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ON EQUATION y"-q (t) y OF FINITE TYPE, 
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WITH THE SAME CENTRAL DISPERSION 
OF THE FIRST KIND 

EVA TESA&lKOVA 

(Received April 30, 1988) 

In the central dispersion theory of linear second order 

differential equations treated at length by O.Boruvka in [l] 

there were investigated the properties of bothsided oscilla

tory equations of the type 

y" - q(t)y (q) 

having the same fundamental central dispersion of the first 

kind on their definition interval. By central dispersions of 

the first kind of (q) we mean thereby the functions mapping 

the zeros of an arbitrary solution y of (q) onto the zeros of 

the same solution. 

In [3] and [4] there is introduced a certain generaliza

tion of concepts relating to central dispersions (q) of finite 

type m --- 2, 1-special, on an open definition interval j = 

= (a.b), q(t) e C(0)(-j) (hereafter (q ( 1 ))) by means of defi-
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nitions of special central dispersions. There are also dis

cussed conditions and properties of such generalizations. The 

generalization of the 1st kind central dispersions may be 

summed up in the following definition . The letter Z refers 

to a set of integers. 

Definition 1. 

By a (zm+k)-th central dispersion of the first kind for 
(1) equation (qv ') \ 

for tfi(a,^_k) 

(1) z £ Z , k = 0,l,...,m-l of the equation (qv ') we mean a function 

4 zm + k 
/ iч f

o r
 t б ( a

m
 |.b) •(m-k)

 v
 m-k* ' 

where ^( t) is the first kind central dispersion in terms of 

the definition [ l ] , and the points a. are the zeros of the 
(1) 

1-fundamental solution of the equation (q
v
 ') forming the 

( 1 ) 

1-fundamental sequence (aK ') of this equation in the follow

ing ordering 

a. < a
1
 < a

2
 < ... < a

m - 1
 < b 

The following text is devoted to a fuller account of the 
(1) set of carriers of (q
v
 ') with the same fundamental special 

central dispersion of the first kind $ ( t ) = f A t ) , i.e. we 

shall try to find a relation between the carriers q,q of 

(q^ ')# (q )
 f o r

 which 9 (t) = $(t) is holding throughout 

the domain of definition of these functions. Evidently, this 

equality may be fulfilled only if the equations (q' ', (cp ') 

are 1-special, of type m, m £ 2 on a common definition inter

val j = (a,b), where - C D ^ a < b ^ + o o , with the same 1-f un

damental sequence (*S ' ) . 

In view to the fact that the functions £k(t) form for 

k = 0,l,...,m-l a finite cyclic group Gv ' generated by the 

element <p (t) on Ŝ  >, i.e. on the interval j except for the 

1-fundamental sequence (a(1))| it automatically also follows 

from thfi ^ - c i d e n c e of the fundamental d i s p e r s i o n s ^ (t) = 
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• ^(t) the equality of other dispersions y,(t) « ^^(t) for 

all k considered. The function $ n(t) is coincident for all 

equations (qv ') with the same definition interval j. Because 

of the properties of the elements of the finite group, the 

converse implication of the coincidence of the fundamental 

dispersions is not always garanteed due to the coincidence of 

the higher order dispersions. The equality f k(t) • $,(t) 

implies the equality y(t) « $ (t) only in such a case when 

each element of the group G* ' is expressible as a power of 

the element y k , i.e. exactly if k is not a number with a 

common factor m. 

The reply to the question what the magnitude of the set 

of carriers of equations (q^ )) with the same special central 

dispersion looks like, follows from the statement of the fol

lowing 

Theorem 1 

Let s be an arbitrary point of the interval j • (a,b), 

m -̂  2 be a natural number. Let next ^(t) be a function de

fined on the interval (a,s) having the following properties: 

1) ^(t)€C ( 3) 

2) T ( t )> ° 
3) P(t)>t (1) 

4) lim^(t) = b 

t*s~" ^ 

5) on the interval (s,b) there is defined an inverse m-times 

composite function ^"^ m" 1)(t), for which lim+/""(
m-1) (t j a 

= a holds. t" s 

Then there exist to every function y (t) defined by 

f lf(t) for t e (a,s) 

T{m'1](t) for tfi(s.b) 

infinitely many solutions of the functional equation 
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(oC(t) +3Tsign (k' for ttf(a,s) 

. (3) 

d.(t) - (m-1) J" sign <k' for t«(s,b) 

by means of the phase function v{ (cO /- 0, (A € C^ (j)), which 

may be expressed as a 1-st phase of the equation (q^ ' ) . 

Lroof.' Let us first assume m > 2 . We will show that in 

this case the interval (a,s) may be expressed as a union of 

the disjunct intervals (a.aJ, <a 1,a 2),... l <£am_o'
s) s u c n that 

a± = lim+ ^(t), a2 = l/(a±) a ± = s = /(a ) f 

t *a 

and the function lf~\m~ I (t) realizes the schlicht mapping of 

the interval (s,b) onto (a,a,,). 

Because of the properties 1) through 5) of the function 

J/(t) the function (f"^ " '(t) is increasing on the interval 

(s,b) belonging to the class C^ ' and having a positive deri

vative. Next it holds that the function (̂"̂  " ' (t) < t and 

realizis the schlicht mapping of (s.b) onto (a,r), where r = 

= lim ^" ( m" 1 )(t) for t*b", a < r < b . 

From the property 5) follows the existence of the limit 

and the validity of 

lim tf^'(t) = s , 
t->a 

and thus also the existence of 

lim ^ ^ ( t ) = a. for i = l,2,...,m-l , 
t->a+ 

where a. is a real number, a . = s. From the property 3 the-
I ' m-1 r r 7 

reby follows the following ordering for the points a. 

a < a± < a i + 1 < b for i = l,2,...,m-l . 

From the existence of the limit and from the validity of 
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lim /~( m--)(t) = a , 
t->s+ 

follows also the existence of the limits and the validity of 

lim r1 - l i - ^(m-i-l)^-(m-l)] = 1±m ^(m-i-1) = a 
t ->s+ t ->s+ t ->a+ m - 1 - 1 

i = l , 2 , . . 0 , m - l , whe re a Q = a , if ( t ) = t . 

With respect to the continuity of the function y(t) on 

the interval (a,s) then follows 

a = lim+ ff1 = lim+ ^ ( / i _ 1 ) ) = lim </( t) = /(a _) 
t->a t->a t->a._,+ 

for i = 2,3,...,m-l. It remains to prove a« = r. 

From the validity of 

lim_ f-(t) = lim_f[^ i- 1(t)] = lim_tf(t) = a , 
t*a. t+a. t-»a. 

'.*)} = A11 

for i = 1,2,.,.,m-l, where a = b, we obtain the equality 

im-1, lim__ f-V) = b , 
t->a" 

whence on account of the fact that 

lim_ ^ m ~ 1 ( t ) = b 
t->r~ 

we get also the equality a, = r. 

In assuming m = 2 we will show that the function f(t) 

intermediates the schlicht mapping of the interval (a,s) onto 

(s,b). Denoting again 

a, = lim /(t) , r = lim if'1 (t) , 4* 
t->a t->b 

we see that the function ^(t) intermediates the schlicht 

195 



mapping of the interval (a,s) onto (a-.b), and the function 

lj)~ (t) intermediates the schlicht mapping of the interval 

(s,b) onto (a,r). From this evidently follows a- = s = r. 

The phase function satisfying the functional equation (3) 

for m > 2 may be hereby obtained by the following construction: 

oC(t) • 

for tc<a
m
 „-s) 
m-2' 

for t = s 

/ f ( t ) 

f
<

a
m-2> * & 

<^[Ф(t)] + £(m-l)2" foг t€(s,b) 

(4) 

foг tej. pгo i=l,2,...,m-2 

where j
±
 = <a

i
_

1
»a

j L
) for i = 2,3,...,m-2, j± = ( a , a

1
) , f(t) is 

an arbitrary function defined on <a o#s), being everywhere 

increasing or everywhere decreasing on this interval, f(t)€ 

e C* ' < a
m - 2 '

s ) w i t h the derivative f*(t) /- 0, where £ = 

= sign f'(t), which in the left neighbourhood of the point s 

satisfies the properties 

lim_ f(t) = f(am O + £7 , 
t-»s 

lim f'(t) = 
t->s~ 

m-2 J 

f'+K-2> 
| * < i 'm-2> 

lim f"(t) = 
t->s~ ф'0 m-2' 

lim_ f'"(t) = 
t->s Ф'o m-2' 

f + ( ţ ) 
І'(t) 'm-2 

[__Ľ_. { Í ! Î Ш _ ) ' + ] ' + 

L Ф'(t) . ф'(t) J a 
m-2 

In the case when m = 2 we have a
 0

 = a. We thus need to 

m-2 

consider the function f(t) having the above properties on the 

interval (a,s) only, and instead of the functional values 
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f( a) * £'(a)» w e need to consider the limit of these functions 

at the point a on the right. 

The phase function (X obtained by the above construction 
( 1 ) 

(4) really represents the first phase of the equation (ql ') 

since the oscillation of the phase 0(o() satisfies the required 

relation 

0(d) = llim c<(t) - lim o((t)| = | lim «(f£( t ) ] -
t + b"" t->a t-»s~ L 

- lim+<*[£(t)] = |lim_c((t) + £ T - lim c((t) -
t-»s t->s~ t+s 

+ £(m-l)y/ = \i ml I = mT . 

It follows from the proof of Theorem 1 and from the pro

perties of the central dispersions in terms of the definition 

stated in [lj that the function $ ( t ) defined by (2) with the 

aid of the function l̂ ( t) with the properties 1) through 5) 

(1) corresponds to the definition of the fundamental special 

dispersion of the first kind <b relative to the equation (q^ ') 

with the 1-fundamental sequence a„.a 0,.,.,a - = s. On account 1 2 m-1 M N 
of the fact that through an arbitrary phase of (qv ') its 

carrier q is uniquely determined by 

- {<<,t \ - (*'2(t) = q(t), 

where (o(.t| means the Schwarzian derivative of the function 

oC at the point t < j in terms of the definition stated in [l], 

it becomes apparent that there exist infinitely many equations 
(1) 

(qv ') with the domain of definition j, for with the function 

<£>(t) satisfying the assumptions of Theorem 1 represents the 

fundamental special central dispersion of the first kind. 

Let us look now at the fundamental properties of the 

function ^ ( t ) defined by (2) with the aid of the function 

^(t) possessing the properties 1) trough 5) (1). There are 

the following properties fulfilled: 
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1) the domain of definition of the function <p(t) forms 

(a,s) U (s,b) 

2) the range of values of the function $(t) forms 

(a,a.,) a(alfb) 

3) y(t) is on the intervals (a,s), (s,b) an increasing 

function belonging to the class c' ', with a derivative 

#'(t) i- 0 

4) lim_£(t) = b lim £(t) = a (5) 
t->s" t->s 

5) the function $(t) intermediates the schlicht mapping of 

the intervals 

(ai-l'ai) o n t o ^ai'ai+l) for i = --i2'---'"1"1 

(am-l'b) o n t o (a'al) ' 

where 

a = aQ< a1 = lim+ j> (t) < a2 = ̂ (a1)< ... affl-1 = s = 
t+a 

= #(am.2)<b 

6) £ m~ <$ (t) = t for all t€(s,b) 

The above properties are likewise sufficient properties 
that the function <p (t) could be taken for a fundamental 

(1) 
special central dispersion of the first kind of (qv ') as evi
denced by the following 

Corollary 1. 

Suppose ai*ap#•••#am_i
 is an arbitrary point sequence of 

j • (a,b) satisfying the following ordering 

a < a 1 < a 2 < . . . < a m - 1 < b . 

Then to every function (p (t) satisfying on j the properties 
1) through 6) of (5) there exist infinitely many solutions of 

the functional equation (3) through the phase function 

o(( c< /- 0, o(€C^ ' ) , which may be interpreted as the first pha-
(1) se of the equation (qv ') on the interval j. Consequently, the-
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( 1 ) 

re exist infinitely many equations of type (qK ') on the in

terval j, for which the function rp (t) represents the funda

mental special central dispersion of the first kind. 

Proof. Denote now 

£(t) = 
f ^( t ) foг t Є(a,a

m
__) 

L /_(«.-_)<*>
 f o r t f i

(
a
m_l'

b
) 

and show that the function <p (t) satisfies the assumptions of 

Theorem 1, i.e. that the function ^(t) possesses on the in

terval (a,a = s) the properties 1) through 4) (1) and that 

C^__/
m-1
x(t) = Lf~(m~ I(t) holds on the interval (s,b) under 

the validity of lim if . « (t) =_ a for t->s+
. However, the va

lidity follows from a more comparison. Besides, there is a 

preassigned possibility of the appropriate separation of j. 

Consider now a function <p (t) satisfying the assumptions 

of Theorem 1. The symbol Qx will denote a set of all carriers 
( 1 ) 

of equations (q
v ;

) with the same fundamental special central 

dispersion equal to the function <fi (t). It follows from our 

foregoing consideration that the set QJJ is of the continuum 

magnitude. 

The symbol I will denote a set of all solutions of these 

equations. We know that arbitrary solutions y, y 6 I having one 

zero in common, have all their zeros in common. It also follows 
( 1 ) 

herefrom that all equations (q
v
 ') for q€ QZ have the same 

« *..__-. _._-. ,_(1K ____.___,_„_. ..._Iu -u 1-fundamental sequence (a coinciding with the sequence 

given at 5) (5). Consider next an arbitrary point c e j . By a 

bundle of solutions I of the set Q^ with a node c we mean a 
c ( 1 i 

set I c I of all solutions of (qK ') for q6 Qx having a zero 

at c. We know that all elements of the set I have all their 

zeros in common, which we will call the nodes of the bundle 

I . The set I is thus uniquely determined by its arbitrary. 

In the sequel we will investigate the properties of the 

elements of the set I belonging to the set of all carriers 
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0^ .We will derive these properties by means of results ob

tained in three lemmas below. 

Lemma 1. 

Consider a differential equation (q) on j = (a,b), 

q 6C^ (j) such that every its solution has at least m --- 2 

zeros in j. Let y be an arbitrary solution of this equation 

and the points c
1
.Cp.....c be consecutive zeros of the so

lution y. Let the point x. for i = 0,1,...
f
m be arbitrary 

points from j . for which y(x.) j- 0, satisfying the following 

orderina 

, x 0 < c 1 < x 1 < c 2 < x 2 ^ . . . < c m _ 1 < x m _ 1 < c f f l < x m . ( 6 ) 

Let g
m
(t) be a function defined on the interval <x

n
,x > except 

for the points cj.c
0
.....c as r

 1 2 m 

9
m
(t) = — 

III 

y^(t) i=l y'
2
(

Ci
) (t-c

±
)

2 (7) 

Then, there exist Riemann integrals of this function 

л m . 

J 9
m
(t) dt. Í m 

g m ( t ) d t 

and it holds 

x in 

;t)dt = Z _ — ~ [- cotgoC.(x.) + 

i=l y' (c±) 
m 

+ cotg o(
i
(x

i
__

1
)] + 2L. -75 — — 

1 x x
 i=l y/(c.) |_c. - x

Q 

- — ] . 
- n . J 

(8) 
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c 

i m m-l t 

%(*)<** = 2 ^ ~^ri -~cotg c < i ( x i ) + —^—1 
1 = 1 y ( C i ) cm " c i 

1 m - 1 
+ Z _ . [ c o t g >Ki+1(x ) i— 

- - - y ( c
i + 1 ) L ] • 

u i - c i + i 

(9) 

where <A is the first phase of (q) determined by initial con

ditions 

^(c.) = 0, ^(c.) = 1, ^V(c.) = 0 . (10) 

Proof. The existence of the !" 
integral ] 

g (t)dt әnd the 

Ô 

validity of (8) is proved in 18 § 5 in [1], It thus remains to 

prove the validity of (9). We proced hereby from the limit 

formulas derived in 18 § 5 [ij; 

' 2 , v Г [ 1 1 1 1 
' l C l M ~2 72 ' 2 J 

1 J L У ^ ( t ) y " Ҷ c « ) ( t - c , ) 2 

dt = 

cotg tX(xn) -L (11) 

X 1 
' 2 , ч ř r 1 1 1 l .j 

У ( C l ) — 72 ' 2 d t = 

І LУ ( t ) У г(c±) ( t - C l ) 2 

- e o t g cxC ( x 1 ) + 

Ч " u i 

( 1 2 ) 

where (A is the first phase of (q) determinde by initial con

ditions 

*(
C l
) = 0, <K(c±) - 1,

 0
C

,
(c

1
) = 0 . 
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The validity of (9) will be.proved by an inductive method. 

?z 

1) first we derive the value of the integral J g (t)dt. ci 
where 

(t\ - - 1 1 
9
2 ^ ' " 2 _ , " -2, .

 /4
. .2 .2. I 7" ,2 

y (t) y (c
1
) (t-

C l
) y (c

2
) (t-c

2
) 

Relations (11), (12) yield 

x
l 

f g 2 ( t )
d t
 = "TT f" cotgoC

1
(x

1
) + — — - 1 

4 y (c. ) x, -c, i °i 

^r~A- - 1 • 
( c^) Lx.~c~ c„-c~

 J 

У ( C
P
) 2' 1 2 1 ^2 

2 
f g

2
(t)dt = - — • Гcotg oC

2
(

X l
) — 1 

J
 ^ v ̂ f c J L - x. -c_

 J 
У (c

9
) 

V (
c
l)

 L C
2~

c
l

 x
l"

c
l 

where cX
1 f
 ĉ  are the first phases of (q) satisfying the ini

tial conditions of (10). 

From this directly follows the validity of 

f 9
2
(t)dt = —J: [ - cotge(

1
(x

1
) + — - — ] 

C l y ( c i ) L c2-ci 

"72 [
 COt9

 <M
X
l) 1 ' 

/ ( c ^ L * - c-c„
 J y (c

2
) ^ ^ - - 2 

and thus also the validity of (9) for m = 2. 

2) Assume the validity of (9) for the i 
Ґm-1 

Ím-i 
9
m - l

( t ) d t 

c
l 
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Jm 
g m ( t ) d t c 

I t holds 
c 
лrn *m- i *m-± лm 
j gm(t)dt = j g m ( t ) d t + J g m ( t ) d t + J gm(t)dt 

u l u l u m - l "m-1 

from which 

c m - l J " 2 . 

f 9m(t)dt *zZ—-i [~ cotgo( (x.) + — 1 + 
I - 1 y 2 ( c i ) L cm-i- c i J 

m-2_ 
+ .^-4 ,7 - f c o t g c < (x ) 1 + 

1 = 1 y ( c i + l ) L c l " c i + l J 

+ - ^ — [— — ] • 

y (°m) Lcm-1-Cm c l" c m J 

Applying (11) and (12) we obtain 

(fm-1
 1 

J 9
m
(t)dt . _ • [- cotg^^tx^)

 + 

m-1
 y v

°m-l ' 
m 

+ _ 1 _ ] + I Z _ 1

1 _ r _ ^ _ . 
x
m-l-

c
m-l

 J i = 1
 T (

c
i)

 L x
m-l"

C
i i/.m-l 

- - - — ] , 
c ..-c.

 J 

Í 9m(t)dt =----— fcotg^íx^) 1 + 
xm , У

 ( c
m )

 L x
m-l-

c
m
 J 

m _ 1
 m-1 

£-, ì ľ—- - 1 
1 У ' 2 ( c O L

c
m
- c . x

m
 ,-c.

 J 

'
 v

 i' m i m-l ì 

from which we conclude 
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m-1 

1 - 1 y-

m-1 
1 

+ £І » 

1-1 y' 
'2/ ч 

( C i + l ) 

— J + 
:
m-

c
i 

[cotg * i + 1 ( x ± ) ] . 
-1 °i + l 

which was to be demonstrated. 

Lemma 2. 

Consider a differential equation (q) on j • (a,b), 

q6C
( 0 )

(-j), such that each its solution has at least m zeros 

m --- 2 in j. Let /
k
(t) for k • 0, *1, . .., ~m-l be the k-th 

central dispersion of the first kind in terms of the definiti

on stated in [l]. Let y be an arbitrary solution of (q), x be 

an arbitrary point at the interval j such that y(x) £ 0 and 

let, respectively, to the right and to the left of it lie at 

least in case 1) k zeros, in case 2) |kl+ 1 zeros of the so

lution y. Let c be a zero of the solution y satisfying the 

inequality x<c<^(x) and J^.i(x)<c^x, respetively. Define 

the function 

.2, 
k 

ГҪo f
 ( t
) = X_ltli-2Z ~ (13) 

y-(t) 1=0 (t-f^c).)-

on the interval j except for the zeros of the solution y for 

k • l,2,.
0
.,m-l or k - -1,-2,...,-(m-1). Then there exist Rie-

mann integrals 

1-

2) 

/
k
<X) 

) /
 f

k - e
( t ) d t

 '
 ( 1 4 ) 

x 

І?k ( c ) 

J f
k
(t)dt . (15) 

where S • sign k and it holds 
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/k(x) k4 
-) f fk_ř(t)dt =Z__^(c)f--i = 1,(16) 

i Ê i=0 L^(c)-x /±(c)-7k(x)
 J 

2 

&(c) /;.(c) ^ f (c) 

) f f ( t ) d t = - | — s — + 2 _ _ — — І — 
{
 k 2

 /
k
(c) 1=0 / (c) - / (c) 

^_+£<
c) 

(17) /0(
c) " Pi+_(

c> 

Proof^. 1) To derive (16), we proceed from (8). With respect 

to the assumptions given, there are satisfied the conditions of 

the preceding Lemma for xQ = x, x. = /. (x), c1 = c at sign k = 1 

or xk = x, xQ = / k(x), ck = c at sign k = -1. 

Thus, for positive, with the following ordering of points 

x < c < /(x) < /(c) < ... < /k(x) 

there holds 

J Lv (t) i 
... — ô Ô dt = 

y-(t) 1=0 y"i(/i(c))(t-/.(c))^
J 

k-1 

= V
1 l r l l -I 

" i=0 y'2(fi(c)) - V±(c)-x /±(c)- yk(x)
 J 

k-lt 

+ 21^2-7 [- cotgoC.C/'i+1(x)) t 
1=0 y'^^c)) L 1+1 

+ cotgo^i(yi(x))] , (18) 

where lX . is the first phase of (q) satisfying the initial 

conditions 

0^(^(0)) = 0, ^ ( ^ ( c ) ) = 1. C<V(^.(c)) = 0 . (19) 
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From this making use of (5) from 3 § 13 [̂ 1] to express the de

rivatives of the central dispersions at the zero c of,the so

lution y 

/k(c) - XZ{C) <20> 
k y 2 ( / k ( c j ) 

and also the fact that the points (f+±(x)' /i(x) are a l w a y s 

1-conjugate, we come directly to (16). 

For a negative value of k the sequence 

7 V x ) < r W ( c ) < ^ k + l (
x ) ^ •••<r'_i(c)<C / - 1(x)<c<x 

corresponds to the assumptions of the foregoing Theorem. 
Consequently 

/ \-^--tZ — -]<*-
7*,„.Lv' (t) i-k+l Y^(*(c))(t-«.(c])-J \{x) Y ( t ) 1 = k + 1 y WiWHt-fiWi' 

0 

= 2 Z - [• 
i-k+i v'2('/'J(c))L 

y ( . V C * L / i ( c ) - / k (x ) 

- —;— 1 • (21) 
/i(c) - x J 

Applying (20) and on multilying the equation by -1 we come with 

the value £ = -1 to the equality (16). 

2) Similarly, in proving (17) we proceed from (9). 

For k being positive, we may express (9) as 

?Uc) 
ғ\i.£:-. 

J Ly2(t) i=0 y' 
/ҷt) І=O

 0*(!ft(c))(t-ït(c))л 
dt 

k-1 

<Eľ ,
2
Л , J " cotg^

l(
/

1+1
(x)) • 

i=0 y (^(c))
1
-
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— 1 — ] 
Ýk{o)- . ± ( c ) J 

k-1 

+ _ Z ! - — T - r - f c o t g < * i + 1 ( / i + 1 ( x ) ) 
i -o y ( . i + 1 ( c ) ) L 

i 1 . 
^ 0 ( c> " / i + i ( c > J 

Using (20) to express f'{c) we deduce the relation 

^<(C> ..*,_. _k 

"c -y2(t) 'Г=Õ*(t-/.(c))2 

k-1 

dt 

Z ~ > í ( e ) [ - cotg^.(/.+1 

i=0 
(x)) + 

^-тт-] У
k
(c) - /itc) 

k-l 

^ C l (
c
) [

c o t
9 ^

i + 1
( . i

+ 1
( x 

] 

)) -

^0
(C
> " ^i+l(

c
) 

which, in expressing !r^
+1
(t) in the form of derivative of a 

composite function at the point t = c, goes over into the form 

^ ( c > /
k
(c) k-J. 

J f
k
(t)dt =«>_, _í(c) [- cotgoC^í/^tx)) + 

f(_i(c)) cotgc(i+1(.i+1(x))J + 

k-1 ,л', ч 

+ - v Уi(c
) 

/i+l(
C
> 

І=0
L
 ^ ( c j - ^ c ) У

0
(c)-.

i+1
(c) 

] (22) 
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where cX is the first phase of (q) satisfying the initial con

ditions (19). From this and from the Abel functional equation 

^i+l^i+l) = cKi+l<^i
) + ^ w e s e e t h a t 

*i+l</i<<0) = -?• ^I+l<^i<
c)) == f <&<c)>' 

C^i+i(/i<c)) = f (/±(c)) (23) 

Hence, by relation (4) § 7 [_lj for the expression of the first 

phase of (q) determined by the initial conditions, there follows 

from (19) and (23) for the phases aC. , ^ + i * where UJ0,1,... 

c...k-l|, and for all t € j the following relation 

-9 *_+_(«) = 
- f(f±(c)) __________ 

i /" (y±(c)-) 
-1 + - -i-—y= tgoC. (t) 

2 / (/_(C)) y ^ ' 

which may by rearranged into the form 

„ _ i C/"(C/±(c)) 
- cotfl«Cl(t) • /{/_(c)) cotgo<i+1(t) = _ - _ i _ . 

(24) 

Applying (24) in (22) and expressing the quotient as 

i?_(t) / - ( ^ ( t ) ) _____m y_(t) 

f ( ^ ( t ) ) = .>_+_(*) " / . ( t ) 

we come to the validity of (17) proved. 

For k being negative, the sequence 

t/k(c)</k(x)<C/k+1(c)<C/k+1(x)< ...</_1(c)</_1(.x)<c<x 

satisfies the assumptions of the preceding Lemma. Hence, it 

holds 
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c 0 
/ | " 2 - Z____ — 5 ~-~- dt в 

$ ( c )

l У ( t ) i * k y ' 2 ( ^ ( c ) ) ( t ^ i ( c ) ) 2 J 

= Z2 -T2-7 [- c o t g p <

1 - i ( f 1 - 1 ( x ) ) + 

i=k+l y ' 2 ( f _ _ _ ( c ) ) L x 1 ,1~1 

+ 1 ] + 

/0(°) " / i - i ( ° ) J 

+ Z__ — 5 — f c o t g << (V .(x)) -
i-k+1 y ' 2 ( ^ ( c ) ) L -^l---V 

/ k ( c ) - / _ ( c ) J 

whence, a p p l y i n g (20) and e x p r e s s i n g / ' _ _ ( t ) i n the form of a 
d e r i v a t i v e of a composite f u n c t i o n at the p o i n t c, we o b t a i n 

k+1 z: 
i = 0 

/ f k ( t ) d t = - _ > _ _ _ / _ ( c ) [ - c o t g o í . ^ . ^ x ) ) + 
/ k ( o ) 

+ / 1 І ( / І ( O ) ) c ° t g < < _ _ ! ( / _ _ І ( X ) : 

k+1 
/_(o) ľ___(c) 

І = 0 L ^ k ( c ) - p . ( c ) ^ ( c ) - / _ _ _ ( c ) ] • 
( 2 5 ) 

where P\ is the first phase of (q) determined by the initial 

conditions (19). From the above conditions and applying the 

Abel functional equation we obtain 

^ i- i (/ i ( ° )) 'T. *___(/_(c)) = £_.(/_(«.)), 

^..(/.(c)) = .>__(/i(C)) (26) 
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By relation (4) § 7 [l] for the expression of the first phase 

of (q) determined by the initial conditions, there follows from 

(19) and (26) for the phases cL . , A . __1, where i€{o,-l,... 

...,-(k-l)?, t 6 j, the following relation 

- y_i(Y_(c)) tg*_(t) 

i +1____________ t g P ( . ( t ) 
2 ^i(^(c)) 

This relation rearranged into the form 

- cotgo(_(t) + /__(y_(c)) cotg<*___(t) = 

1 /__(/_(--)> 
(27) 

2 /__(/_(«)) 

with afterwards expression of the quotient 

y_(t) ___t__y__). _________ ^ - ( t ) 

^ii(y_(t)) = ^ _ _ _ m " </_(t) 

will be used to the final formation of (25). So, we come to the 

expression 

c, _ ?k(c) ^ f <^_(c) 
/ f. (t)dt - =•—- _> 

/k(c) k 2 rk(c) -fcoL / k ( o -y_(o) 

/ł-l(c) 
<V C) - ̂ І-I(

C
) 

] . 

which on multiplying by -1 for £ = -1 proves the validity of 

(17). 

Lemma 3. 

Consider the equation (q^ ') of finite type m -- 2, 1-special 

on the interval j = (a,b). Let q>.(t) be the i-th special 

central dispersion of (q^ '), for i = 0,l,...,m-l. Let y be an 
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arbitrary solution of this equation, c be its zero. Let x be an 

arbitrary point in the interval (a,a __.) such that x<c<^p(x) 

or an arbitrary point in the interval (a . ,b) such that 

<_& .,(x_< c<x. Then there exist Riemann inteqrals on the left 
* m-iv ' . 
sides of formulas (28) and (29), for c <fi a __. formulas (30) and 
(31) and there is fulfilled the validity of 

Ík(X> y ' 2 ( c ) & 4>_(C) , 
I -_ Z__ - _ dt 

J
x
 L y ( t ) i -o ( t - 4 _ ( c ) ) ~ -

k - l 

= ____Ф_(С) r x — i - — -
i -0 L Ф к ( х ) - ф . ( с ) ф 0 ( х ) - ф . 

for x € ( a , a m _ k ) , 

(c) 

(28) 

r e s p . 

d t =-fk ( x )r __!_________: __ÍÍ___L_1 
J L y 2 ( t ) i-k+1 ( t - d í ^ c ) ) 2 - 1 

m 

•- L d?k(x)-d}.(c) d i m ( x ) - d j . ( c ) a 
i-k+1 

- к • ' * ì% - * m - ' * 

f o r x Ê ( a m _ k . b ) , ( 2 9 > 

r ( ° ' f Q-l-Ź фj l c ) _]•_• 
_ L y 2 ( t ) i-0 ( t - ф _ ( c ) ) - ł 

= _ i ^ k < c > + _____ Г Ф _ ( c > 
2 ф*(c) + i-o L ф k (c) -ф_ Jc> 

ft+l(c> 

Ф0(
c> - ^ І + I ( ° > 

f o r c Є ( a , a m _ k ) , 

2 1 1 

] (30) 



? k ( c ) ' 2 / x m c b ' t r . ч 

J [ L - l - Z ф_(" , ]- . 
c L y 2 ( t ) i-k ( t - ф . ( c ) Г J 

* m ( c > - $ i - l ( c > 

for c Ê(a f f l_k,b) 

where <f m = <p Q = t f o r a l l t € j« 

i Фj____> + £2 г ^ ( c ) 

2
 <§k(c)

 +
 i=k

+
l Lф

k
(c) -ф_(c) 

Ф__
x
(c) 

(31) 

/ 

( 1 ) 
Pr£of_. For every equation of type (qK ' ) , for its arbitrary 

solution y and for the points x,c of the mentioned properties 

there are fulfilled the assumptions of Lemma 2, i.e. it holds: 

1) For all xe(a,a m__ k), cc(x t.$(x)) such that ^(x) £ 0, 
y(c) = 0 there always exist in the interval j the points x. = 
88 7^_(x) for - = l|2,...,k and the points c. = ^.(c) for i = 1, 

2,...,k-l, where the function .̂ (t) is the i-th central dis

persion in terms of the definition stated in fl"]- There are thus 

fulfilled the assumptions of Lemma 2 and the Riemann integral 

fk(x) 
f. ..(t)dt exist for x€(a,a , ) , k = l,2,...,m-l, whose K — JL m — K 

value is given by (16). With respect to the definition of the 

special central dispersions there is satisfied (^(x) = (p .(x) 

for i = 1,2,...,k, T \ ( C ) = $±{c) for i = l,2,..,,k-l, at the 
points x and c, from which clearly follows the validity of (28). 

2) For all x € ( a m - k , b ) , c € (<fm-1(x), x) such that y(x) /- 0, 

y(c) = 0 there always exist in j the points x. = /^_(x) for 

i = 1,2,...,k and the point c = ̂ ( c ) for i = l,2,...,k-l, 

where (r°_. (t) is the -i-th central dispersion in terms of the 

definition stated in [l]o So, with respect to the validity 

^m~l( x) = v-l( x) = /7-i(x) t n e r e a r e satisfied the assumptions 
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of Lemma 2 and the Riemann integral J f . 1(t)dt exists 

x 

for x£(a ,,b), k = l,2,...,m-l, whose value is given by (16). 

With respect to the definition of the special central dispersions 

and to the fact that they form a finite cyclic group of order m, 
there is fulfilled ^ ± ( x ) = $m_±(x) for *• = 1,2,...,k, and 

if .(c) = <f) _.(c) for i = l,2,...,k-l at the points x and c, 
from which, with the equality $ Q(t) = <£m(t) = t for t c j, 
there follows also the validity of (29). 

3) For all c£(a,a m_ k), x ej such that y(c) = 0, y(x) / 0, 

x < c < <p(x) there always exist in j the points x. = J^.(x), 
ci = ^i( c)' for i = --,2,••.,!<, where ¥±(t) is the i-th central 

dispersion in terms of the definition stated in [ij. So, the 

assumptions of Lemma 2 are fulfilled and the Riemann integral 

yk(c) 
f(<(t)dt exists for c€(a,a k ) f k = l,2,...,m-l, whose / 

value is given by (17). With respect to the validity of if'. (x) • 
= $i( x)* f±(c) = $ ±(

c) for i = 1,2,...,k there clearly fol

lows also the validity of (30). 

4) For all x € j, cfifa^.b) such that y(x) /- 0, y(c) = 0, 

<h 1 ( x ) < c < x there always exist in j points x. = jf. (x), c. • 
= ]rl-(c) for i = l,2,..0,k, where <f_. (t) is the -i-th central 
dispersion in terms of the definition stated in [l]. So, with 

respect to the validity of <p *(x) = <p*(x) • Ŝ  i(x) there 

are fulfilled the assumptions of Lemma 2 and the Riemann in-

/ -k< c > 
tegral J f.(t)dt exists for c£(a i,b), k = l,2,...,m-l, 

whose value is given by (17). With respect to the validity of 

^-i(X> = #m-i( x)' £i(c> = ^m-i(°) for i = 1 » 2 » - - - k with 

the equality ^ Q(t) = _5 (t) = t for t € j, there also follows 
the validity of (31). 

Let us now return to the set Qx of all carriers of the 
( 1 ) * 

equations (q^ ') with the same fundamental special central 

dispersion of the first kind <£ (t) and to the bundle I of all 

solutions y of these equations, having the zero c in common. 
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On the basis of the validity of the foregoing three Lemmas we 

are able to express a Theorem collecting together the common 

properties of elements from the bundle of integrals I • 

Theorem 2 

1) For all elements y of the bundle I ' belonging to the 

set Qi there exist Riemann integrals stated on the left sides 

of formulas (28), (29), (30), (31) whose values are invariant 

with respect to the elements of the bundle I • 

2) The quotient of derivatives y'/V °f t w o arbitrary 

elements y, y c l is at all modes of the bundle equal to the 

same constant «A . 

3) For any two elements y, y € I and for all te j, 

t J* aM . there is fulfilled the relation 7 m-K 

f \I!I21.)L1LS1-\A1: m o (32) 

% L y ( T ) 72( T ) J 

Proofs 

1) The first part of this statement immediately follows 

from ,(28), (29), (30), (31), of Lemma 3. The right sides of 

these relations do not depend on a concrete element y 6 I but 

merely on the values of here presented special central dispers

ions ancj their derivatives, whereby no dispersion has its point 

of discontinuity on the corresponding interval (a>a
m„k) o r 

(a k,b) and all dispersions represent the functions of class 

c( ) on the given intervals. 

2) The second part of this statement follows from (12) [4] 

giving expression to the derivatives of the special central 

dispersions of the first kind at the zero of the solution y, 

This evidently implies 

Y#(c) , -- T(c) , 
y'(#k(c)) y('#k(c)) 
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for c /- a . , k = O,l,..0,.m-1 and thus also 

Y#(c) -, £lB± _ A 
y'(c) y(c) 

for arbitrary two modes 0,0" of the bundle I . 

3) From the inequalities (28), (30) or (29), (31) then 

follows the validity of (32) for all t € (a,a , ) satisfying the 

inequality t -- c<<p(t) or for all t€(a k*k) satisfying the 

inequality g> *(t)<c -* t. For the other tC(a,a . ) there 

always exists a zero c" of the solution y such that the ine

quality t --'c<^(t) is valid and also for the other t « ( a ,,b) 

there always exists a zero c of the solution y such that the 

inequality <rm-±(t)< c -* t is valid. Thus relation (32) is sa

tisfied again for the mode "c or c. With respect to the expres

sion y'2(c) m*± y'2(c), y'2(c) - ^ y ' ^ c ) or y'2(S) --^ 2y
# 2(c), 

y* (c) - ̂  y' (c), where ^ l f ^ 2 are constants, the equality 

(32) is true for all t € j, t /- am_k-

The common properties of arbitrary elements y, y of the 

same bundle of solutions I corresponding to the set Q& are 
collected together in Theorem 2. Now our interest will centre 

upon the question whether the given properties of the couple 

of solutions y, y with the same zero c of the corresponding 
(±) —•(!) — 

equations qv ', (qv ') ensure the carriers q, q to belong to 
the same set QA . This question is replied by the following 

Theorem 3. 
""—"""•"•"•""—""" M ) —(1) 

Consider differential equations (qv ; ) , (qv ') 1-special 
of type m on the interval j. Let y and y be arbitrary solutions 

t\) —(1) 

of the equations (qv ;) and (qv ; ) , respectively. Suppose these 

solutions have all their zeros in common and that the quotient 

of the derivatives y#: y* at these zeros is equal to the same 

constant »X . Suppose further that at least one of the following 

relations 
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i ( t ) 
J M T-ZT—]dT=0, (34) 

t Ly ( n ^ y ( ? ) J 

i ( t ) 
Jt LY (T) A y2(T) J 

is satisfied 'for all ttf (a.a - ). Then the fundamental central 
t m-1' j, 

dispersions >̂ (t), X (t) and thus also the functions Srk(t), 

X ( t ) for k«|o,l,..o,m-l| relating to these equations coincide 

in their whole domain of definition. 

— (1) 
Proof_. If y and y are solutions of the equations (qv ') 

and (cp '), respectively, and these solutions have all their 

zeros in common, then <£k(c) = 5 k(c) holds, where is an ar

bitrary zero of them, c /- am_k# k € (o,l, . .. ,m-l } . Some we 

need to prove the equality i k(t) • $ k(t) for t different from 

the zeros of the solution y, t f ^ - k ' 

1) In proving the equality <p(t) • ^ (t) on the interval 

(a,am-1) we proceed from (18), Lemma 2. The validity of ^(t) • 
58 T(t) on this interval implies the validity of 

$(ť) 

У*(Г) y""(c)(Г-c) 
f f_í * l d Г -

J L V У 2 Ѓ Г Ì v'гtrЛt T -r\Z J 

1 Г JL 1 1 

Г 2 ( c ) L c-t c - ф ( t ) J 

+ —— £- cotgo<0[^(tjj + cotgo(0(t)] , 

(36) 

where °^0 is the first phase of the equation (q( ') satisfying 

the initial conditions 

oiQ{c) =- 0,. o(*(c) = 1, <*£(c) • 0 . 
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Assuming next, say, the equality (34), we obtain the equality 

of integrals 

£(t) ,2 <£(t) _ o 

{ 1/(7) (r-c)2J J ly2(T) 

] d r (37) 
(Г-c)

2 

for t € (a,a m - 1), the zero c€(t,$(t)) and, with the respect to 

the validity of (36), also the equality 

- cotg</0(t) + cotg oCQ[$(t)] = - cotg5Q(t) + 

+ cotg<rfn[£(t)] (38) 

where c\n and <A are the first phases of the equations (q̂  ') 
—(IT and (qv ') satisfying the above conditions and it holds 

$(t) € (c,<p(p)) and thus also <$( t) C ( c, <$ (c)). On account of 

the fact that the points t and $(t) are 1-conjugate points of 

the equation (q( '), the left side and thus also the right side 

of (38) are equal to zero. The points t, -0(t) are again 1-con-

jugate points of (qv ') and with respect to the validity of 

SP(t)e (c,$(c)) we have # (t) = <$ (t) for all t €^(a, am_-1). 

With respect to the validity of ^ k ( t ) = <$ (t), # k(t) m 

a $ (t) on the interval (a»am_k)i there is also satisfied 

$k(t> - ? k ( t> . 

2) In proving the equality <p(t) • <J>(t) on the interval 

(a l fb) we could analogously proceed from a relation corres

ponding to (18) for a negative k. This, however, is no more 

necessary. From the validity <p (t) = <p (t) on the interval 

(a,a M 1 ) there namely follows the validity
 <r-1(t) •

 <r-1(t) 

on the interval (a1#b), whence on account of the fact that 

*-*(?J :J-(^){t) = *%"k)W' *k(*) - ^-(m-k)(t) -
= ylj- ;(-t) for t€(am__k,b) also the validity<pk ( t ) 

" ^ k ^ o n t n e inter*val ( a
m - ki

D)-
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Our further consideration will be directed to investigating 
(1) — (1) 

the mutual relation between the carriers of (qv ' ) , (qv ') be
longing to the same set Q^ . In analogy with [l] we will consi
der here the following quotient function 

p ( t ) = 

vm 
y(tî 

Zш 

for t«j different from all modes c 
of the bundle I 

c 

at all modes c of the bundle I 

for two arbitrary elements y, y of the bundle I and will in

vestigate the properties of the function so defined. 

1) The function p(t) is everywhere positive or everywhere 

negative in j according as y'(c) : y*(c)>0 or <. 0. 

Proof^. The property follows from the fact that the solu

tions y(t) and y(t) have all their zeros in common. The solu

tions y, y have between any two neightbouring zeros either the 

values with always the same or opposite signs, accordina as 

y'(c) : y'(c)> 0 or < 0. 

2) It holds p[$
k
(t)] • P(t) for all t e j , t /- a

m
_

k
, 

where k €{o,l,0..,m-l] , a • b. 

Proofo The validity immediately follows from (39) and (12) 

[4] giving expression to the derivatives of the special dis

persions of the first kind, 

3) The function p(t) belongs to the class C^ ' for all 

t«J. 

Proo£. The function p(t) is continuous for all t € j . The 

continuity for t different from the zeros c follows from defi

nition (39), whereby we find on making use of L*Hospital#s 

rule that the limit of the function p(t) is equal to the func

tional value p(c) at every zero c of the solutions y, y. 

Evidently, the function p(t) (except for zeros c) is continu

ously twice differentiable and it holds 
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p' - "% , (40) 
y 

P" = ( q - q ) P - 2 ^ P ' , (4i) 

for t /- c, where w • yy* - y'y. On making use of L*Hospital's 

rule, we obtain 

lim p'(t) = 0, lim p"(t) = |[q(c) - q(c)]p(c) (42) ir~, 

t-»c t-»c 

which, however, corresponds to the values of the derivatives 

of the function p(t) at the points c expressed in (39). Con-
(2) 

sequently, the function p(t) belongs to Cv (j). 

4) It holds p(c) = 0. 

£roof_. The validity immediately follows from the expresion 

of the derivative p'(t) at the zero c of the solutions y, y. 

5) The function p(t) satisfies throughout the interval j 

except for t ̂  a , the following relation r ' m-K ° 

p ' ( t ) p - ( c ) ' y*(t ) 

x k ч ' 

f Г -~- ф—] " 2 1 - d t = ° < 4 > 
1 L p - ( t ) p-(o)J yг(tl 

where the function under the integral sign is everywhere con

tinuous and its limit at the mode c has the value -p"(c) : 

: [p
3
(c)y'

2
(c)] . 

ProojN The validity of (43) directly follows from (32) of 

Theorem 2. On making twice use of L*Hospital*s rule we come to 

the limit and to the continuity of the function under the in

tegral sign. 

By means of the quotient function p(t) of the properties 

1) through 5) and by an element q of the set Q& we may express 

another element "q of the set Q * as it is stated in the follow

ing Theorem. The sufficient properties of the function p(t) to 
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s 

dering the general form of the carrier "q by means of the known 

carrier q may be presented here in a somewhat weakened form, as 

apposed to the properties 1) through 5). 

Theorem 4. 

Suppose <P(t) is the fundamental special central dispersion 

of the equation (qK ' ) , that y(t) is an arbitrary solution of 

this equation and that c is an arbitrary zero of the solution y 

from the interval (a,a 1 ) . Then all carriers q of the equation 
— ( 1 ) m 

(qv ') with the same fundamental special central dispersion 
equal to the function y(t) are determined by the relation 

q =. q + £l + £Y_ P— (44) 
^ M p p y ' v ' 

where p is an arbitrary function with the properties 1) through 

5) given in (45) below, and where the value of the last summand 

2y*p*:(py) at the point c is given by the quotient 2p"(c):p(c). 

1) p(t) ̂  0 for tfi j 

2) p[$(t)] = p(t) for t €(a-am-1) 

3) p(t)€C^2)(j) (45) 

4) p'(c) -= 0 

•(c) 
5) f [-ji gi—1 -*r— dt - 0 f o r c i ( M 4 ) 

{ lP2(t) P2(c)jy2(t) 

Proof̂ . 1) If the carriers q, "q are likewise the elements 

of the same set Q A and the solutions y, y likewise the elements 

of the bundle I belonging to the set Q^ , then the function p(t) 

defined by (39) evidently satisfies the equations 1) through 5) 

from (45). Then the validity of (44) directly follows from the 

equality (41). 

2) Suppose conversely the function p(t) with the properties 

1) through 5) stated in (45). Then the function y(t) = p(t)y(t) 

represents a solution of the equation (op ') determined by the 

initial conditions y(c) • 0, y'(c) = p(c)y*(c). The property 1) 
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ensures hereby the coincidence of the zeros of the solutions y, 

y and along with the properties 2) and 4), utilizing the rela

tion y* • p'y + py", it ensures the same value of the quotient 

of the derivatives y'(c) : y*(c) • p(c) in all zeros c relative 

to these solutions. Denote now by F(t) the function under the 

integral sign of 5) from (45). We known from the foregoing that 

this function is continuous in the interval j, its value is de-
—3 1 —2 termined by the product p"(c)p (c)y (c) at,the point c, and 

Vi 

F[<£(t)] $'(t) = F(t). 

From this we obtain 

$(*) 
r T 

J F(Г)dГ - o 
t -

for t € (a,a . ) , 

and from the validity 5) in (45) also 

<£(*) *(c) 
J F(Ddr == J F(r)dr = o , 

Thus the relation 

<£(*) 

i Ly (T) A y ( r ) J 

is fulfilled in the interval (a#a
m-i)# where Ji • l/p(c). So, 

the assumptions of the Theorem 3 are fulfilled. From its vali

dity we then have C[€Q,A . 

Example. 

Consider the differential equation 

1 m 2 

Y" - 2 2
 Y (46) 

(l+t
2)2 
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where m -t 2 is a natural number, t€(-co,+ co). Inserting 

Yl = * + 1 s i n ( m arct9 t) 

Y2 = Irt + 1 cos(m arctg t) 

into (46), we see that the functions Y*, Y? are independent 

solutions of (46) for t€(-oo,+ co). 

We know from [2] that this is a 1-special equation of fi-

nity type m on the interval (-00,+co), with the 1-fundamental 

sequence 

„ (m-l)? «. (m-2)^ „ T 
cotg •- - , cotg * - ,..., cotg , 

m m m 

and that the function xk(t) defined by 

#k(t) = tg(arctg t + iLjL) 

for k€{o,l,...,m~lj maps the zero c of an arbitrary solution 

Y onto the left lying k-th zero of the same solution, if any. 

In the contrary case it maps c onto the right lying (m-k)-th 

zero of the same solution. It holds thereby 

lim<$>k(t) = +co, lim#k(t) m -00, 

t*(cotg-£)~ t+(cotg!-f) + 

lim$k(t) . lim#k(t) - cotg (
m ^ ) J 

t++ 00 t*-oo 

The functions x k(t) satisfy the properties 1) through 6) in 

(5), they form a finite cyclic group and represent the special 

central dispersions of the equation (46). On the basis of this 

example we may formulate the following 

Corollary 2. 
^ —Yl} 

All carriers q of equations (qv ') defined in the interval 
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(-co,+co) with the same special central dispersion equal to the 
function 

<£(t) =- tg(arctg t + JjL) 

are determined by the relation 

q(t) = J^L- + 21L1±+ (47) 

( l + t ^ r P ( t ) 

+ — P • M — „ (t + m cotg(m arctg t - m arctg c)) 
P(t) l(tSi) 

where c is an arbitrary point of the interval (-co, cotg(J"/m)) 

and p(t) is an arbitrary function having the following pro

perties 

1) p(t) /- 0 for t€(-co,+ co) 

2) p[tg(arctg t + JL-)] =. p(t) for t€(-oo,cotg X-) 

3) p(t)€C(2) for t € (- GO,+ oo) 

4) p'(c) = 0 

tg(arctg c+-i-) 

5) f [-— J=—] —z -s L^^^^^^. dt = 0 
i P {*) P (c) (t +l)sin (m arctg t-m arctg c) 

Proo£. The general solution of the equation (46) is expres

sible in the form 

Y = c- |ft +1 sin(m arctg t + c2) , 

where c*, c2 are real numbers. 

Then 

cl r i 
Y' • — t sin m(arctg t+c2)+m cos(m arctg t+c2)J 

|rt2+i 
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Y и • . Ł- -г- f s i n m ( a r c t g t + c 5 ) ( l - m 2 ) ] 

Choosing a particular solution y of the equation (46) in the 

form 

y = |f t +1 sin(m arctg t - m arctg c) , 

we see that it is a solution satisfying the initial conditions 

y(c) = 0 , y*(c) =
 m

 , 

fJ7± 

and the quotient y'(t) : y(t) is given by the relation 

Y -- "I = — 5 J t + m cotg(m arctg t - m arctg c)J . 

y(t) (t%l)
 L 

The validity directly follows from the statement of the pre

ceding Theorem 4. 

Remark. 

In the assumptions of Theorem 3 and 4 there were utilized 

the definition and the properties of the fundamental special 
(1) 

central dispersion of the 1st kind relative to (q
v
 ') on the 

interval ( a > a

m _ ± ) » only, where the function $ ( t ) coincides 

with the fundamental central dispersion Y(t) in terms of the 

definition stated in [ l j . The assumption of a one-to-one re

verse mapping of the interval (
a

m
_ i » b ) onto the interval (a,a,,) 

is not utilized here. For this reason, it is evidently possible 

to utilize the wording of the above theorems also for the equa

tions (q) of finite type, which are not 1-special in their 

interval of definition. 
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ROVNICE y" • q(t)y KONEČNÉHO TYPU, 1-SPECIÁLNÍ, 
S TOUŽ SPECIÁLNÍ CENTRÁLNÍ DISPERZÍ 1.DRUHU 

Souhrn 

V teorii centrálních disperzí lineárních diferenciálních 

rovnic 2.řádu, podrobně rozpracované v monografii £lj 0.Borůvky 

byly vyšetřovány vlastnosti oboustranně oscilatorických rovnic 

typu 

y" = q(t)y (q) 

které mají na svém definičním intervalu tutéž základní centrál

ní disperzi 1.druhu. V článcích [3] a [4] zavedla autorka jisté 

zobecnění pojmů centrálních disperzí pro rovnice (q) konečného 

typu m «- 2, 1-speciální na definičním intervalu j = (a,b), 

q(t)€C (j), (značené (q^ ^)) prostřednictvím definic spe

ciálních centrálních disperzí jednotlivých druhů a diskutovala 

podmínky a vlastnosti takovýchto zobecnění. 

Text tohoto článku je věnován bližšímu určení množiny no-
í 1 ) sičů rovnic (qv ') s touž základní speciální centrální disperzí 

1.druhu 4?(t), Osou uvedeny postačující vlastnosti obecné funk

ce, aby tato mohla představovat základní speciální centrální 

disperzi 1.druhu, je hledán vztah mezi nosiči q, q rovnic 

(q ) (q )» P r o l<teré platí <$>{t) = <f>(t) na celém definič

ním oboru těchto funkcí. 

P Є 8 Ю M Є 

ОВ УРАВНЕНИЯХ у"=д(т,)у КОНЕЧНОГО ТИПА, 

1-СПЕЦИАЛЬНЫХ С ТОЙ ЖЕ САМОЙ СПЕЦИАЛЬНОЙ 

ЦЕНТРАЛЬНОЙ ДИСПЕРСИЕЙ 1-ОГО РОДА 

В теории центральных дисперсий для линейных дифференци

альных уравнений 2-ого порядка основанной на литературе [1] 

225 



расследованы свойстве уравнений 

У"*ч(Ъ) У (ч) 

с осцилирующими решениями и с той же самой центральной диспер

сией 1-ого рода. В статьях Гз] и С4 ] введены обобщения поня

тий центральных дисперсий для уравнения (<%) конечного типа 

т > Л специального на промежутке определения $ * (а,Ъ), 

я("Ь) € С (,з) , посредством определений специальных центральных 

дисперсий отдельных родов и расследованы свойства этих обоб

щений. 

Текст этой статьи намерен к определению множества урав

нений с той же самой основной специальной дисперсией 1-ого 

рода ф(Ъ). 
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