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Hitherto knowledge of solution of the boundary value
problem to 2nd order differential equation

1.

Consider a linear differential equation of the second

order

y T(t) + [a(t,k,m) + r(t)ly(t) = O, (2.1)

where both functions g(t) and r(t) are continuous on the inter-
val @: (- =,+=<) and k,m €® are parameters.
For the two-point boundary value problem

y(a) = y(b) = 0, where a,b,CC), adb

of the differential equation (2.1) there holds the following

Lemma from [3] which assures the existence of the function k
k(m) being continuous on the interva].() such that the solution
y(t,m,k(m)) of this equation vanishes at the points a and b,
i.e. it is a solution of the prescribed boundary value problem.
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Here and in what follows when we talk of "a solution of the

differential equation" we mean nontrivial solution, only.

Lemma 1. Consider the differential equation (2.1), where
te <a.b>c() and let ne() be an arbitrary preassigned natural
number.

A/ Let the functions g(t,k,m) and r(t) be continuous for all
(t,k,m)€(a,b>XC3, whereby q(t,k,m) is an increasing
function with respect to the parameter k.

B/ Let to every ms() belong a function k(m) [or k(m)] such
that the solution y(t,m,k(m)) [or y(t,m,k(m))] of (2.1),
where q(t,k(m),m) [or q(t,k(m),m)], vanishing at the point
a has more [or less] than n zeros on the interval (a,b).
Then there exists a continuous function k(m), meC} such

that the solution y(t,m,k(m)) of (2.1) vanishing at the point

a has a point b as the n-th conjugate point (on the right) to
the point a.

On the basis of this Lemma may be formulated [3] an ana-
logous theorem on solving the three-point boundary value
problem

y(a) = y(b) = y(c) = 0, where -s2{adbdc <+ oo, (3)
for the differential equation (2.1). -

T heorem: Consider the differential equation (2.1),
where t e(a,c)c®, be€(a,c) and Ny, n26®, n, S Nys be
arbitrary preassigned natural numbers,

Let the functions q(t,k,m) and r(t) satisfy the assumptions
A/, B/ from foregoing Lemma 1. on the interval <a,b? for n =
= ny and on the interval {(b,c?> for n = n

> = Ng.
C/ Let for at least one value m® of a parameter m exist a
value k® of the parameter k such that
o o
a(t,k”,m") A 0 for at least one t¢ <a,b)

and

a(t,k°,m°) £ 0 for all tedb,c)

N15O,,—



and let for at least one value m, of a parameter m exist
a value ko of a parameter k such that

q(t,ko,mo) < 0 for at least one t &€ (b,c)
and

q(t,ko,moj > 0 for all te<a,b?

D/ Let the function q(t,k,m) for any firmly chosen t,k,m,
with q(t,k,m) # O, satisfy the property

q(t, Ak, Am)
sgn [Aq(t,k,m)]

—_—

monotonically for “\I—»oe

Then there exist the values of parameters k and m such
that the solution y(t,k,m) vanishing at the point a has
the point b as the nl—th and the point c as the n,-th
conjugate point (on the right) to the point a.

It should be noted here that the Lemma (and so the Theorem as
well) in [3] is formulated under the more generally assumption
A/ with respect to the function q. It is supposed that q(t,k,m)
is a weakly increasing function of a parameter k, i.e. for
every m 6®and for every t&@<{a,b> there is valid the implicat-
ion: k1 £ k2==bq(t,k1,m) 4 q(t,kz,m), whereby the sharp ine-
quality in the consequent holds on the set of points t&<{a,b)
with the measure different from zero.

Instead of the weakly increasing function one may use the
assumption with a weakly decreasing function.

The inequalities introduced in pairs in the assumption C/ of
the cited Theorem may be interchanged for reversed, as well,

For some special forms of the function q(t,k,m) occur-
ring in (2.1) there follow the consequent theorems [3] from
the Theorem above. They again establish sutficient conditions
for the existence of the solution of the three-point boundary
value problem formulated for the respective differential
equation of the second order. '
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Corollary 1. Consider the differential equation

y T(t) # [kag(t) + may(t) + r(t)]y(t) = O, (2.2)

where t €<a,c>CﬁD , be(a,c), with the functions a,(t), qz(t),
r(t) being continuous on the interval <a,c>. Let nl,nZEC),

N, > ng, be arbitrary preassigned natural numbers.

Let g,(t) 4 0, whereby g, (t) # 0 on the intervals <a,b), <{(b,c)
and the zeros of the function g,(t) - except for their finite
number - be coinciding with the common zeros of the functions
q(t) and r(t). Let the values ko,ko
such that there simultaneously hold the inequalities

on a parameter k exist

koql(t) + 9,(t) > 0 for at least one t e {a,b)

koql(t) + a,(t) £ 0 for all t€{b,c)
and

koaq(t) + ay(t) £ 0 for at least one t € (b,c)
kody (t) + ay(t) >0 for all t€<a,b)>.

The there exist the values of parameters k and m such that the
solution y(t,k,m) of (2.2) vanishing at the point a has the
point b as the nl—th and the point c as the n2-th conjugate
point (on the right) to the point a. N

Corollary 2. Consider the differential equation

y () + [k + mq(t) + r(t)] y(t) = 0, (2.3)

where te{a,c)CC} be (a,c), with the functions q(t) and r(t)
being continuous on the interval <a,c). Let Ny s Ny é C)
n, > ng, be arbitrary preassigned natural numbers.

Let the function g(t) assume its maximum [or minimum] only in
the interval <a,b) and its minimum [or maximum] only in the in-
terval (b,c) .

Then there exist the values of parameters k and m such that the

solution y(t,k,m) of (2.3) vanishing at the point a has the
point b as the nl—th and the point c as the n2—th conjugate
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point (on the right) toO the point a.

The requirement on the existence of the extreme values of
the function g(t) on the intervals {a,b) and (b,c) stated in
the assumption of Corollary 2. may be replaced by either of the
two requirements below. Either

1/ the function q(t) is continuous and monotonic on the
interval €a,c?

or

2/ q(t) >0 for all t &€(a,b) and g(t) { O for all t € (b,c)

or g(t) £ 0 for all t &€ (a,b) and q(t) > O for all
t&€(b,c).

It is shown that the requirements placed on the function qg(t)

are to the existence to the proper values of the both para-
meters k and m indispensable.

The solution of the three-point boundary value problem
for the differential equation (2.3), i.e. the differential
equation (2.2) where g,(t) = 1 has been considered by F.M.
Arscott [4] and for the differential equation (2.1) by M.Gre-
gus$ [5]. The latter besides makes a connection with the so-
lution of the boundary value problem for a 3rd order different-
ial equation of the form y " "(t) + g(t,k,m) y(t) = O.

2. Application to solutions of boundary value problems for

the fourth order differential equation

Consider now a linear 4-th order differential equation
Iv . ‘ 2 ..
YH(e) + 20 [a(e)Y ()] + 3 [3a°(6) + a7 (O]Y(t) =0, (4)

where q(t)C((;2 (-eo ,+ =) on the interval@: (- =0, + =)
arising in iterating the linear 2nd order differential equation

y () + aq(t)y(t) =0 (2.0)

(hereafter the dif.equation (4) will be referred to as
"iterated" equation).

If [u(t),v(t)] is a basis of all solutions of (2.0), then

[v3(t), WB(r)v(t), u(t)vP(n), vi(t)]
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is a basis of all solutions of (4). Consequently, the system
of all solutions of (4) constructs a 4-parametric space of
functions

4
4-1i i-1
Y(t,Ci,...,C4) = Z: CiU (t)v (t), (84)
i=1
where Ci 6 C) , i= 1,...,4, are four indepigéent arbitrarily
chosen parameters of the system, whereby {3 C? > 0 (trivial
solution is excluded here and below).

Let us assume the functions u(t),v(t) forming the basis of
(2.0) be oscillatory in the sense of [2], i.e. there lie in-
finitely many (simple) zeros of the functions u(t),v(t) on
the right and on the left from every point tOGC), mutually
separating (in consequence of the validity of the Sturm-Liou-
ville separation theorem). Since any two linearly independent
solutions of (2.0) possess this property, equation (2.0) will
be called oscillatory.

With respect to the form of the basis of the space of all so-
lutions of the differential equation (4), every solution Y(t)
of this equation from the system (34) is oscillatory as well.
Consequently, the differential equation (4) with an oscillatory
basis will be also called oscillatory.

Since the order of the differential equation (4) is n = 4, the
multiplicity of its arbitrary zero may at most be equal to 3.

Oscillatory bundles of the differential equation (4).

Let t, € C) be an arbitrary firmly chosen point. Then
all solutions Y(t) of the differential equation (4) from the
system (84) vanishing at this point contemporally with the
function u(t) are generating a 3-parametric system of functions

. .
Y(t,C;,Cp,Cq) = u(t) Z c,ud et (), (s)
i=1

3
where 2 Ci > 0.
i=1

- 154 -



The situation of zeros of the solutions Y(t) of (4) from the
individual oscillatory bundles attained in the system (S) may

be summarized as follows:
3
1/ The bundle Yl(t'Cl) = Cyu (t) ., Cl # 0, (81)
has all zeros threefold
2
2/ The bundle Y,(t,C;,C,) = u (t)y[cyu(t) + cv(t)],
C, A0, (Sy)

has among all zeros simple zeros on one hand and

two-fold zeros on the other which interchange
2
3/ The bundle Y4(t,Cy,C,,Cq) = u(t)[Ccou(t) + Cou(t)v(t) +
+ CV2(t)], C, £ 0 (S1)
3 '3 ! 3

. . 2
a/ has all zeros simple if C; - 4C,Cg # 0

b/ has among all zeros simple zeros on one hand and two-
-fold zeros on the other which interchange if

2
C, - 4C10 = O.

2 3

From the above enumerated bundles may those under 2/ and
3/ be more briefly written as follows:

2/ Yy(t) = uB(t)y;(t,c00.C4,) » Cgp # O (S,)

3/ a) Ygu(t) = u(t)y;(tiCeq.045)Y0(tiCoqsCon)s

Cio # 0,i=1,2 (331)
b) Ygo(t) = u(t)[ya(ticiqacyn) + Yalticpy,cpp)ls

Cio # 0,i=1,2 (532)
c) Yzz(t) = u(t) yf(t.cll.clz). Cip # 0 (S33)

where yi(t'cil'ciz) = c qu(t) + cy,v(t), Cio #0, i=1,2,
denotes the system of all solutions of the differential
equation (2,0) linearly independent with the function u(t) on
the interval () [in case of the wvundles 3/a), 3/b) then u(t),
y,(t), y2(t) are always in pairs linearly independent]. Hereby

- 155 =



the zeros of the solutions from the bundles Y2(t), Y31(t) and
Y33(t) belonging to the systems of the functions yi(t) are
arbitrarily moving always between the two neighbouring zeros

of the function u(t). Their location is then fixed by an
admissible choice of values of parameters Ci1:C4o € () , 1=

= 1,2, in these functional systems. It is just this movable
character of zeros in the systems yi(t), i =1,2, of the so-
lutions of the differential equation (2.0) which essentially
helps to solve the boundary value problems for the differential
equation (4).

A solution of a simple n-point (n < 4) boundary value
problem for the differential equation (4) under the oscilla-
tority of the dif.equation (2.0) has been treated in [1].

Suppose now the function q(t) in (2.0) is gq = g(t,k,m), where
k,m & () are parameters, satisfying the assumptions of the
Theorem on the existence of the solution of the three-point
boundary value problem from the introductory chapter of this
article. The there will be appropriately modified the func-
tional coefficients in the differential equation (4) arisen
on iterating the differential equations (2.1) or (2.2) or
(2.3). There will however remain unchanged the structures of
the individual bundles (S4) (55), (83) of solutions Y(t) of
the differential equation (4) vanishing together with the
function u(t) always at the point a & @[we continue to use
the notation u(t),v(t) for the bases also in the case of dif.

equations (2.i), i=1,2,3].

I. On account of the fact that for every solution Y(t) of
the dif.equation (4) from the bundle (S1)

Y(a) = Y'(a) = O

holds, the three-point boundary value problem (3) for the dif.
equation (4) is of the form

Y(a) = Y'(a) = Y(b) = Y(c) = 0O (5)

whose solution is the function Y(t) = u3(t) [up to an arbitrary
multiplicative constant C, €& ® , c; # 0]. Then the points
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a,b,ce @ , —e=o £ ad b c L+ are threefold zeros of
the solution Y(t); for the 1st derivative Y '(t) is the point a
a twofold zero. The three-point boundary value problem (3)

for the dif.equation (4) naturally satisfies any solution

Y(t) from all bundles (Si), i=1,2,3, if the solution of this
problem is the function u(t) - the solution of the dif.equation
(2.i), i = 1,2,3. Especially then the solution Y(t) of the

dif.equation (4) of the form
2
2
Y(t) = u(t) Z;yi(t)
i=

from the bundle (S35) wherein Cg - 4Clc3 <o [in this case

all zeros of the solution Y(t) of (4) coincide with the zeros
of the function u(t)].

II. The function Y(t) from the bundle (52) is the solution
of the four-point boundary value problem

Y(a) = Y(b) =Y(c) = Y(d) =0, (6)

where a,b,c,dE@, ~eo {adb{ c<ddd+oc0 , for the
dif.equation (4), if the function u(t) is a solution of the

three-point boundary value problem (3)

1]
o

u(a) = u(b) = u(d)

or
u(d) = 0

u(ce)

u(a)

for the dif.equation (2.i), i = 1,2,3, on the interval {(a,d)

and it simultaneously holds for the functicn y,(t) that

0

yq(€)
or
0

Y1(b)

[this may be always achieved by properly chosen coefficients
Cy91C1p # 0 in the systems of functions Y9 (tiCqq4Cq5) - being
linearly independent with the function u(t)].

Then in case 1, where simultaneously u(a) = u(b) = u(d) = O,
y,(¢) = 0, the points a,b,d are twofold zeros, the point c is
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a simple zero of the solution Y(t) of the dif.equation (4)
from the bundle (Sz).

In case 2, where simultaneously u(a) = u(c) = u(d) = O, yl(b) =
= 0, the points a,c,d are twofold zeros, the point b is a
simple zero of the solution Y(t) of the dif.equation (4) from
the bundle (82).

Similarly the function Y(t) from the bundle (53) c), with

Cg - 4C,C; = 0, may be used to the solution of the boundary
value problem (6). On account of the fact that the bundles
(52), (833) are dual to each other, now the zeros a,b,d are
simple and the point c is a twofold zero [or the points a,c,d
are simple and the point b is a twofold zero] of the solution

Y(t) of the dif.equation (4) from this bundle (833).

III. The function Y(t) from the bundle (831) is the solution
of the five-point boundary value problem

Y(a) = Y(b) = Y(c) = Y(d) = Y(e) = O, (7)

where a,b,c,d,ee@, —eo {adbdcdd<e +=o for
the dif.equation (4), if the function u(t) is a solution of
the three-point boundary value problem (3)

u(a) = u(b) = u(e) = 0
or

u(a) = u(c) = u(e) = O
or

u(a) = u(d) = u(e) = O

for the dif.equation (2.i), i=1,2,3, on the interval <a,e)d
and it simultaneously holds for the functions yi(t), i=1,2,
that

O (or conversely)

Y1(C) =0, yZ(d)
or

i
n

Y4 (b) 0, yy(d) O (or conversely)

or

y,(b) 0, yy(c) =0 (or conversely)
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[this may be always achieved by properly chosen coefficients

Ci10 Cio #0, i =1,2, in the systems of functions Yi=
=yi(t,cil,ci2) with regard to the fact that any two of the

three functions u(t), y,(t), y,(t) are linearly independent].

Hereby all zeros a,b,c,d,e & C) both of the function u(t)
and of the two functions yi(t), i =1,2, from the bundle (S
3a) of the solution Y(t) of the dif.equation (4) with

Cg - 4C.C, > 0, are altogether simple.

31)
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SOUHRN

Aplikace metody reSeni okrajové ulohy pro jistou diferencidlni
rovnici 4. radu

V3liadimir v1eéeck

V préaci je uvazovano res$eni nékolikabodovych okrajovych
uloh formulovanych pro jistou linearni diferencialni rovnici
4.radu s pouzitim vysledkl, dosazenych pri rfeSeni tribodové

okrajové ulohy pro linearni diferencidlni rovnici 2.radu.

PE3KOME

lIpujioxeHue MeTona pelleHMS KpaeBoit sanaum Aasa Ludde-
peHUMAaNbHOT'O ypeBHEHUS 4-r'o NOpAlLKa ONpeleseHHO-

ro Tuna

Bxanguwvmmup Bauek

B paboTe npenJsareeTcs pelieHMe HECKOJBKMX KpPAeBHX 3258y
chopMyaMpoBaHHHX OJs ONpeleJeHHOro JuHeliHoro aundpdepeHumannp-
HOro ypeBHeHus 4-ro nopsikKa U3 TOUYKM 3DEHUS pPe3yJbTaToB,
LOCTUTIHYTHX IJS pelleHMs TpexToueuHoit kpaeBolt sajaum IJ8 Ju-
HeliHoro AudpdepeHUMaNBHOIO ypaBHEHMS 2-I'0 NODPAJLKE.
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