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1., Introduction

The aim of this paper is to find bounds for solutions of
the differential equation

(P(t)(P(t)x")7)" + 4p(t)g(t)x” + 2(p(t)qg(t)) x =

) L. (1)
= f(t,x,x",(p(t)x")") .

Throughout we will assume that

p,q€C°(3), pgect(d), fec®(D), p(t)>0 for te I,

where 3 = [0, e ), D = J x R*.

Somewhat analogous results for nonlinear differential
equations of the second order are given in [2].

2. Supplementary lemmas

Let u(t), v(t) be the solutions (on J) of the differential
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equation
(p(t)z") "+ q(t)z =0 (2)

satisfying the initial conditions u(t )=1, u'(t0)=0, v(t,)=0,
v'(t0)=1 at a point t_€ J. Then y = cluz(t)+02u(t)v(t)+03v2(t)

is a solution of the differential equation

(p(t)(p(t)Y ) 7)™+ 4p(t)q(t)y '+ (p(t)a(t))  y =0 (3)
and

y(t)=cy. vt )=c,, (p(t)v‘(t));=to = -2c,9(t,)+2c5p(t,).
Let us put J = [t , = ) and

a(t)=max {lu(t)],Iv(t)l} , b(t)=max {lu”(t)l,Iv ()} ,
c(t)= la(t)| a®(t)+p(t)b(t), t< 3 .

of _(3). Setting C = (c1[ + [02[ + lc3| , yields
ly(t)l & ca®(t),
ly (t)l & 2ca(t)b(t),
[(p(t)y (t)) ] & 2cc(t), te I .

P r oo f. The estimates immediately follows from the

definition of the functions a, b, ¢ and from the equalities

y = 01U2 + C2UV + 03V2 N

y = 2cyuu’+ o (u'v o+ uv’) + 203vv' .

s\ 2 2 ‘2 ., '2
(py") = -2q(cqu +CoUVHC LV )+2p(clu +CoU V4 CgVv )

the integral eguation ¢

L f (u(t)v(s)-u(s)v(t)? .

x(t) = y(t) + ——
2pT(ty)

t, (4)

F(s,x(s),x"(8).(p(s)x (s)) )ds ,
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3. Main results

Theorem 1. Suppose D,= I, X 23 and w = w (t,Xg,X5,%3) 5C°(D.1)

is_a_nondecreasing_function in_the_variables Xgs Xp4 Xz for

t
+ —52——— az(s)q,(s,((s)az(s),2£(s)a(s)b(s),
pT(ty) t,
(5)
24(s)c(s))ds & ol (t)

for t e 30.

Settin

= a(t,) 1

Cy = legl(2+ ’"‘:-——) +le,l + E;z:-; Jes !
o o

___________ X
and
_____ o anc

[x(t)] % L(t)a%(t), [x ()] & L(t)a(t)b(t),

[(p(t)x(£)) | $ L(t)e(t) for te I . )
Proo f. Suppose x is a solution of (1) satisfying at the
point t=t the assumptions of Theorem 1. Following Lemma 2
there then holds (4), where y is the solution of (3) satis-
fying at the point t=t the same initial conditions as the
solution x. Hence
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t
y(t) = cluz(t)+c2u(t)v(t)+(q( o) o+ —2— c VA (1),

P(ty) 2p(t,)

Then the following estimates follows from Lemma 1
<
[y(t)l & ce%(t),

. <
[y (t)l = 2cia(t)b(r),

. -1 <
[(ece)y ()7 § 2cie(t), tea .
Performing the differentiation of (4) we obtain successively
1

t
(6 =y A [ uovier-uevo) (v (ovs)-
o t
0

- u(s)v (t)).f(s,x(s),x"(s),(P(s)x"(s)) )ds,

t
= { {p(e)(u (t)v(s) -
P (t,) tg
u(s)v‘(t)%2 - a(t)(u(t)v(s) -
u(s)v(t))ff(s,x(s),x"(s),(p(s)x"(s)) )ds.
Herefrom and from (4) we obtain
[x( )l §82(t){C1 +
t
+ —E— [ a%(s) (s, Ix(8)[, [x"(8)], I(p(o)x"(3))D)ds |,
P(ty) ¢
[¢]

[x"(e)l S2a(t)b(r) {c; +

(P(t)x"(t))" = (p(t)y (t)) +

t
* ‘Eg“’ a?(s) (s, Ix(s) [, Ix"(s) [, [ (p(s)x"(8))Nds ,
P(ty) &
(o]

[(p(t)x"(t)) [ S 2c(t) {cp +

t .
=2 a2(s) s (s, Ix(8)l, [x ()1, (p(s)x"(s)) s}
PT(ty) %
o

t
Denoting z(t) = C, + 22 5 82(3)62(5:‘X(S)I;IX'(S)t:
t

pT(ty) .

[(p(s)x"(5)) Nds yields
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[x()] & a®(t)z(t), [x" ()] & 2a(t)b(t), [(p(t)x"(t)) | S 2c(t)z(t)

and
t

2 y 82(5)Q5(s,az(s)z(s),2a(s)b(s)z(s),

Z(t) §01 + -
P (ty) %
(o]

2c(s)z(s))ds.

Let us suppose that the solution x exists on the interval
[to, T). Then z exists on this interval too and is z(t) oL (t).
In fact it is z(t0)< A:(to) so that the inequality z(t)< aﬁ(t)

holds in a certain right neighbourhood of ty. Let ty be the
smallest value of t such that z(ty) = o((tl). Then from (5)
follows
t
o{(tl) = z(t1)§01+ ;—2—%t—) ,(’ az(s)lo(s,o((s)az(s),
: 0

t
o

24(s)a(s)b(s), 2d(s)c(s))ds £(C; -€) +ol(ty),

thus c, - £ 2 0 which is a contradiction. Thus z(t) < L(t) on
the whole interval [to, T) and with respect to z(t)< £ (t) we
get (6) on [to' T). From these inequalities we conclude that
the solution x exists for all t Zto and satisfies (6).

Remark 1. Theorem 1 ensures the existence of solutions of (1)
on the half-line 30 (provided that a function L in Theorem 1
with the given properties exists), which at a point t=to(é 3J)
satisfy "sufficiently small" initial conditions and, besides,
in applying the function £ with solutions of (2), it presents
an estimate of such solutions and their first derivatives and
their second quasi-derivatives (on Jo). By using a certain
nonlinear integral inequality we will present in the following
Theorem sufficient conditions for the existence of all solu-
tions of (1) on a half-line o and by using solutions of (2)
we will show the estimates for solutions and their first de-

rivatives and their second quasi-derivatives (on 30).
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Theorem 2.

(1) o, ky, ky, kg € CO(3,) are non-negative function
ky(t) + ky(t) + kg(t) >0 for t & I ;

(111) (e, %0, %5, %) S L(t) @ (ky () [ xg]+ kp(t) [x,] +
+ kg(t)xg) For (t,xg,xy,%5) € I x R®;

(iv)

o0
gf 98 - oo, (€ >0).

w(s)

kg (e)[x(t) | + k() [x7(t)| + kg(t)[(p(t)x"(t))" &
(8)

t
67t [e(a(t)) + —gi("-(-&l j' B(s)ds] , te 3,
P (ty)
t

(o)

t
whgﬂ’g C1 = lc1[(1+ 'M_O)I ) + lczl + 2’%’_))'
o P t0

A(t) = Cl{max kl(s)az(s) + 2max k,(s)a(s)b(s) +

£ St tof-sgt
+ 2max k3(s)c(s)}, B(t) = max avz(s)o((s), te J_,
t $sst t Sstt °
and 6™ denotes the inverse function_to the function G(t) =
t
= £ wd(ss) + t€(0,e0).
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Proof. Let x be a solution of (1), x(t )=c,, x’(to)=c2,
(p(t)x'(t));=to = ¢y defined on the interval [t_, T). By an

analogous method to that used in obtaining estimates (7) in
the proof of Theorem 1, we deduce now the estimates

t
[x()l Sa%(t) {c, + -5?1—7{ a®(s)L(8)w(ky (s) [x(s)] +
P o
t
o

+ ky(s)[x7(s)] + kg(s)l(p(s)x"(s)) )ds {,
t

[x"(t)[ 5 2a(t)b(t) { C) + — f a?(s)d(s)a(ky () |x(s)| +
. P (ty)
° (9)
+ ky(8)[x7(s)] + kg(s)|(p(s)x"(8)) s {
t
[(p(t)x"(t)) | S2c(t) {c, + ;5%:-; f a?(s)d(s (ke (8)[x(s)] +
o to

+ ky(s)|x(s)] + k3(s)[(p(s)x'(s))’()dsf .
From this it follows

kg (D) x(0)] + k() [x () [ + k() [(p(8)x"()) | & A(t) +
t
- & [ Bonlky()lxs)] + ky(s)lx7 ()] + ky(=)] (ps)x"(5)) e
t

o

and from Theorem 1.19 [1] immediately follows (8) for

t G[to, T). Thus on this interval a bounded function is

ko lx |+ kyIx"] + k3l(px')'l. Naturally, then the boundedness
of functions x, x , (px’)  follows from (9) and from (1)
follows the boundedness of the function (p(px’)")” on the

interval [to, T). Consequently the solution x is defined on
J, with (8) being valid here.
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SOUHRN

Hranice redeni nelinearni diferencidlni rovnice 3. r&du

v

Svatoslayv S tanteék

Nech p, q&c®(J), pgecCi(3), fec®(D), p(t)>0 pro te 3,
kde J = [O, o), D = J‘xRS. Necht toe J a u, v jsou reSeni di-

ferencidlni rovnice

o,

(p(t)z")" + q(t)z

splhujici po&ate&ni podminky u(t,) =0, u'(to) =1, v(ty) =1,
v'(to) = 0. PoloZme
a(t) = max {lu(e) [, Iv(t) 1], b(t) = max{lu"(t)], [vi(O)l],
c(t) = la(t)|a(t) + p(t)b2(t) pro tet, o0)

n

uzitim funkci a(t), b(t), c(t) jsou v praci uvedeny
apriorni odhady reseni a jejich derivaci (na [to,oo )) dife-
rencidlni rovnice
(P(t)(p(t)x") ") "+ 4p(t)a(t)x” + 2(p(t)a(t)) x = f(t,x,x",
(p(t)x")") .
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PE3OME
Ppanuntl pemenut HeamHeliHoro nupdePesuMaJBHOrO YP@BHEHUS
CBaTocaxas CTaHeEeKkK

Oycrs p,qeC°(3), paect(I), feco(D), p(t) > O Ras
te J,rae 3 = [0,09, D= IXR>, Oycrs t,€ 3 mouv -
- pemeHus IuddepeHUMBNLHOTO ypDaBHeHuA

(p(t)z")" + q(t)z = O,

yIooBaeTRODANINE HAUAJIBHHM yCJOBUAM u(to)=0,U'(to)=1.V(to)=1-
vi(ty) = 0. Moxoxum

a(t) = max {lu(e)] , [v(0)I} . b(e) = max {lu”(e)L IV ()l

c(t)

la(t)la®(t)+p(t)bZ(t) maa t € [ty =< )-

B pa6ore c nomomek ¢yHrumit a(t), b(t), c(t) mnpuBeleHH
anpuoOpHHE OLEHK) pelleHuit M uX npousBOolHHX (HA [to.c>e)) and-
dbepeHNMaNBHOTO ypaBHeHUs

(PCEY(P(E)X") ") "+ 4p(t)a(t)x "+ 2(p(t)a(t)) x = F(t.,x,x o (px")’
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