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1• Introduction 

Academician O.Boruvka ([2]) has considered a transfor

mation of solutions of the differential equation of the type 

y " - q(t)y (q) 

with a continuous real coefficient q on R into the set of 

solutions of the above equation, connected with the concept 

of the (1st kind) dispersion of (q). 

The present paper now indicates how one can investigate 

this transformation for differential equations of the type 

y " = Q(t)y, Im Q(t) 9* 0 (Q) 

with a continuous complex coefficient Q on R, using thereby most 

recent results ([l], [3] - [5], [lOj - [12]) releted to the algebraic 
structure of the intersection of dispersion groups two equations 

of the type (£). 
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2. Basic concepts and notation 

The symbol Cn(R) (Cn(R)) will d^note the set of real 
functions (the set of complex functions), having continuous de
rivatives up to arid including the order n (n • 0,i,2,.».) on R. 

A function «^€ C°(R) is understood to be a (first) phase of 
the equation 

y " * q(t)y, q£C°(R), (q) 

if there exist independent solutions u, v such that 

tg^(t) m ̂ j-U for t€ R - (t; v( t) * o | . 

Every phase < of (q) possesses the following properties: 

oC € C3(R), <£* (t) / 0 for t € R . 

The phases of the equation y " » ~y, constitutes a so-called 
fundamental group relative to the rule of composition of 
functions, which will be writtem as E. 

A function «(is a phase of (q) exactly if it is a solution 
(on R ) of the differential equation 

- f ̂ ,t | - oL'2{t) - q(t) , 

where j oC , t I : = ' -t f - - ( - -*) ) 2 is Schwarzian derivative ( J 2^'(t) 4 p('(t) ' 

of the function *C at the point t. 

Let /. be a phase of (q). Then E / := jc oC ; £ G E f is 
the set Of phases of (q). 

A function X, X( R )= R be called a (complete) dispersion 

of (q) if it is a solution (on R ) of the differential equation 

- (X,t \ + X'
2.q(X) * q(t). 

The dispersion X of (q) has the following characteristic 

property: 

for every solution y of (q), the function ^.L Liji is also 
/|X'(t)| 

a solution of (q) (on R ). 
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The set of dispersions (the set of increasing dispersions) 

of (q) constitutes a group relative to the rule of composition 

of functions, which will be written as L ( L ). 

Let <i be a phase of (q). If X is a dispersion of (q) 

then there exists an c c E such that X(t) = <£~ 0£ 0 dC (t) for 

t £ R and vice versa, for every c € E, £ ( j ) = j, where 

j := / ( R ), the function X(t):=<-£~ •£#/.(t)f t € R , is a 

dispersion of (q). 

The above properties and definitions are given for in

stance in [2]. 

Say, in accordance with [l3] that the function <K is a 
phase of the equation 

y " = Q(t)y, 0€C°( R ), Im Q(t) f. 0, (0) 

i f i t i s a s o l u t i o n (on R ) of the d i f f e r e n t i a l equat ion 

- [ot,t] - -C2( t) = 0 ( t ) . 

I f oC i s a phase of ( Q ) , t h e n di'(t) 7- 0 f o r t £ R and 

s i n ^ ( t ) QQsAlt) . . -1 ,, . / / ' , ~x 

— * J , =—-—--*• are i t s i n d e p e n d e n t s o l u t i o n s . HereJroC( t ) 

fTTU) i/*c'(t) 
denotes a continuous unique branch of the square root of the 

function d . 

3. The algebraic structure of the group L f. L 
q_ q2 

Definition 1 ([3] - [5]). _ a_t_ a_ s e t_ G of_functions_map_ing_ 

R onto_ R is_called the _lanar_group_if: 

(i) G _s_a_9_°_P_relative _ 0 _ t ! ] e - r ! . - i e o^„ c o m0 o s i£ i o n. 

of_function, 

(ii) exactly one function_belon_s_to G _ass_s-t_rou_n_ 

every _o_nt of_the plane R x R $ _•e•_t_e_e_e_i_t_ 

only_one_function f, f 6 G : f(*Q) = yo _ ° _ e _ c _ 

goint (xo,yo)£ R V R . 
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Lemma 1 ([--]). Let n- be_a_nonnegatiye_integer and G be a 

glanar_group__of functions from_the_class Cn( R ). 

Ihen-eYeCy.-fIdnction fronl G is.incCe§sing on R and there 
exists Y 6 Cn( R ), Y(R) = R, such^that 

G = { Y"1 [ Y(t) + aJ ; a 6 R J . 

It n £ 1* then Y'C11) > ° !°E t € R • 

Lemma 2 ( [ 3 ] - [ 5 J , [ l o j - [ 1 2 J ) . The grourj L+ d L+ , 
q l q 2 

q^ /- q 2 , i s „ e i l : ! ] e c 2 E1i!n.2r_9HoyP-.or. !! i n £ i n i t e - c y c l i c group 
o r ^ t h e ^ t r i v i a l ^ g r o u p ^ 

Lemma 3. The groug L* A L* , q 1 ^ q 2 , is_a_planar grourj 

exac t l y i f _ t h e r e _ e x i s t s a f unc t i on_Y6C ( R ) t Y( R ) = R 
Y ' ( t ) > ° f°«: t £ R and such_numbers k1 , k2 , k1 / k , tha t 

q . ( t ) = - ( Y . t f + k . . Y ' 2 ( t ) , t € R , i = 1 ,2 . (1) 

I n _ t h i s case L* A L* = [ Y " 1 [ Y( t )+a J ; a € R | . 

P r o o f . ( -—£) Let L* 0 L* , q± ? q 2 , be a p lanar group. 

Then, by Lemma 1 there e x i s t s a f u n c t i o n Ye C ( R ) , Y ( R ) = 
= R , Y ' ( t ) > 0 f o r t €. R such tha t 

í,* C -(^fYít)*.] ; ae R j 

Consequently, the function X (t):=Y~ [Y(t)+aJ , te R , is for 

every a € R a common solution of equations 

-(x,tj + X'2.qt(X) = q i(t), i = 1,2. ( 2 ) 

From the equality 

Y [Xa(t)] = Y(t) + a 

and from the formula 

/f(g).t }= ff.g(t)|g'2(t)+ fg,t j 
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hodling f o r every f ,9 € C3( R ), f'(t).g'(t) / O f o r t ^ R , 

it foll°ws that 

- JY,Xa(t)jX;
2(t) - (xa.t j = -{Y.t(. t6 R . (3) 

Setting P(t):= -(Y,t{ - Y'2(t), tfi R , then from (2) (writing 
X instead of X) and from (3) we obtain 
a 

(p[xa(t)] - qJV^l^a2^) = p ( t ) " q i ( t ) - i = 1 ' 2 , 

and thus 

Xg2(t).s.[xa(t)] = si(t), t€ R , 1-1.2, (4) 

where 6±{t):=p(t)-q.(t), t € R . The e q u a l i t i e s (4) may be 

w r i t t e n as 

Y"1* ( t + a ) . s i [Y " 1 ( t +a ) ] = Y"1 ( t ) . S J Y " 1 ( t ) ] , t «R , 1-1.2. 
(5) 

P u t t i n g m i ( t ) : = Y " 1 ( t ) . s ± [ Y ~ 1 ( t ) ] , t f i R , 1-1.2, then (5) 

may be w r i t t e n as 

m jL(t + a) = m i ( t ) , t , a € R , 1-1.2. 

Since m. is a continuous function, m.(t) is a constant function 

(:=1±). Then, naturally, s±(t) = 1±.Y' (t) and qjL(t) = p(t) -

- li.Y'
2(t) = - (Y,t j - (l+l.)Y'2(t) and we see that (1) holds, 

where k^ta-l-l and because of q1 £ q2, we have ̂  ± k2. 

«r^=*) Let q± be defined by (1), where l<lfk2£ R , 
kl t k2, Y€C 3( R ), Y( R ) = R and Y'(t) > 0 for t € R . 
Let us put for 3Q R X (t) ̂ Y " 1 TY( t ) + a ] , t £ R . It then 

a -» 
follows from the equalities 

"K'M* X^^ilX^)- = "(vM + 
+ X-2

(t)(_(Y,Xa(t)j + k..Y'
2[Xa(t)]) = -( Y(X a),tf + 

+ ki-(YfXa(
t)])'2 = -{Y.t} + k..Y'2(t) = q.(t) 

that X a 6 Lt, ^ Ln and because of q1 / q~ and since the set 
q̂  ^2 
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of functions JX (t)> R constitutes a planar group, we get 

from Lemma 2 that L f) L is a planar group. 
ql q2 

Remark 1. Under the assumption that the equations (q1), (q?) 

are oscillatory, Lemma 3 follows from [3] - [5 J. 

Lemma 4. The groug L A L is an infinite_cyclic group 
_ - - ' % q2 - - - - - - -

exactly if __there_exists a function Y £ C ( R ), Y( R ) = R , 

Y*(t) >0 for t €. R , and Jl -geriodic__continuous (on R ) 

functions h,,, hu, h* / h?, f rom__which__at least one is__in-

constant__such that__ 

q.(t) = - {Y,t I + Y'2(t).h.[Y(t)J, te R, 1*4,2, (6) 

P r o o f . (- —V) Let L H L be an infinite cyclic group 
ql q2 

and X be a generator of this group, X(t)>t for t€ R . Next, 

let <*-. be a phase of (q.), i=l,2. Since X is a common dis

persion of equations (q*) and (q2)t there exist c. S E such 

that 

X(t) = ir^p£. 0 l i t ) , t e R , 1=1,2. (7) 
1 * * 

Let X be the fundamental central dispersion of an equation 

(p)<and Y be an increasing phase of (p). Such an equation (p) 

always exists (see [2]), it is oscillatory and therefore 

Y( R ) = R and furthermore 

ү"
1
 [ү(t) + # ] - x(t). 

From this and from (7) we have 

si 
Yo /. p€. p ̂ .•Y"1(t) = t + T, te R , i=l,2. (8) 

Let Cw. :.= U± 0 Y~ be a phase of (h±), that is h±(t) = 

"-f/i'*"! " £± i*')' t€ R * Then ni * C°( R ' and we get from 
(8) that the function t+5T is a dispersion of (h.), hence h. 

is a ^-periodic function. 
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Since 

- {Y-\t J - Y"1' (t) - - 1 - (l + p[Y-1(t)])Y-1'2(t) 

it follows that 

h4(t) = - f & . t j -^ :2 ( t ) = - { ^ ( Y - ^ . t l -

- ^ [ V - V ^ . V - 1 ' ^ ) - - f ^ . Y - ^ t ^ Y ^ ^ t ) -[Y^.tl-

-^[Y-VjJ.Y- 1' (t) - qi[Y-
1(t)].Y-1'2(t) + Y-1,2(t) -

- 1 - (1 + p[Y-1(t)])Y-1' (t). 

hence 

P 

h.(t) . - 1 + (qi[Y"
1(t)J - pfY-^tjJjY-1' (t) 

which yields 

q4(t) = p(t) • Y'
2(t) + Y'

2(t).h.[Y(t)I • 

= - {Yft{ + Y'
2(t).h.[Y(t)] . 

By our assumption L 0 L is an infinite cyclic group. Thus, 
•1 2 it follows from Lemma 3 tnat at least one of the functions h* , 

hp is inconstant and in observing that q- /- q2, we obtain 

\ ? h2. 

(<W») Let Y£C 3( R ), Y( R ) = R , Y*(t)>0 for te R 

and h-. hp be continuous Aperiodic functions from which at 

least one be inconstant, h1 $ h2. Let qi be defined by (6) and 

QL. be a phase of (q±), i=l,2. Following (6) we get 

- f«4'* i - ^ 2 ( t ) = - fY«t i - Y '2( t)-h i [y( t)] . 
hence 

- K**"1*')! - Jizbriw) • - fv»Y"i(«) j -

- Y'2[Y-
1(t)].hi(t). 

From this and from the equality [Y,Y _ 1(t)j Y - 1 (t) = - [ Y " 1 . ^ 
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we have 

o *2 

- f4.Y_1(t)JY_1 (t) - ̂ 1
2[Y-1(t)].Y-1 (t) - {Y_1,tJ - h±(t) 

and 

» f^tY"1).*! - (o^Jv^Ct)])'2 - h.(t). 

Then ^ . . - ( / . O Y " 1 is a phase of (h±) and since t+ Jl is a 

dispersion of (h.), there exist £. & E: 

^ T 1 * £ ± . tf[(t) = t + f ( t 6 R , i=l,2. 

Consequently 

Y ^ ' ^ ^ ^ Y ' V ) = t + #" 

and 

Alfi î a 4^) = Y"1 [Y( t ) +9r]. 

Setting X:= Y~ [ Y + T T J , then X is a dispersion of (q1) and 

(q«), hence L + O L is not a trivial group and it follows 
ql q2 

from Lemmas 2 and 3 that this group is necessarily an infinite 

cyclic group. 

Remark 2. Let the functions h. (i=l,2) in Lemma 4 have the 

least common period p, 0 <£ p zi^and Jt =jp. Setting Y:=j.Y, 

rT.(t):= — p h . ( — ) for t € R , then X i s the least common 

J X J 
period of functions h. and next 

q±(t) = - {Y.t j + Y'
2(t).h.[Y(t)J = - [7,tj + 

+ I±itl h (JLii, - -J7,tS + 7'
2(t).Ki[7(t)J . 

j j 

Without any loss of generality it may be assumed that the 

functions h. in Lemma 4 have the least common period equal 

to Jf . 
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Remark 3. Let (6) be valid for functions q. (i=l,2), where 

Y6C 3(R), Y(R) = R, Y'(t)>0 for t6 R and h_, h2 € C°( R ), 
nl *** n2* Furthermore, let j! be the least common period of 

functions h*, hu. It then follows from the proof (<j &) of 

Lemma 4 that 

Lq " Lq " (^h*) + k^l' k* Z 1 • 

where Z denotes the set of integers. 

4. Transformator of the equation y " = Q(t)y 

Let f6C 2(R), hcC 3(R), f(t).h'(t) / 0 for tC R . If 

the function f(t).y[h(t)l is for every solution y(t) of (Q), 

again a solution of (Q), then necessarily f(t) = £ , 

l l |h ' ( t ) | 
where CQ C , as it follows from [l4J. Consequently we are 
justified to the following 

Definition 1. Say,_a_function X _s_a_(complete) ^ransformator 

2 fJQ) if_ 

(i) XGC 3(R), X'(t) ̂  0 for te R , X(R) = R , 

(ii) for every solution y(t) of (Q) the function ^ \ '*— 
- |f|X*(f)| 

is_a_solution of_this equation_again_ 

Remark 4. In case of (q) a transformator of (Q) corresponds 

to a (complete) dispersion (of the 1st kind) of (q) ([2]). 

Lemma 5. A function X is_a_transformator_of (Q) exactly if_ 

X(R) = R and X is_a_solution _on R ) of_the_system of_the_ 

differential_eguations_ 

- |x,t] + x'2.Re Q(X) = Re Q(t), 

X'2.lm Q(X) = Im Q(t). 

P r o o f . I t f o l l o w s immediately from [ 9 l . 
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Remark 5. It becomes clear from Lemma 5 that every transfor-

mator X of (Q) is a common dispersion of equations, say (Re Q), 

(Re Q + Im Q), (Re Q - Im Q). 

Remark 6. It follows from Remark 5 that the set of transfor-

mators (the set of increasing transformators) of (Q) consti

tutes a group relative to the rule of composition of functions, 

which will be written as LQ ( L Q ) . 

Theorem 1. L* is_either a _lanar_group_or an_infinite cyclic_ 

9r2uB 2r«tbe^t!CiY:i--^-.9.-0!dPi 

P r o o f * It follows directly from Remark 5 and Lemma 2. 

Theorem 2. Let cL be_a_phase_of (Q). If X^C 1(R), X(R) = R , 

X'(t) /- O for t€ R and the function_ 

/I(t) := «£[x(t)]f tfi R (9) 

i s a phase_of (Q), then X is_a_t rans formator_of (Q) and also_ 

v i ce_versa L i f X is_a_t ransform_tor_of (Q), _.^Sn_.tbe-^Hn_: t i0G 

R de f ined by (9) is_a_phase_of (Q) . 

P r o o f . Let X € C 1 ( R ) I X(R) = R, X ' ( t ) / 0 f o r t€ R and 

the f u n c t i o n /? def ined by (9 ) be a phase of ( 0 ) . Since 

^ ' ( t ) £ 0 f o r t € R , i t f o l l o w s by d i f f e r e n t i a t i n c j - (9) 

f/Pl*) '! •<fc| / [*(0](** ' 'Ct) i w h e r e ^ ! * s±$n x ' - T h i s yieids 
X e C (R) . From the d e f i n i t i o n of the phase of (Q) we ob ta in 

Q{«) - - j / M j - / l ' 2 ( t ) = -f^,x(t) jx '2 ( t ) - ( x , t } -

- ^ 2 f x ( t ) ] . X ' 2 ( t ) = ( - | ^ , X ( t > | - aC'2[X(t)])X'2(t) 

- j x f t { - - {X, t | + X ' 2 ( t ) .Q|x( t ) ] , 

hence 

- [ x . t j * X'2(t).Q[x(t)] - Q(t) 

and respecting Lemma 5, X is a transformator of (Q). 

Let X be a transformator of (Q) and fi be defined by (9). 
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Then by Lemma 5 

- M t j - / 1 ' 2 ( t ) - - [ / . x< t ) |x ' 2 ( *> -{*•*{ -

- c('2rx(t)] .x'2(t) = ( - [ / ^ ( t ) ! - ^'2[x(t:)J) x ' 2
( t : 

- fx . t j = - j x . t j + X'2(t).0.[x(t)j = <-(t), 

hence A is a phase of (Q). 

Theorem 3. L* i s_ a_planar groug exactly if „ tb e!: e» e x i s t s 

a. Y < £ C 3 ( R ) , Y(R) = R, Y ' ( t ) > 0 for tfi R .?nE! si - s 2 £ R ' 
s2 ̂  °' such_that 

Re Q(t) = - (Y.t | + s1.Y' (*), 
(Ю) 

-
 r
' Im Q(t) = s .Y'

2
(t), t € R • 

p r n n f j + • i j + A i + wh i ch f o l l o w s f r om 
p r o o r . LQ - L R e Q O L R e o + im Q' 

Remark -5 . Le t L* be a p l a n a r g r o u p . By Lemma 3 t h e r e e x i s t s 

a 
"0 

YЄC
Ó(R), Y(R) = Rt Y'(t)>0 for ť€

 R and k±i l<2 Є R , 
k
l ? k

2'
 suG
'

1
 that 

Re Q(t) = - jY,t ] + k±si'*(*)i 

Re Q(t) + Im Q(t) =- - [Y,t } + l<
2
.Y' (t). 

From this immediately follows (10) if we put s
1
:=l<

1
 and s£: = 

:=k2""kl-
Let Y€,C3(R)# Y(R) = R, Y'(t)>0 for te R and ŝ j 

s2€ R , s2 ̂  0, and (10) be valid. Then 

Re Q(t) = - J Y,t | + S l.Y'
2(t), 

Re Q(t) + Im Q(t) = - JY,t j + ( ^ - ^ ) . Y'2( t) 

and from Lemma 3 we get that L* Qr\ L R e Q _ lm A is a planar 

group. From Remark 5 it follows that L^ = L R e Qrt L R e Q _ Q, 

which reveals that L« is also a planar group. 

Corollary 1. L Q ±s_a_planar groug exactly if 

* si •* 



c £ ( t ) = c . Y ( t ) f t 6 R , ( 1 1 ) 

i n_a_phase of ( Q ) , where 

Y € C 3 ( R ) , Y (R)=R, Y ' ( t ) > 0 f o r t € R, c 2 € C - R. ( 1 2 ) 

P r o o f . (==•>) Let L* be a planar group. Then (10) holds, 

where Y satisfies assumption (12), s s06 R, sQ ^ 0. If we 

put c:= j/̂ -ŝ -iŝ , then c £ C - R and we get from the equali

ties 

- fY-tj + (s1 + is2)Y'
2(t) = Re 0(t) + i Im 0(t) = 0(t) 

that the function cL defined by (11) is a phase of (Q). 

(̂ -===r) Let the function oC defined by (11), where Y, c 
satisfy assumptions (12) be a phase of (Q). It follows from 

the equalities 

Q(t) . - | ^ t j - oC2{t) = - f Y,t } - c2.Y'2(t) 

that 

Re Q(t) = -f Y,t | - (c2 - c2)Y'2(t) , 

Im Q(t) = -2Clc2Y'
2(t), 

where c » Cj + ic2. Since c*c2 /- 0, it follows from Theorem 3 
+ 
Q 

that Ln is a planar group 

Remark 7. If Y and c satisfy assumptions (12) and the function 

oL defined by (11) is a phase of (0), then evidently LQ = 

= { Y"1fY(t) + a] ; a & R . 

Remark 8. Let Y and c satisfy assumptions (12) and the function 
' ' ^ r^ 

^defined by (11) be a phase of (0). Let c=c1+ic2. If c 1-c 2>0, 

then the equation (Re Q) is oscillatory and |f c1 - c
2 Y(t) is 

2 2 its (elliptic) phase. If c± - c2 = 0, then (Re Q) is a specially 

disconjugate equation and Y(t) is its parabolic phase (see [2], 

[7], f8]). If c2 - c2 < 0, then (Re Q) is a generally discon-

jugate equation and y c„ - ĉ  Y(t) is its hyperbolic phase 

(see [2], [6], [8j). 
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o* 

Theorem 4, LQ is_an infinite_cyclic groug exactly if_ 

Re Q(t) = -fY.tj • Y'2(t).Sl[Y(t)], 

Im Q(t) = Y ^(t).32[Y(t)J, t 6 R , 
where 

Y6C 3(R), Y(R)-R, Y'(t) >0 for te. R, 8l, s 26C°(R), s 2 / 0, 

(14) 
r>~* 

and I/ _s_the_least_common geriod_of the functions s., s?. 

P r o o f . ( =r>) By Remark 5 we know that L* = L* Q
 n 

f\ L^ 0 Tm Q. If LQ is an infinite group, then from Lemma 4 
and from Remark 2 follows the existence of a function Y satis
fying assumptions (14) and the existence of functions h^, 

o / 
hp £ C (R), h* /* hp, having the least common period equal to // 
such that 

Re Q(t) -= - f Y.t | + Y'2(t).h1[Y(t)], 

Re Q(t) + Im Q(t) = - [ Y,t j + Y'2( t). h2 [Y( t)] , t £ R . 

From this and if we set s.:=h. and s2:=h2-h1, we obtain (13). 

(<===.) Let (13) hold, where the functions Y, s^, s2 

satisfy assumption (14). Then 
Re Q(t) = - JY,t \ + Y'2(t).Sl[Y(t)] , 

Re Q(t) - Im 0(t) . - ( Y,t J + (sjY(t)] - s2 [Y( t)] )Y '
2( t) 

and it follows from Lemma 4 that L^ n O L j n T 0 is an 
Ke y Ke y - im y 

infinite cyclic group which, following Remark 5, is equal to 

Remark 9. If Y and s^, s2 satisfy assumption (14), then 
Lo = { Y " 1 [ y ( t ) + J ^ J ; J* z !• 

5. Central transformator of the equation y " = Q(t)y 

Lemma 6. Let X be_such a transformator of (Q) that_there_ 
exists_to any £nont rivial )__solution of (Q) such_a_number 
7 £ C that 
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y[x(t). 
/.x'(t)| 

f . y ( t ) , t £ R . 

Then sign X* = 1, the number / is independent of the choice 
" *""" ~ - ~ " *? ' ~ ' p ? ? - ' r " ... • • • * to T ' • • - • — " ?• -

of^the__solut ion y o j (Q) and *>- = 1 . 

P r o o f . Let u, v be independent s o l u t i o n s of (Q) , 

u ( t ) . v ( t ) / 0 f o r t € R . Such s o l u t i o n s u, v always e x i s t s 

(see [ l 3 ] ) . Then there e x i s t numbers / . , / 2 £ C : 

rgmSL - r_.u (t), - ^ p i - r2 .v ( t ) . t« R . 
f|x'(t)| /x (t)| 
' (15) 

Let us put 9 := sign X'. Since 

/ ufx(t)] \' vfx(t)J _ ufx(t)] / vfx(t)I V _ 
1 lf|x'(t)| I \ l | x ' ( t ) | l/|x'(t)| I /|X'(t)| / 

= T_T2(M'(t)v(t)-u(t)v'(t)), 

it may be verified by an easy calculation that the expression 

on the right side of the last equality is equal to V(u'v-uv'), 

we get 

"$ *%T2 • (16) 

Let *i = -1. Then X(x) = x for an x6R, Setting x in place of t 
1 ќs-f r>" 

in (15), yields /
 1
 = /

 2
 = 

/-X'(x) 
- . O^ c-turally, then / * /

 2
 = 

X (X) 
> 0, which contradicts (16). Thus sign X* = 1, 

Let /
1
 7- /

 2
. Furthermore, let k.̂ , k

2
 € c, 0 /- l<1 / l<2 /- 0 

and put y:=k1u + 1<2
V? Then y is a nontrivial solution of (Q), 

hence for a c£ C, c ̂  0 : 

* . 4 _ 4 _ L - cy(t), t«R . 
| l X ' ( t ) 

From the last equality we obtain 

k_ J^_L__LL + ,< vjx^tii. , c(k (t)+k (t)> 

• щ щ 



Herefrom and from (15) we find 

k^-cjutt) + k 2 ( T - c ) v ( t ) = 0 

1 " 2 Since u, v are independent solutionlof (Q), then /1 = / = c, 

which is a contradiction. This proves that I = '/ =; 1 and it 
follows from (16) that T 2 = 1. 

Consequently, we are justified to state the following 

Definition 3, §ay,_a_transformator X of (Q), X'(t)>0 for 

t6 R, js_a_central_transformator_of (0) if _f or__every_solution 

y(t) of (Q): 
Yx(t) =r.y(t), tG R , 

2 rxTo 
where *>** = 1. 

Remark 10. The central transformator of (Q) corresponds in case 

of the equation (q) to its central dispersion (of the 1st kind) 

(see [2]). 

Remark 11. Let LS denote the set of central transformators of 

(Q). It is clear that L^ is a subgroup of the group t t , 

Lcr L+ 

Theorem 5. Let cC be_a_phase_of (Q). Then X is_a_central_ 

transformator of (Q) exactly if 

X6C X(R), X(R)=R, X'(t) £ 0 for t G R 

and 

ot[X(t)] = ̂ (t) + kf, t G R , 

where k is_an integer _ i ts value_generally_depends_on the 

choice_of the ghase of (Q)). 

P r o o f . (=====>) Let X be a central transf ormator of (Q). 

Then (1?) holds and 

sin o ( [xml m <y s i n od ( t ) 

C O s / TX( t i l _ fTV COS°C(t ) 

/4x( t)] i/x-(t) " tl*7j(t) 
t€ R , 
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where f 2 = 1. Using (19) we obtain (oC\x(t)] ) ' = c/'(t), hence 

D( [x(t)J = <L(t) + a for t £ R, where ac C Let /( c([X(t)] )' = 

= ^i/^'(t), where ?"2 = 1. Then from (19) we obtain 

sin (<L(t) + a) = f/^ sin </. (t), 

hence a = l<7/, where k is an integer and / I« = (-1) . 

(<^=.) Let (18) hold, where X satisfies assumption (17). 

Let X j* iQ,R. If sign X* = -1, then X(x) = x for an x € R. 

Setting t = x in the equality ĉ '[x( t)] .x'( t) = oC'(t) yields 

<Z'(x)X'(x) = oC (x), hence x'(x) = 1, which is a contradiction. 

Consequently there must be sign x' = 1. From equality 

^[X(t)] .X*(t) = oL'(t), t€ R„ we obtain X€C 3(R). Let 

i/( «t[x(t)])* =^"2^oC (t) for t€R, where ?
2 = 1. Then 

sin«Cfr(t)I u <y sin( *C(t) + k P) (_i)k7" s i n^(t) 

/uF(t)jr" 2 ^ J ( t ) 2 y^m ' 

cos^d [x( t)I _ ̂  cos( o£ (t) + l<y ) _ , 1. k^ COS cC{ t) 

|fU[X(t)])* " 2 /^'(t) 2 /^'(t) ' 

which proves the fact that Y, [ t V = (-1) T y(t) for every 
/x'(t) 2 

solution y of (Q)f i.e. X is a central transformator of (Q). 

Corollary 2. Let j be_a_pos±txve integer. Then t + j.// is_a_ 

central transformator of (Q) exactly if_all_solutions_of (Q) 

are either j^-geriodic^or j^-half periodic. 

P r o o f . (• >>) Let oC be a phase of (Q). If t + j// is a 

central transformator of (Q), then (by Theorem 5) there exists 

an integer k:<£(t + j2~) = <L(t) + kT. Let )/*C(t + jfr) = T |/^( t) 

for tfe R, where 1^ = 1. Setting u(t):= S 1 - n ^ ^ t ) | 

v(t):= ^~=k==J-t t€ R, then u, v are independent solutions of 

(Q) and because of u{t+jT) = (-1) Tu(t), v(t+jT) = 
k /v_» «rv_*« 

a (-1) Tv(t), all solutions of (Q) are either j h -periodic 

or j /' -half periodic and this according as the number (-1) / 

is equal to 1 or equal to -1. 
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(<t===r.) Let all solutions of (Q) be either j ^ - p e r i o d i c or 

j;// -halfperiodic for definiteness let them be j it -half periodic. 

Let / b e a phase of ( Q ) . Then u(t):= S i n ^ 5 t J , v(t):= c0
/
s./.(.T.),f 

V ot'(t) V ot'(t) 
t£R, are independent solutions of (Q). By our assumption 

u(t + -jT") = - u(t), v(t + jT") = - v(t), therefore 

sin <£( t + .ĵ T) = _ slneCi t) coso( (t + j$~) _ _ cos *£( t) f Q r t £ R 

/^(t+jr) " i/TTn ' /Z(t+j^) " / 7 m 
Then ̂ '(t + j^) = *£'(t), hence V . ( t + j9T) = o( (t) + a, where 

a€ C. Since tg «£ (t + j^) = tg/(t), then a = kT", where k is an 

integer. Naturally, then oC (t + j2") = oC (t) + k'J" for t€ R and 

it follows from Theorem 5 that t + j-H" is a central transformator 

of (Q). 

Example 1. Consider the differential equation 

n^2 
V " • (-1 - -*-e 4 i t) y. 

16 
(20) 

The function o(.(t) = g- e is a phase of (Q). From the equality 

Jl(t+Si") = °£(t) and from Theorem 5 we find that the function 

t+lT is a central transformator of (20). We will show that there 

exists a phase ̂  of (20) for which ot« (t+ 2") = ̂ ( t ) + JT" . Let 

us put 

/.(t): = 

ř 2it 
8

Є 

2: 
8 

dz 

2 õ ' t £ R , 
2i cos z+(2(i-l)sin z+(l-i)cos z) 

where the integral is written along the curve expressed in a 

IF 2i t / 
parametric form z = ^ e , te R . Then <>C« is a phase of (20) 

(see [̂ 13], Theorem 4). Let us set f(z): = 

2 2 
2i cos z+(2(i-l)sin z+(l-i)cos z) 

whenever the fraction 

is meaningful. The singular points of the function f are the 

roots of the equation 
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o 2 
2icos z + (2(i-l)sin z + (l-i)cos z) m 0, 

which may be written in an equaivalent form 

(sinz - cosz)sinz = 0, 

Inside the circle with the center at the origin and the radius 
§• , the function f has the singularity only at the point z.sO, 

which is the pole of the first order. A direct calculation 

shows that Res (f; z« ) = - §• and therefore ^C ( 5~*) = X*. From 

the equality 

^(t+2"") = oC^(t) we obtain ^(t+fr"") = </1(t) + 7/ . 

Let (18) hold for a central transformator X of (Q), 

where k Z 1. It will become apparent from the following example 

that, generally, there exists no central t ransf ormator (/-idR) 

of (Q), to which would correspond a smaller value k (»0) in 

(18). 

Example 20 Let tf( (t) := 4t + isin 2t, Q(t):= -(*£,t ? - X.'
2(t), 

tc R, Then «(is a phase of (Q) and it follows from eC (t+^) = 

= oC (t) + Ai and from Theorem 5 that t + T" is a central trans-

formator of (Q). If X were such a central transformator of 

(Q), X/-idp, that «£.[x(t}] = *C(t) + k*-̂ , where k would be one 
k7~ of the integers 1, 2, 3, then X(t) = t+*-~*~ and it would hold 

klr 
sin 2(t+-^r-) = sin 2t for t£ R> which, however, leads to a 

contradiction. 

Theorem 6. If L* is.a_plaDa!I 9r2uG' _t!2e[! Ln i s - . t ! ] e . - t I . * i Y i a ^-
grourj. 

P r o o f . Let LQ be a planar group. Then there exist Y and c 

satisfying assumptions (12), that CK defined by (11) is a 

phase of (Q). Let X6 LQ. According to Theorem 3 there exists 

an integer k such that (18) holds and we have 

c,Y[x(t)] = c.Y(t) + kh\ 

Then c1.Y[x(t)] = c1.Y(t) + kT, c2.Yfx(t)J = c2.Y(t), where 

c = c^ + iCp. Since c-c2 /- 0, then Y[x(t)] = Y(t), hence X = idR 

and LQ is the trivial group. 
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er 

From Theorem 6 immediatelly follows 

Corollary 3. If LQ is„n2t-t!]e-.t!IiYi!?1„9!I0!dPi. t n e n LQ is-a2 

infinite_cyclic groug and consequently L5 is_also an^infinite 

cyclic-group1 

Let LS be an infinite cyclic group. Then, by Corollary 3, 

LQ is also an infinite cyclic group. It becomes apparent from 

the next example that in such a case LQ may generally be prop 

subgroup of the group L*. 

Example 3. Let / (t): = £ + isin 2t, Q(t) := - { <L, t ] - // 2(t), 

tfi R . Then oL is a phase of (Q) and since *C (t + 5T)» <̂ ( t) + ̂ ", 

then t + ^ is a transformator of (Q) which is not a central 

transformator of (Q) as it follows from Theorem 5. From this 

Theorem and from the equality oC{t+2T^) = oC (t) + J' we find 

that t+2?" is a central transformator of (Q). Hence, LQ is a 

proper subgroup of the group LQ. 

Theorem 7. LQ is_an infinite_cyclic grourj exactly if .^j]6!;6.. 

exist Y6 C3(R), Y(R) = R, Y'(t) > 0 for tf R and s1, $z& C°(R), 
s2 ^ °' - n 2 s e t n e ie§st °° !Bm o n . -P e r i 0 0 : is 4 such_that 

Re Q(t) = - f Y-t \ + Y'2(t).sjY(t)l, 

Im Q(t) = Y'2(t).s2[Y(t)], t€ R , 

and all solutions of (S), S(t) = s1(t) + is2(t) for t£ Rf are 

either j ^ - £ e £ i o c ' i c . - 0 ! I 3^"-t}alfgeriodic^ where j ^ ^ Q . P 0 8 ^ ^ ? 

integer. 

P r o o f . (==-->>) Let LQ be an infinite cyclic group. Then 

from the proof (r=^) to Theorem 4 and Lemma 4 follows the 

existence of Y£C 3(R), Y(R)=R, Y'(t) >0 for t€ R and h1, 

hp€C (R), h1 ^ h2, whose the least common period is equal to 

2^(cf. Remark 2) such that 

Re Q(t) = - JY,t \ + Y'2(t).h1[Y(t)J , ( 2 2 ) 

Re Q(t) + Im Q(t) = - [ Y,t j + Y '2( t). h2[Y( t)] , t6 R, 
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Then by Remark 5 we have (LJ=) L + e Q A ^ Q + lB Q -
m | Y [Y(t) + k9Tj ; k€ Z }. Let <(be a phase of (Q) and Xc LQ, 
X(t)>t for ttf R. It then follows from Theorem 5 and from 
Corollary 3 that *C[x(t)] = t>C{t) + kT, X(t) = Y"*1 [Y( t) + ĵ T J , 
where kc Z and j is a positive integer. Setting fi :=o£«*Y"~ , 

then /̂  (t + jT*) a /£ (t) + kT. Let /? be a phase of (S). Then 
P 

S(t) = -f/S.tj -/1'2(t) = -f/.Y-^tjjY"1' (t) -

- [Y-\t{- Y-1 (t).oC'2[Y-1(t)J = (23) 

p p 

= Y"1 (t).Q[Y"1(t)J + [Y.Y^ttjjY"1 (t), t€ R . 

From (22) we can write 

Q(t) = - JY,t|+Y'2(t).h1[Y(t)]+i(h2[Y(t)]- h1[Y(t)J)Y'
2(t) 

and setting s1:=h1, s2:=h2-h1, yields 

Q(t) = "JY.tj + (s1[Y(t)J + is2[Y(t)]) Y'
2(t), 

whence 
p P 

Y"1 (t).Q[Y_1(t)J = -JY,Y--(t)j Y_1 (t) + (81(t) + is2(t).). 

From (23) we then obtain S = s^ + is^. The functions s. , sp have 
the least common period equal to *$* and from Corollary 3 we 
know that all solutions of (S) are either jX"-periodic or 
jT'-halfperiodic. Thus from (22) and from the definition of 
the functions slf s2 we obtain the validity of (21). 

(<̂ ==i) Let Y, s^ and s2 satisfy the assumptions of Theorem 

7, all solutions of (S) are either j<* -periodic or j^-half-

periodic where j is a positive integer and (21) holds. Let (i 
be a phase of (S). Following Corollary 3 /?(t + jA ) =/?(t) + k5T, 

where kc Z. Setting oC : = /JoY, X( t): =Y~ 1[Y( t:) + j^J 0*idR ) for 

tC R, then jC[x(t)J = fi [Y( t) + j 3rJ = fi [Y( t)] + kfr » <£ (t) + k £~ 

and 

- [ l , t \ - ̂ '2(t) = -{/?,Y(t)JY'2(t) -{Y.tf -

- Y' 2(t). /?'2[Y(t)J = Y'2(t).s[Y(t)]- |Y,t j = 

- "(Y.tj + Y'2(t)(S;L[Y(t)J + is2[Y(t)J) = Q(t). 
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Consequently ( i s a phase of (Q) and it follows from Theorem 5 

with respect to the equality <£[x( t)] = eC (t) + ki< , that 

X€ LS. Hence L^ is a infinite cyclic group. 

Theorem 8. LS is_an infinite_.cycl.ic group exactly if_the_ 

f unction__ 

F(t) 

cC(t) := j exp(i/^ (t))ds, t€ R, (24) 

0 

where F£C 3(R), F(R)=R, F'(t) > 0 for t£ R,/^ £ C2( R ), 

exp(i/?(t)) is__an inconstant__periodic function_(with_a_period 

a) and for a non-negative integer k 

J exp(i/(s))ds = kT', (25) 

— 1 r 
is_a_phase_of ( 0 ) . I n ^ t h i s case F" [ F ( t ) + a ] i s - a - c . ! n t r a l . . . 
t rans formator of (Q) . 

P r o o f . (<jrr—r) Suppose F, /? s a t i s f y the assumptions f o r 

a ^ O and a non-negat ive number k given i n Theorem 8, and oC 

def ined by (24) be a phase of (Q) . Then 

F ( t ) + a F ( t ) 

cc [F " 1 [F ( t )+a ] j = J e x p ( i / t ( s ) ) d s = J e x p ( i ^ ( s ) ) d s + 

0 0 

a 
( / } . . . . t . . . cr 

+ 
( exp(iД (s))ds = oi{t) + lcҖf 

0 

and following Theorem 5 F [F(t) + aJ (/-id
R
) is an element of 

LQ, hence LQ is an infinite cyclic group. 

(r-r-*>) Let X£ LQ, X^icJR. It may be assumed without any 

loss of generality that X(%)> t for t€ R. By Theorem 5 there 

exist a phase cL of (Q) and a non-negative integer k such that 

#t[x(t)J = ^(t) + k9T, t€ R . (26) 
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Since sign X' = 1» it follows from (26) ( tL * <£* + ±cL ) 

x'(t)i/.q
2rx(t)] +0t:2

2[x(t)j = {I^x^TJ^T) , 
which after integration yields 

F[x(t)] = F(t) + a, tc R, (27) 

t . e ... . 

where F(t):= J yd[2(s) +oC^($) ds, t€ R, a=F[x(0)J. Hereby 

0 

a>0 follows from X(O) > 0. Evidently F6 C3(R), F(R)=R, sign 

F' = 1 and there exists a JS c C (R) such that 

^i'(t) = F'(t)cos jk (t), 

^ ( t ) = F'(t)sin in (t), t€ R . 

Here & is an inconstant function. In the contrary case, 
equation (Q) possesses a phase c.F(t), Where c€ C is an 

appropriate number and by Corollary 1 L* is a planar group. 

It then follows from Theorem 6 that LQ is the trivial group. 

Setting fi : = jh oF* , then /? c C (R) is an inconstant 
function and 

^l(t) = F'(t)coS/f [F(t)|, 

/|(t) = F'(t)sih/f[F(t)J, 

whence 

c('(t) = F>(t)exp(i/^[F(t)]) (28) 

and 
F(t) 

^(t) = j exp(i//?(s))ds + bf «| R , 

0 

where M & Since <L *[X( t j ] . X ^ t j = ^ ' ( t ) / i t f o l l ows from 
(28) tha t 

x ' ( t ) . F ' [ x ( t ) ] e X p ( i / ^ a F , X ( t ) ) = f = ' ( t ) e x p ( i / f [ F ( t ) j ) 

from which and from (27) we obtain 

exp(i/^(t + a)) = exp(i/?(t))f t€ R . 
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Consequently exp(i/s(t)) is an inconstant a-periodic function. 

Besides 

F(t)+a a 

o£[*(*)] = f exp(iy?(s))ds + b * c£(t) + P exp(i^(s))ds 

ting 
a 

and with respect to (26) I exp( i A (s) )ds == k 1* . Respectii 
0 ' 

the fact that c£ (t) - b is also a phase of (0), then 

I exp(i/? (s) )ds is a phase of (Q) and it follows from (27) 

TJ 
that X(t) = F"1[F(t) + a] for t£ R . 

Remark 12, Suppose functions F, [i satisfy the assumptions 

given in Theorem 8g and a ( J- 0) be the least period the (in

constant) function exp(i/$(t)) (obviously fulfilling (25)). 

In then follows from the proof of Theorem 8 that L0 = 

= [ F"1[F(t) + ka] ; ks Z \ . 

Corollary 4. LQ is_an infinite_cyclic group if__and_only if_ 

Q(t) = -(F (t \ - i(^ [F(t)])' 2-V(t)^[F(t)] -

- F'2(t)exp(2i/?[F(t)J), tC h , 

where F, fi satisfy the assumptions giveh irtJTheargirî ©* 

P r o o f . Following Theorem 8 L^ is art infinite Cyclic 

group if and only if gC defined by (24) is a phase of (Q). 

Now Corollary 4 follows immediately by a modification of the 

equality 

Q(t) n - {d,% J- c/;2(t). 
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SOUHRN 

Transformace řešení rovnice y " = Q(t)y s komplexním 

koeficientem Q reálné proměnné 

S v a t o s l a v S t a n ě k 

Řekneme, že funkce X je (úplný) transformátor rovnice 

y " = Q(t)y, (Q) 

kde Q je spojitá (na R) komplexní funkce, jestliže: 

(i) X€C 3(R), X(R) = R, X'(t) 7- 0 pro t€ R , 

(ii) pro každé řešení y(t) rovnice (Q) je funkce f , -

opět řešením této rovnice. 

Množina všech rostoucích transformátorů rovnice (Q) tvoří 

vzhledem k operaci skládání funkcí grupu, kterou označíme L0„ 

Užitím výsledků o algebraické struktuře průniku grup rostou

cích dispersí dvou různých diferenciálních rovnic typu 

y " = q(t)y, kde q je spojitá (na R) reálná funkce, je doká

záno, že L-. je buď planární grupa (tj. ke každému bodu (t , 

x )6 RX R existuje jediná funkce Xe L Q taková, že X(t ) = x l 

nebo nekonečná cyklická grupa a nebo triviální grupa (věta 1). 

Ve větě 3 resp. ve větě 4 jsou uvedeny nutné a postačující 

podmínky kladené na koeficient Q rovnice (Q), aby L Q byla pla

nární grupa resp. nekonečná cyklická grupa. 

Řekneme, že transformátor X rovnice (Q), sign x' = 1, je 

centrální transformátor této rovnice, jestliže pro každé řeše

ní y(t) rovnice (Q) je 

yfr.Mi = r . Q ( t ) , te R , 
/X'(t) 

2 
kde 7~ = 1 . Množina centrálních transformátorů rovnice (Q) 

tvoří podgrupu L Q grupy L Q, LQC L Q . Jestliže L Q je planární 

grupa, pak LS je triviální grupa (věta 6), tedy LQ je bucl ne

konečná cyklická grupa a nebo triviální grupa (důsledek 3). 

Ve větě 7 (větě 8) jsou uvedeny nutné a postačující podmínky 
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kladené na koeficient 0 (na fázi rovnice (Q))f aby LQ byla 
nekonečná cyklická grupa. 

Věta 2 resp. věta 5 dává do souvislosti fáze rovnice (Q) 
a transformátor resp. centrální transformátor rovnice (Q). 

РЕЗЮМЕ 

Преобразования решений уравнения у"= 0(1: )у с комплексным 

коэффициентом 0 вещественной переменной 

С в а т о с л а в С т а н е к 

Функция X называется полным трансформатором уравнения 

у" - О(ЧУ. (О) 

где О непрерывная (на В к о м п л е к с н а я функция, е с л и : 

( 1 ) Х * С 3 ( К ) , Х ' ( * ) / О д и Ш К , Х( К ) = В ; 

г (*--) Для каждого решения у(*) уравнения (О) 
ах(1:)Т 
€\Х (\:М с н о в а

 решением этого уравнения. 

функция 

Множество возрастающих трансформаторов уравнения (О) 

является относительно операции сложения функций группой, кото-

рую обозначаем ^^. 

Применением результатов алгебраической структуры пере

сечения групп возрастающих дисперсий двух различных диффе

ренциальных уравнений типа 

у " - Я(*)У. 

где ^ непрерывная (на В) вещественная функция, показано, 

что Е
0
 или планарная группа (т.е. для любой точки (^

0
.

х

0
)€ 

€ КдгК найдется только одна функция Хё 1_
0
, что Х(и

о
) = х

о
) 

или бесконечная циклическая группа или тривиальная группа 

(теорема 1).В теореме 3 соответственно в теореме 4 приведены 

необходимые и достаточные условия которым должен удовлет

ворять коэффициент О уравнения (О), чтобы ц? являлась пла-
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нарной группой соответственно бесконечной циклической груп

пой. 

Трансформатор X уравнения (О), з1дп X = 1, называет

ся центральный трансформатором в*тЫ?о уравнения, если для каж

дого решения у(и) уравнения (О) имеет место -У̂ чЦ̂ У -=У. у( *)» Е« К, 

Л
 о *Х ( И) 

где Г « 1 , 

Множество центральных трансформаторов уравнения (О) 
с + + 

является подгруппой ^^ группы ^^ I Если ̂ ^ пленарная группа, 
С а С 

то ̂ ^̂  'тривиальная группа ( теорема 6) > следовательно ^^ или 

бесконечная циклическая группа или тривиальная группа (след

ствие 3). В теореме 7 (в теореме 8) приведены необходимые и 

достаточные условия которым должен удовлетворять коэффициент 

О уравнения (О) (фаза уравнения (О)), чтобы ^
0
 была бес

конечная циклическая группа. 

В теореме 2 соответственно в теопеме 5 показана связь 

между фазой уравнения (О) и трансформатором соответственно 

центральным трансформатором уравнения (О). 

ш в$ Ä 
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