on the set C Let u • Uj(t) + iu2( t) , v(t) « v j ( t ) * iv2(t) 

f v 1 ( t ) u 1 ( t ) * v 2 ( t ) u 2 ( t ) 
and M4 s« j ( x , y ) j x • — , 

1 |u(tf 
v 2 ( t ) u , ( t ) - v . ( t ) u 2 ( t ) , 

y • — * * - . tfi ( t i _ 1 . t 1 ) | L R*R , 
[u(t) j2 

If the number of terms of the sequence t , t, * f *»„»., :r fi-
n o 1* 2* 

nite with t the greatest of them^ then M ?s j (x.y)i 
v1(t)u1(t) + v2(t)u2(t) v2(t)ux(t) - v,(t)u5>(t) 

X » — • — — — _ 9 y m -JZ _±_ * £—.__ 

|u(t)|2 ju(t)|S; 

t £ (tB.b)J C R * R. If the number of terse of the sequence 
to' t-l , t-2"** is fi n i t e with t_n the 3sallest of ?hea, fhen 

f v,{t)uj(t) * v2{t)u2(t) 

M >- J (x.y)j x - -J L_^ f- ? , 
« Ju(t)|2 
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v2(t)u1(t) - v1(t)u2(t) 

2 
* t € (a»t_n)jč R лR #

 L t ua t 

|u(t)| 

Ms** Kj n 6y Leaisaa 1 m(M) « 0, contradicting thus the fact 

that m(M) • m(R> R) « ©-» , Hance- there exists a solution of 

(Q) having no zero on j* 

'-A* JAf S*xi?S* SWS £P£PBPSPSPS* SPkuX^SnS, sf~SQ)mJt§yip& 

Proof, By Theorem 1 thera exists a solution u of (Q) t 

u(t)j*Q for ,t £ j. Let t € i« S@tt.irsg v(t)*« u(t) \ — — — - , 
Jt y2(s) 
o 

t € j :.« yields that u, v are independent solutions of (Q)« Let 

us assume that every solution of (Q) independent of u has 

a zer© on j* Then the equation 

ÄU (t) - u (t) 
f ds 
Jt Ü2(S) 

has for every A *c C at least one root or. j. With respect to 

t 

the assumption u(t)/0 for t £ ] , the function \ - — 
\ w2(s) 
o 

naps the interval j on the set C in contradiction to Lemma 1, 

by which this function maps the interval j on the set of measu

re zero^ 

Lejnma 2o The f^BPS^SPS. £»J*J*L*J2PSPSn!keSfim^&l3.*2PSP~PSm W ) 
sind[ u (t) * v (t) £ 0 for t £ j jmĵ ctlv̂  l.f^u*iv, u-iv jjre 

•<*?nt solutions of (Q) having no zero on 1* 

Proof. ( *>) Let u, v fa© independent solutions of (Q) 
2 2 and u (t) • v (t) ̂  0 on j« Then u+iv, u-iv are solutions 
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of (Q), «:• (u+iv)(u-iv)* - (u+iv)*(u-iv) «- 2i(vu* - v'u) j* 0, 

hence u+iv, u-iv are independent solutions of (Q) and 
2 2 

(u+iv)(u-iv) • u + v ' / 0 on j, 

« ) Let u+iv , u- iv be independent solutions of (Q) 

having no zero on j . Then u, v are independent solutions of 

(Q) and u 2 + v 2 «- ( u + i v ) ( u - i v ) / 0 on ] , 

JhSSSSS ?• TnJLrJl S.xis.£ iP$P£PSflSP!L SPiPSf-SPS* u* v -2i (Q)» 
jsujch^tjia^t u ( t ) + v ( t ) / 0 fp£ t €. i . 

Proof. By Corollary 1 there exist independent solutions 
y i - y 2 °.f ^Q) n a v i n 9 n o z e r o o n J * S e t u ( t ) 5 s r ( y i ( t ) + v 2 ^ t ) ) ' 
v ( t ) : « - j - ( y 2 ( t ) - y , ( t ) ) , t e j „ Then u, v are independent so
lut ions of (Q) and since y-»u+iv , y 9 «u- iv i t follows from 

2 2 
Lemma 2 that u + v / 0 on j , 

4* In this part we introduce the notion of a ( f i r s t ) 
phase of (Q) . 

De f in i t ion 1« ^e t̂ u, v ^s^ijicl^pe^na^erit^s^l^t^oins^o-f (Q) , 

u ( t ) + v ( t ) ^ O for t £ j (SPS. Sxi?SPSPS -£f-*sidcJl SP^PllSPfL 

iP^&^SPSfSPSi ISy^JliPSPSP^X Sn& i e i» w %m u v * " u*v, We^say 

t ha t^a^ fii nc t ion 

(u.vT of (Q) i f 

яľз" 
. І n â t - - , a - - f Д n Д t ì 0 Д ^ £ c (J) is—**-*(£*•£?!)-PĎPSP-PІ JЃâ -Łas-.iå 

/ ( t ) « 2/ " 2 -w 
u Ł ( t ) + v Ł ( t ) 

u ( t ) 
and t g o { ( t 0 ) • y ^ t < atjajpotnt tQ £ j , where v ( t Q ) / 0 . 
Jüe—8-tY—tJla£ S. IPBP&SP^^S* J. SJ&fSfl R^SPS £f,-*(Q).--A£ i.n-e»r-e, 
Äx.isis-»-a

t--.D£sis-.-,(u'v) Äf-*(Q) ^ i ^ - ^ J l 8 ! . °̂  is—a—(ii£si.).»-PJlas-.e 

£f-*tJle--»DJLs.is--.(u»v) • 
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Convention. Let <L be a phase of (Q). Then <L (t) jf 0 for 
t € j and from the theory of functions of the complex variable 
then it̂  follows the existence of a continuous unique branch 
^'(t). Hereafter (^(t) is used to indicate a continuous 
unique branch of the square root of the function t7C(t). 

In analogy with the real case (see e.g./l/) we can prove 

Lemmâ  3. ̂ .e£ o£ jl̂ â pjiasê ô f S Ĵ SASL (u»v) 21. (Q)• XnJLn 

(i) tg/(t) • u ( t ) for t£ j - (ti v(t)»Of ttf J? | 
v(t) " -

(ii) U(t) . k
 sin^(t) v(t)ss k co«^(t) g w h e r e t € J 

janjd k £ C is^aji £P£rJiP£is tj* Ĵ LJjnb r̂; 

( i i i ) JL ( t ) + n j , where n=*0, - 1 , - 2 , . . . exactXX SAi 

£n£sjis.«»0_t i .n^ .kas.is, ( u * v ) ° i (Q)# 

Theorem 3 . A £uriction o£ is^a^p j ias^oj; (Q) Jixe^ctlv^ . i f ^ i t ĵ s 

<a BPiPS^SPJ0^, J.nJL BPSP-iPSPL i^S^SPSPS^S^-^SPS^iPSi 

- [l.t{ - o(}1 ( t ) = Q(t) (3) 

on i. where U ,*\ = ± AlilL -ZfjLZllL)2 ^ h e 

^cjiwa^rzij^n^de^rivati^ve £ f oC j**—tile«-,RSiIlt t # 

Proof. (-=-=-==•> ) Let °<C be a phase of (Q ) . Then there exists 
a basis (u ,v ) of (Q) such that u + v / 0 on j and <C ( t ) • 

for t € j and wss uV# - u#v. I t may be ve-
u 2 ( t ) + v 2 ( t ) 

r i f i e d a f t e r a computation of the functions tL , «6 from the 

formula cL « - that (k^ C ( j ) and <?c is a solut ion 
u 2 + v 2 

of (3) on j . 
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(<«=-« ) Let oC be a s o l u t i o n of (3) on j . Then P ( £ C ( j ) , 

<^(t)j«Q f o r t £ j . Let us set u ( t ) i « l ^ l £ i i J L , v ( t ) t « ~ ~ . 4 | i 

for t £ j , A d i r e c t c a l c u l a t i o n shows tha t u , v are independent 

s o l u t i o n s of (Q) f o r ws» uv* - u*v » - 1 # Next u + v * ~j«* , 
cC 

u ( t ) 
hence d m °» m^mmmJLmm^mmm w i t h t g o£ ( t ) » ««-»«*Js~. a t a p o i n t 

2 2 ° v ( t \ 
U + V^ V ^ * V 

tQ<f j, where v(t )/*0„ Consequently. <£ is a phase of the basis 

(u,v) of (Q) and therefore also a phase of (Q)* 
Corollary 3, Let/ be a phase of (Q)# Then also the functions 
mm»nmwmmmmM*mmnJmmmm mm mm, mm mm mmrmm mm mm mm *^-/w mm mm mm mm mm em m^> mm e^t^ mm am, met., 
* oC + c are, £nj|8£s,«*0.£ IQ) JL°JL JSySSX c ^ c " 

Proof* The functions - {( + c, C £ C # are solutions of (3) 

on j and thus by Theorem 3 they are phases of (Q)«, 

Theorem 4, ̂ e£/. JDe^a^pjias^of (Q) - c,, c2» c3, c4£ C , 

cl c4 " C2C3 -* ° £ nl 

(c1cos^(t)+c2sin0 l : ( t))2+(c3cos-((t)+c4sir! i / ( t))2 /O for t€ j. (4) 

i ei t«€ J anC d £ C # Then the function /? defined as 

/2(o. t U ) _ _ _ . ! i £ l J ^ J ^ . ^ ^ , 
J / t * (c^cos z+c 2 s in z ) 2 + ( c 3 c o ^ z+c^si r i z) 

t s i . (5) 

is^a^pjiase^o^f (Q)# HQie^tJje^ijite^gj^aj; jon^tjie^ri^qjht^h^nd J^ijde 

-°.f-J5) i3 .̂̂ ^0^^0^^^8^^^8 z * oC ( t )« t £ j . 

i n «& m^LV^mVSfimm^mm mmlmmVmmtL^mmt^-mm1 f> k^^mm^lSflSf^1 ^ " mm^SP 
mm^SSmm mmXmmSmm iWUPSfSm C l ' C 2 ' C 3 ' C 4 f ^ ̂  C fi C ^ C ^ C ^ C ^ O SUjCh^ t j ^ 

(4) jin^ (5) Jhold^ whêrje &P£QJmirj&J®2B ihe i ^ ^ i 8 ^ * - ? . * ^ -Sf 

i5) i ^ ^ ^ J ^ ^ ^ t l l 6 ^ c i l r 2 i e z B t/ C t ) , t £ "j& 
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Proof. Let tL be a phase of (Q ) , f> be defined by ( 5 ) . where 
c l - c 2 ' c 3 , C 4 ' d € C* C 1 C 4"" C 2 C 3 , < 0 a n d ^4^ b e t r u e # S e t t i n 9 y ^ 2 ) * 8 8 

s» C..COS z + c 28in z , y2 (z)t -= c^cos z + c 4 sin z , z £ C , y ie lds 
that y , . y 2 are independent solutions of y # # « -y (on C) and 
wt-sy(y2 - yiyz * C2C3"C1C4# T n e ^°^^ o w i n 9 formulas 

f'_ ___ ____i_J_£L , 
(v_ * v_>2 

2 #2 #2 2 2 
(V-V- * y2y2) _ ví » y a - vi - Va 0 a 8W 

(y2 * yl)3 (yj * v \ ) z 

hold for the derivatives of the function 

f (-) 
Уi(0 • yfu) 

, 2 í C , 

where C-̂  « j zj z _C, y*(z) + y|(z) j- 0 ] . Thence 

_ i ____. • 11 ___.,-. e - -i. 
2 . 4 f ' ) ř 

(6) 

From (5) and with reference to the definition of the function 

0 we obtain for t <s j: 

/f(t) - ̂ (t) ̂  ft(t)], 
/."(t) - ̂ 2(t)^[c<(t)] +// (t)( [^(t)]/ 

/T(t) - ̂ 3(t) ̂ [«t)] * 3JtW;(t)f[((t)]*o(-(t)([i((t)], 

This yields /V(t)j* 0 for t€ 3 aiul/_ £ £3(j) which on using (6) 

gives 

_L ___.. il^-f.A'1!.) - i [ f f l ) An-e__l Ax, Al l 
t Jryl * ¥l/lW P *» * l l p j ] * ftUjp^$fP 
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+ 1 r S i rtu«. <*"|tí f f k w r' ffl x 

* * l y & ) " ? l*™J*ia l l v tlTW! " 

thus 

- (/J .t j - /J*(t) « Q(t), t€ j, 

and following Theorem 3 we see that /L is a phase of (Q)„ 

Suppose /! is a phase of (Q). By Lemma 3 the functions 

SL4fl.4yj. , C 0 8iTJ- as well as the functions ,,•*•,*•"•*.,-) , 

ilTTo ilrnr ilror 
"$7" a r e -"dependent solutions of (Q), Consequently, 
there exist numbers c,,c2,c3,c4«C, c,c4 - c2c- • 1 such that 

.^"lHM - c, CMAS*I + Co asMs^ , 
1/TTiT *' ]/7JW) 2 i/T'(t) 

COS, 2 Ł Ą Ш . c , ŁSŁ^-Ш + c„ • 8 i n ^ . t ) . 

vťДчtT ilтҷтг rø 
Thence i t follows that 

" ^ o r a T Y T T [ ( c i C 0 8 ^ ( t ) + c 2 - i n ^ < » 2 • 
+ ( c 3 c o s / ( t ) + c 4 sin c/ ( t ) ) 2 J , 

hence (4) is valid, which after integration yields (5) where 

t 0€J. dt- /I(t0). 
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TҺŁSŁS-Ł L 5 # шшfiшm ^ ÌmЄшmaшmDҺaшmЄшm0шt ( Q ) # í П Є » П - - » Є ^ Є £ У J B Д 1 J й t A Ҷ Û Ä f - » ( ^ ) 

s in (o ( . ( t ) + c0) 
c (7 ) 

QГ_as_ 
y i î ^ í t ) 

C 3 ^mГшГymГ.» , ( 8 ) 

fЗJTïľ 
where 7* • 1 , c-^, c 2 , c 3 e C, C,J*OJ<C3# Also^conrversaly^*_The^ 

SfiSfimV-SPlm Lifii^Sfiii ^.yL^C7) find ( 8 ) HrSL SfiiyS^SPS. Sf (Q) i ° £ 
a^rjbî tra l̂̂  c^ojnpĵ x £UR»bers c-^0, c 2 , c3/*0 and[ £or a/v^ ji umber 

f . ? z - l . 

Proof- By Lemma 3 the functions 5 A i l - 1 0 , PSSJJSXl are inde-

VTTO \T7JU) 
pendent solutions of (Q)# Hence, a l l solutions of (Q) may be 

k-, s i n ^ t ) + k 2 c o s ^ ( t ) 
wr i t t en as ••••••'.«•-*•••••---•»-».'-—-•-*••--»••-••-• , where k-,, k0 € C do not 

V* t> ( t ) x 2 

vanish at the same time. The next part of the proof will be 

devided into two parts: 

u2 . , 2 . 0 .. , , _ kl (i) k., + k2 /* 0 and let cos c2 » • ••»•»•••••-»——» , sin c 2 

, c-, :=- y k2 + k2 # Then 

k2 

l^cfTkf 

V k i + kt 

k1sin«((t)+k2cos t<(t) c i r 1 
- mmmwmm-mmmmmmm A wmmmmmmm a « - g f e g COS C 0 8 l n c ( ( t ) + S i n C 9 oC ( t ) 

^ ( t ) i £ T o L J 

« c7
 S i n ( ^ l t ) + , F ^ ) 

1 ^ C U ) 

( i i ) k 2 + k | • 0 , Then k j • i T k £ , where T 2 B -U Sett ing 

c 3 t» k2 y i e l d s 
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k x s i n / ( t ) + k2cosi((t) cos»C(t) + i ? s i n / ( t ) 

vFit) HFitT 
, i ^ ( t ) 

Inser t ing th is in to (Q) readi ly v e r i f i e s that the functions 
defined on j (7 ) and (8) are eolutions of (Q) and th is for eve
ry complex numbers c.jj<-0, c 2 , c.y*0 and for a number T, T * 1 . 

C c rol lary L 4g Lê t «£ fcto^a^Pjiaise^of ( Q ) . Jhen^ 

y ( t ) « •* • ( C , ^ ^ + C U ' 1 ^ . t € j . C 1 # C 2 ^ C f 

is the general solution of (Q)„ 
t) 

Proofs By Theorem 5 the functions y?(t):« •*•••—•>» , 

/-.U(t) *-<»co 
y 2 ( t )s« - •A*, i - i i i . , t £ j , are solutions of (Q) and from y£y 2 -

^ ' ( t ) 
- y j y 2 • 2 i then follows that y 1 # y 2 are independent so lu 
tions of (Q)« 

Theorem 6 , Lej^ o(. bejajphaeejof^ £fi) - t Q £ j» in
tS

n^«i--^40--ittJion8-B 

y of (Q) whjxji j ja^ bejH&ttenjae^ ±n^7)j»j^ejietern±ne6 byjtbm 

j j i i tĴ aA cpndltA°JEB.-»eAtJl8r. 

Y ( t J - 0 
ji*(t ) 

or ,y ( t Q ) - c (,10). y ' ( t 0 ) « c ( ^ , ( t 0 ) c o t g ( p C ( t 0 ) + c 2 ) - | - : n r P 7 ) 
^ ( t Q ) 

S^SPS* c 2 € c A8-»8JicJl & £u£b i r—tiajt , sin(<£ ( t Q ) + c 2 ) j * 0 an£ a l l 
£oAuj^ion£ y £f^(Q) whĵ cji meŷ  ]>ejw£i£t£n^in the .fojrm^o^ (8 ) are 

iPSPSPiPSPJ^X An£. iPifA8A SPBPifilPSPmJ^o) * c(**°)* Y*(t0) • 

••̂ ".'•iS1 • 
6 8 . 



Proof* Suppose y id a solution of (Q). If y(t
Q
)«0, then 

y nay be written in the form of (7), only. Let y(t
Q
).>c(jf 0) 

sin(^(t) + c
2
) 

and y may be written in the form y(t)»c
1
 -••••— ; • — •>

 f 

where c,#*0. c
0
 are suitable numbers. Then e«c

t
 —•» . 

1 2 1 ftnTj 

-*nU.(t
0
)*c

2
) 

II <->>*l..:j г
—•• 

and y'(t
0
)-

Cl
 (Лk.)Í^Ulfe.i^ Л Ш 

ism* 
,i>.C(t) 

If y nay be written in the fora y(t) - c
3
 •..•.•••-•_u-

where c-jjrfo is a suitable number and T » 1, then 

•'ji'V .... 3 *7roJ 

Theorem 7. Lê t y bejajtolutlon j>f^(Q)t y(t)jK) for, t 6 j . Thejî  

j.n,£r«£ SPiP£!*mJai~Pll!BISP ̂  S i tQ) J.in.i C V ) k € c &u£^ttoa£ 

, 4 X ( t ) 
y ( t ) « k * , t € j . ( 9 ) 

Jn.a spspsrspJLs* XPI^SL^SPX Lex •£ itpj^-Phnp+pi (Q)» 
(Oj£)k£ C a/i<J y j^d^f in jed^b^ (9).^Thejj y J^ajs jp l£t£on £ ^ ( Q ) 
and y(t) j^0 j^or, t € j . 

Proof. Suppose y is a solut ion of (Q ) , y ( t ) j *0 for t€ j . 

Then the existence of a solut ion u of (Q) follows from the 

proof of Corol lary 1 saying that the solutions y , u are inde

pendent and u(t)j<0 for t £ j . Set U:« ^ y (y+u) . V: * «| ( y - u ) . 
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Then U,V are independent solutions of (Q ) , U 2 ( t ) + V 2 ( t ) / 0 for 

te j * L e t / , be a phase of the basis (U,V) of ( Q ) . Then 

U ( t ) - k Si&AiSl , V ( t ) « k SaSJJSll , where MO is an appro-

pr ia te constant* I t then follows 

y ( t ) - V ( t ) * i U ( t ) - k cos^(t ) + i s i n < U l m k J±£L m 

U} (t) /ZT^T 
The second part of the Theorem follows from Theorem ( 5 ) # 

Theorem x8» L̂ê t y J^e^a^Sjjl^tj^ojn j>f^(Q)» I^n—tjiejre^ejcis^t^a^pjiaMj^C 
c>f^(Q) jmd a jnujjber c^O jsu^h^that, 

y ( t ) • c " " * * ! ) , t O . 

Proof* Suppose there exists a number t e j such that 
y(t )«0# Let oCi be a phase of (Q)# Then the existence of num-

sinU,(t) + c2) 
bers c-,/0, C0 such that y(t) - c- •^^l*gs=gg%^.J. # 16 1 , 

1 2 x f^To 
follows from Theorems 5 and 6, To get the statement of the 
Theorem we set <£ :o cL^ + c2» 

Let y(t)j*0 for t£ j. Let tQ£ j and A be chosen such that 

{ 1 mmS&mm + A) + - 1 for t£ j* Such an A always exists as 
J
t y (s> 

t 
it follows from Lemma 1. If we set z(t):«y(t)( mmS&mm* + A), 

\ y (s) 

o 
t£ j, then z is a solution of (Q) and y2(t) + z2(t) • 

m y2(t)(l+(A+ I -te.—. )2)j-*0. Suppose cC is a phase of the 
\ y2(s) 

basis (y«z) of (Q)« Then there exists a ĉ O such that 
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y(t) « C i£&£l£l for t£l. 

Theorem 9, There exi8£ jindejjeridjHn SPiyS^SPS* u» v Sf— tQ) 5Lu£n<-~ 

£hat u(t)v(t)i-0 aru£ u(t)j-v(t) ̂ foj- t€ j. 

Proof, Suppose oC is a phase of (Q) and set M*« [(x,y)i 

x • Re^(t). y • Imp((t), t € j j £ R x R, Following Lemma 1 

m(M)«0, hence there exists a number d such that#C(t) j* d+kl^, 

t £ j, k*0, - i; i 2,,., , If we set /? t«. •(. - d, then, by 

,i/S(t) , - ± 4 (t) 
Theorem 5, the functions • » w » w » , •>i.wwn, are independent 

solutions of (Q), Evidently, u(t)v(t) /- 0 for t£ j and the 

equality u(t)«v(t) holds for a t-»tQ (6 j) exactly if 

e2i/i(t0) a ^ ±^Q^ e x a c tiy if for a n integer n, /? (tQ) • n̂ h", 

which is a contradiction. Consequently u(t)>- v(t) for t £ j , 

5, Applying the theory of phases enables us to find con

crete examples of equations of type' (Q) whose solutions have 

some pregiven properties. Thus, there exist equations having 

exactly one solution (up to a multiplicative multiple) with 

an infinite number of zeros and every further solution has a 

finite number of zeros, only. This becomes readily apparent 

from the following example. 

/>(t) » i + U-mL. „ at sin t w 0 f o r t f i R a n d / € £ 3 ( R ) # 

l + t z ( 1 + t 2 ) 2 ' 
Suppose Q ( t ) t - - [ ^ ( t j - / > £ ( t ) , t«5R, I t then follows from 
Theorem 3 that ( i s a phase of (Q) and we get from Theorems 5 
and 6 that every solut ion of (Q) having a zero is to be sought 

s i n U t t ) + c2) 
i n the form c, • • — — — - ^ , 6 , where c , ( / * 0 ) , c0<?C, I n v e s t i -

fl^JtT l 2 
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gating the zeros of solutions of (Q) leads therefore to inves
tigating the roots of equation 

•in (/(t) + a) • 0, 

where a € C0 Then sinc/.(k^) • sin (k9T+ — • «• L , ^ ein kT) a 
1 + kzfrz 

• sin k A m 0 for svery integer k, hence the solution u(t) • 

a J^SLJLSJ. of (Q) has an infinits number of zeros0 Supposs 
a • a^ • ia^O and the equation sin (0((t)+a1+ia2) « 0 has an in
finite nunber of solutions on R« Then there exists a sequence 

(tn \ ' t n € R f liw I*n' * °° and a 8 ® 9 u e n c* [ 8n ( of integers s n 
such that 

*C(tn) + ax + ia2 - sn
<5T , 

so that 

*n * al " • n ^ * 

This yields tn • s n T - m^$ «in t • -a2(l+tn) whence it fol
lows (as far as a^O) lin | a 2(l

+t n)| »oo „ which, however, 
contradicts the boundedneee of the function sin t. If a 2 « 0, 

r~ 8n 

thsn sin tR « sin (sn Jc - a^) • -(-1) sin a^ • 0, whence a • 

a a, • p-A , where p is an integer* Then, naturally, SiSX^JJXtfl) i 

« imm^M^Li I m (-l)Pu(t). Consequently each solution of (Q) 

fJFXW 

not being of the form c 8A.n • JJJ> , where (0^) c s C have an fi-

nite number of zeros on R. 
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SOUHRN 

y**» Q(t)y S KOMPLEXNÍM 

KOEFICIENTEM Q REÁLNĚ PROMĚNNÉ 

SVATOSLAV STANĚK 

V jisté analogii 3 reálným připadem je v práci zaveden 
pojem fáze rovnice 

# # y • Q(t)y. (Q) 

kde Q je spojitá komplexni funkce reálné proměnné t definova
ná na intervalu j i»(a,b) (-<*> £ a < b é^°)# 

De dokázáno, že každá rovnice (Q) má nezávislá řešeni u, 

v splnujici u (t)+v (t)jíO pro t€ j (věta 2). Na základě toho

to výsledku je zaveden pojem fáze rovnice (Q)„ Funkce d se 
nazývá fáze rovnice (Q) jestliže existuji její nezávislo řeše

ni u, v taková, že u2(t)+v2(t)j*0 a ̂ ( t ) - —-JL*—-* (w-« 
u z ( t ) + v z ( t ) 

t« uv*- u#v) pro t é j a v bodě tQ£ j , kde v ( t Q ) / 0 je t g / ( t Q ) 

M<t0) 

" W t 0 ) 

V práci jsou nalezeny všechny fáze rovnice (Q) a užitim 

fáze rovnice (Q) je uveden tvar jejiho obecného řešeni. Dále 
je fáze využito při vyšetřováni rozloženi nulových bodů řeše
ni rovnice (Q)« 
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PE3K)ME 

ФАЗА ДИФФЕРЕНЦИАЛЬНОГО УРАВНЕНИЯ у " - $(•&) у С КОМПЛЕКСНЫМ 

КОЭФФИЦИЕНТОМ (̂  ВЕЩЕСТВЕННОЙ ПЕРЕМЕННОЙ 

СВАТОСЛАВ СТАНЕК 

В некоторой аналогии с вещественным случаем вводится в ра-> 

боте понятие фазы уравнения 

У " = О, (*) У, (С1) 

где Ч - непрерывная комплексная функция вещественной перемен

ной на интервале 0 : = (а,Ъ) (-«.<»-в а с Ъ ^ о* ) .Доказано, что 

каждое уравнение (9.) имеет независимые решения и ,у такие, что 

2 2 

а ("Ь)-КУ ("Ь)̂  О для "Ь € 3 (теорема 2). На этом результате осно

вано понятие фазы уравнения (О, ). Функция Л называется фазой 

уравнения (41 ) если существуют её независимые решения и, V та

кие, что и
2
(-Ь)^

2
(-Ь)-. О и <(>(*) = - -ж — ^ ~ 

а (*) + V (*) 
(ш:= а?'- и'у) для 1 ; ^ и в точке Ъ ^ л где У("Ь

Л
)^ О 

имеет место "Ь^ **• (Ъп) = * 

° У(* 0 ) 

В работе показаны все фазы уравнения ( ф и с помощью фазы 

приводится форма общего решения уравнения ( $)•• Далее использо

вана фаза при исследовании роэложения корней решений уравнения 

К Ш г . ЗуаеозХвУ 5*апёк 

ргЧгос)оуё<*еска ?аки1са 11Р 

1»еп1поуа 26 

О1огооис 
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