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1. Introduction 

We consider a system of nonhomogeneous linear different

ial equations 

y' - A(t)y + f(t) (1) 

with A:R —> R n* n an almost periodic square matrix function of 
order n and f:R —• Rn an almost periodic vector function of 

order n, n £ 2. Besides (1) we consider system 

x' = A(t)x . (2) 

As is well-known from by Favard [2j (see e.g. also [7j 

Theorem 18.2, p.207, [6j Theorem 4.2.2, p.180, [3j Theorem 4, 

p.218) there exists an almost periodic solution of ( 1 ) if has 

a bounded solution (on R) and every nontrivial bounded solution 
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x of the system x* * B ( t )x s a t i s f i e s i n f | x ( t ) | | > 0 for every 

B € H ( A ) . t € R 

This paper presents sufficient conditions for even every 

bounded solution of (1) to be almost periodic. This result is 

then used to establish sufficient conditions for almost pe

riodicity of every "bounded" solution of nonhomogeneous n-th 

order linear differential equations. 

2. Basic concepts, notations, lemmas 

We assume the matrix function A:R —* Rn*n (n * 2) to be 

almost periodic (i.e. AcC(R,R n* n) and for any sequence {h \, 

h € R, there exists a subsequence jh I such that / A ( t + n
n ) \ 

is uniformly convergent on R) and f:R — » R to be the almost 

periodic vector function (see e.g. [l]f[3j,[5j - [7J). 

Let H(A) be the hull generated by A and H(f) be the hull 

generated by f (i„e. B€H(A) (gdH(f)) if and only if there 

exists a sequence fhn}, h n€R, such that lim A(t + hn) • B(t) 
n-*co 

(lim f(t + h ) = g(t)) uniformly on R). It holds: if B£H(A) 
n-*co n 

(g€H(f)), then H(B) = H(A) (H(g) - H(f)). 

Next we assume: 

(i) the space of bounded solutions of (2) has dimension m, 

1 i m < n; 

(ii) the space of bounded solutions of system 

x' - B(t)x, (BCH(A)) (3) 

has dimension m, for every B$H(A); 

(iii) every nontrivial bounded solution x of (2) satisfies 
inf I|x(t)lJ > 0 . 
t«R 

By xi'««°Fx
m
 w e understand linearly independent bounded 

solutions of (2). 

Lemma 1. Let BCH(A), Then, there exists a sequence {h |, 

h € R, such that 
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lim A(t+h ) = B(t) (4) 
n-»co 

uniformly on R*. 

lim x (h ) = a., i=l,2,..0|m (5) 

n-*oo 

and 

lim xi(t+hn) = x*(t), i=l,2,...,m (6) 

n-*co 

local-uniformly on R, where x* (1=1.2,...fm) are linearly in

dependent bounded solution of (3), x*(0) = a., and every non-

trivial solution x* of (3) satisfies inf llx*(t)l|>0. 
tcR 

Proof. From the fact that B€H(A) there exists a sequence 

{hi, h € R, such that (4) is uniformly on R. It follows from 

the boundedness of x.,...,x that we may without loss of gene-
1 m 1 j 

rality assume the validity of (5) (refining the sequence jh j 

if necessary). From Theorem 2.4 [4], p.15, we obtain (6) local-

uniformly on R, where x? are bounded solutions of (3), x.(0) = 

= a. (i=l, 2, . .. ,m). We now prove x? (1=1,2, ... ,m) being linearly 

independent solutions of (3). In the contrary case there exist 
m p 

c.-R (i=l,2, .. . ,m), ^E2ci > 0, such that 

m _ 
YZ c±x*(t) = 0 for tfi R. 

___ v| t 
Set x := 2. » cnx_. . Then x is a nontrivial bounded solution of 

i= l x x 

( 2 ) . Then assumption ( i i i ) y i e l d s i n f l lx ( t ) | | i>0 c o n t r a r y to 
t«R 

lim x(t+h ) = 0 local-uniformly on R. It remains to prove that 
n-»oo 

every nontrivial bounded solution x* of (3) satisfies 

inf llx (t)||>0. With respect to assumption (ii) we see that 
t«R 

x* (1=1,2,...,m) form a base of the space of bounded solutions 
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x* of (3) 

of (3) wherefore we have for every nontrivial bounded solution 

(3) 

x* = ZJ d±x* , 
i=l 

with d.C R. sZ d. >0. Then x := ̂  ,d .x. is a nontrivial bounded 

solution of (2) and inf l|x(t)lj>0. In view of the fact that 
ttR 

lim x(t+h ) • x*(t) local-uniformly on R we obtain 
n-KD 

inf llx*(t)|| >0. 
t€R 

Definition 1. A set .fi C Rn+ is called the integral set 

of bounded solutions (ISBS) of (2) ((1)) if: 

a) (t,x(t))C ±1, t 6 R, for every bounded solution x of (2) 

((*)). 

b) (t o,x o)cXi then there exists the bounded solution x of 

(2) ((*))* x(tQ) -- xQ and ( t , x ( t ) ) € . f l for t«R. 

Convention. We say that h:R —* Rn lies in a set Q C Rn 

if (t,h(t))c Q for t CR. 

Remark 1. Let Q be the ISBS of (2). The a function 

h: R —» R lies in xL if and only if there exists functions 
c i : R """"* R (ias1'2' • • • »m) such that 

h(t) « ZZ c.(t)x. (t) for t CR. 
i=l 1 . 

Lemma 2 . Let X I be the ISBS of ( 1 ) , y a s o l u t i o n of (3 ) 

l y i n g i n i l and l e t f o r a sequence { n
n } * h R € R , 

l i m A ( t+h ) = B ( t ) , l i m f ( t + h ) - g ( t ) 
n-*co n-*oo 

u n i f o r m l y on R and l i m y ( h ) « a, a e R n . Then 
n->oo 
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lim y(t+hn) - y
K(t) (7) 

local-uniformly on R, where y* is a solution of the system 

y' • B(t)y + g(t), (8) 

y*(0) =. a.-

If H * is the ISBS of (3), then y* is lying in O*. 

E,r£°£* The first part of Lemma 1 follows from Theorem 2.4 
[4], p.15, 

Suppose y = col(yi#y2, „. ., y ) to lie in .12 . Then 

y(t) = ZZc (t)x (t) , t<£R . (9) 
i=l 1 x 

with c.:R —*R (i=lf 2f ... . f m). Let tQ€R. It follows from the 

boundedness of x^ = col(x;1 ., x2±, ... ,x . ) (i=l,2, . .. ,m) that 

there exists a sequence (h j selected from (h { such that 
K 

l i m x i ( t Q + h n ) , i - l , 2 , . . . , m , 
n-#oo k 

exist. Of course, we then have from Lemma 1 

lim x (t+h ) = x*(t), i=l,2,...,m, 
k+oo x nk 1 

local-uniformly on R, where x* • col(x*.,x* ,*..#x*.), i»l,2,.. 

. ..m, are linearly independent bounded solutions of (3). There

fore the rank of the nx m matrix 

( " i t V . ^ ( t
0 ) . - - . . < ( t

0 ) ) 

is equal to m. From this matrix may then be selected m rows so 

that the obtained m x m matrix S is regular0 For simplicity let 

S be formed by the first m rows 

S - (^i(t0))j,i=i (det S / 0), 
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Setting s. := det (xs,(t +ln J)1? . - yields lim s. • det S j* 0 
K J ° nk J'138,1, k-voo 

and therefore s. ^ 0 for sufficiently large k. It is possible 

for there k from the system of linear equation 

yJ(Vhnk>
 = S C i ( V h n k ) X J i ( t o + h n k ) ^X'2"--'m' <10> 

(as obtained from (9)) to express ci(t +h ) by Cramer's rule 

using y.(t +h„ ) and x..(t +li ). From this expression it is 
9 'ix o n. ' jiv o n. ' r 

apparent that there exist lim ci(t +h ) (=: c.(t )) (i»l,2,.. 
k->oo k 

, ,m) and passing to the l i m i t as k —• oo i n (10) we get 

m 

i = l 
yM(to) a§ Ci ( to ) X? ( to )* 

Consequently (tQ,y*( tQ) )£ jQ* for t QCR, thus y* lies in 0 * . 

Corollary 1. Let JQ be the ISBS of (2). If a bounded so

lution y of (1) is not lying in 11, then no bounded solution 

of (1) is lying there. 

ProojN Every bounded solution w of (1) is of the form 

w - y + Z-.C.X., 
i-»l x x 

with c.CR (i=l,2,.. .,m). If for a t € R we have (tQ, y(tQ) )^X1, 

then (t0,w(to))^ £1. Contraryviee if (tQ,w(tQ))< £1, we get 

( V ^ V -?-? cixi(
to^€ &• Hence (t

0'Vtt0)*n. This contra-i—1 

diction proves Corollary 1. 

Corollary 2. Let XI be the ISBS of (2) and let for a 

sequence {h }, h 6R, 
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lim A(t+hp) - B(t), lim f(t+hp) • g(t) 
n->co n-*oo 

uniformly on R. Let JT£ be the ISBS of (3). 

If a (and then every) bounded solution of (1) does not 

lie in -XI., then no bounded solution of (8) lies in llu. 

Proof. Assume a (and by Corollary 1 every) bounded solution 

y* of (8) be lying in .ft!*. Then there exists a subsequence 

{ n
n J of {n

nl
 sucn tnat 

lim y*(t-h ) • y(t) 
k-»co nk 

local-uniformly on R, where y is a bounded solution of (1). 

By Lemma 2, y lies in XI, which is (with respect to Corollary 

1) contrary to our assumptions of Corollary 20 

Lemma 3. Let fi be the ISBS of (2). If a (and then every) 

bounded solution of (1) lies in X2, then there lies the function 

f also. Conversely also, if the function f lies in 11, then 

there exists a solution of (1) lying there also. 

Proo£. Let y be a bounded solution of (1) lying in XI. By 

Corollary 1 every bounded solution of (1) lies in £1 so that 

we may without any loss of generality assume y(O) • 0. Let Y be 

a fundamental matrix of (2) and the first m columns of Y be 

linearly independent bounded solutions x-,x2,...,x of (2). Then 

ÍГ y(t) « Y(t) f Y~
A
(s)f(s)ds for t c R. 

•-/ 
Set c(t):= | Y (s)f(s)ds for t€R. Let c = col (c1#c2,...,c ) 

and Y(t) = (x..(t))n . «, . By our assumption y is lying in XI 

and therefore 

n 
5~* xJi(t)ci(t) = 0 for t€R, j-1,2, ...fn. (11) 

i=m+l 
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With a fixed t (c R) we may consider (11) as a system of n 

linear equations having n-m unknowns c..(t)f j-=m+lf ... f n. Since 

the rank of the matrix of system (11) is n-mf then necessarily 

c.(t) « 0 for ttfR and j = m+lf0.0fm. Consequently 

t 

Y"1(8)f(8)d8 -= COl(C1(t)f...fCm(t)f0f...f0)1 

t 

/ 
o 

whence 

-1 Y"A(t)f(t) = col(cj[(t)f...fci;(t)fOf...fO) 

and 

f(t) - Y(t)col(c.{(t)f...fc*(t)f0 0). 

From this (f • col(flff2,...ff )) 

f,(t) - E c ^ t l x . - i t ) , tcR, j-lf2f...fn 
J i=l x J 1 

and f is lying in I] . 

Letting ( t , f ( t ) ) 6 . Q for t€R yields f(t) - Y(t)c(t) with 

C : R —» R
n, c -= col(clfc2f ..ofcm,0f ...0). If y(t) : = 
t 

:= Y(t) J Y"1(s)f(s)ds for tcR, then y is a solution of (1) 

r 
and from the equality y(t) • Y(t) J c(s)dsf t4 R, we obtain 

ô 
y(t) » 2L • x.(t) f c.(s)ds. Hence y is lying in IT. 

i=l 1 J x 

Results 

Theorem 1. Let A:R —* Rn*
n
 De an ai m o st periodic matrix 

function, f:R —» Rn be an almost periodic vector function and 

the assumptions (i) - (iii) be satisfied. Let .Q be the ISBS 

of (2) and f does not lie in XI. 
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Then every bounded solution of (1) is almost periodic. 

ProojN Let y be a bounded solution of ( 1 ) . By our 

assumption f is not lying in X I . Therefore, by Lemma 3, y is 
also not lying there. Suppose y is not an almost periodic 

function. Then there exists a sequence { n
ntt b € R, such that 

every subsequence of { y ( t + n
n ) l

 i s not uniformly converging on 

R. From the almost periodicity A and f and from the boundednet?,* 

of the solution y then follows the existence of a subsequence 
of {h | (using the same notation for simplification) such that 

lim A ( t + h n ) « B 2 ( t ) , lim f(t+h ) * g 2(t) 
n-» oo n-*oo 

uniformly on R and 

lim y(h ) • a ( € R n ) . 
n+oo 

On account of Lemma 2 we have 

lim y(t+h ) • y*(t) 
n-*oo 

local-uniformly on R, where y is the solution of system 

y' = B 2(t)y + g 2 ( t ) , (12) 

y*(0) « a. Since {y(t+nn)j is
 not uniformly converging on R, 

there exist: an £ > 0 , { t
n U

t
n € R # lim It !• oo) and subsequen-

n-»oo 
ces ( h k J, { h r j of { h n j such that 

n n 

l l y ( t n + h k ) - y ( t n + h r ) | | ^ £ . n - 1 . 2 . . . . (13) 
n n 

(see [ 5 ] , p.156) and besides 

l im A ( t + t n + h k ) * B ( t ) , l im f ( t + t n + h k ) • g ( t ) , 
n-*oo n n-too n 

l im A ( t+ t n +h ) • B ± ( t ) , l im f ( t + t +h ) • g - ( t ) f 
n->oo n n-#co n 
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uniformly on R0 We may prove that B • B*, g = g- analogous to 

[5] p.157. We may also assume (without any loss of generality) 

l i m y ( t n + h k ) -= cL , l i m y ( t n + h p ) . = / ? . 
n-> 00 n n-#oo n 

With respect to (13) then 

U - /*« - £ . (14) 

Next by Lemma 2 

lim y(t+tn+hk ) = y?(t), lim y(t+t +h ) = y£(t) 
n+ OD n n-#oo n 

local-uniformly on R, where y? and y* are bounded solutions of 

(8), y*(0) = (L , y^O) =/- , Letit be the ISBS of (3). From 

Corollary 2 then follows that y-, y2 are not lying in -fl* and 

therefore (tQfy*( tQ) )J / ] * for a t Q€R. Since y* - y* is a 

bounded solution of (3), we have (t0,y*(tQ) - y*( tQ) )£ .TL*. If 

(t0,y*(to))€il*, then necessarily (tQ, y ^ tQ) )fiil* which is a 

contradiction. Therefore (tQ,y*(tQ)) tf Ii*0 Setting X*: = {x*R
n; 

(t ,x)«jfL*j, yields X* (/ {oj) being proper subspace in Rn. 

Let X* be a complementary subspace to X* in Rn, V*(tJtSx!, 

X* © X* • Rn. From the fact that y£(tQ) - y*(t0)€ X*, there 

then exists a b€X^: 

y^o) = y^'o) + b- < 1 5 > 

We may express y?(t ) being uniquely in the form y?(t ) = u + v 

with u € X*, vcXp* Then, naturally, u • 0 and we get b • 0 in 

(15). Therefore y^Ct ) • v2( t
0) whence cG • (I contrary to (14). 

Consequently {y(t+h )? converges uniformly on R and y is an 

almost periodic solution of (1). 

Corollary 3. Let A:R —» ^n^n D e a n a i m o s t periodic matrix 

function and assumptions (i) - (iii) be satisfied. Let -Xi. be 

the ISBS of (2). 

If (1) has bounded solution for an almost periodic function 

f:R —P Rn, not lying in -ft. , then every bounded solution of (2) 

is almost periodic. 
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Proo£. Let y be a bounded solution of (1) with an almost 

periodic function f not lying in XI . Since x + y is a bounded 

solution of (1) for every bounded solution x of (2), then y 

and x + y are almost periodic functions by Theorem 1. Conse

quently x (*(x+y)-x) is an almost periodic function. 

Corollary 4. Let A:R —» Rn*n be an'almost periodic matrix 

function and assumptions (i) - (iii) be satisfied. Let the 

system 

y
# -s A(t)y + c 

have a bounded solution for every c«R n. Then all bounded so

lutions of (2) are almost periodic functions. 

Proof.. Let fl be the ISBS of (2) and C Q 6 R
n, (O,co)^fi . 

The system y* = A(t)y + c has a bounded solution and since 

the function f(t):=- c for t C R is not lying in XI, then, every 

bounded solution of (2) is almost periodic with respect to 

Corollary 3. 

Let us now consider a homogeneous n-th order (n Z 2) li

near differential equation 

x ( n ) + a1(t)x
(n"1) + ... + an(t)x = 0 (16) 

with a.:R —* R (i=l,2, . . ., n) being scalar almost periodic 

functions. Setting a(t):= col(a1(t),a2(t),...,a (t)), t€R, 

then a:R —* R is an almost periodic vector function0 As it 

well-known, equation (16) can be converted into a system of 

type (2)0 We introduce the following definitions for trans

forming the above results, holding for systems of linear dif

ferential equations, to the n-th order linear differential 

equationSo 

Definition 3. We say, a function g has the property (BD) 

if 

g:R —* R# g6 C
n" (R) and g^x'(t) are bounded functions 

(BD) 

on R (i=0,l,...,n-l). 
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Definition 4. We say, a function g has the property (BAD) 

if 

g:R —# R, g€ Cn~ (R) and ĝ  '(t) are almost periodic 

(BAD) 

functions (i«0,l,...,n-l). 

Definition 5. We say, a set -QcR n + 1 is the integral set 

of BD-bounded solutions (BD-ISBS) of (16) if (t,x(t),... 

.•..x^n"1^(t))c-Ti for t€R, for every solution x of (16) with 

the property (BD), and to every point (t .x ,•..,x «)e«fl 

there exists the solution u of (16) having the property (BD), 

u ( 1 )(t Q) « x± (i-0,l,...,n-l) and (tlu(t)(u'(t)l...Jut
n4'(t))€ 

cii for tc R. 

Assumptions (i) - (iii) for system (2) may be formulated 

for equation (16) in this way: 

(i#) the space of solutions of (16) having the property (BD) 

has the dimension m, 1 £ m.<n; 

(ii*) the space of solutions of the equation 

x ( n ) + b1(t)x
(n-1) + ... + bn(t)x • 0 

having the property (BD) has for every b:BCol(b«,b2,.•• 

...,b )C H(a) the dimension m; 

n~* i -n 
(iii*) inf ,S~~,|xu'(t)| > 0 for every solution x of (16) 

<-R *p: 
having the property (BD). 

Theorem 2. Let a • col(alfa2,...,aR):R —-# R
n be an almost 

periodic vector function and (i*) - (iii*) be satisfied. Let -d 

be the BD-ISBS of (16), p:R —¥ R be an almost periodic function 

and the vector function (0,...,0,p):R —* Rn be not lying'inii. 

Then, every solution of equation 

x<n> + a1(t)x(
n-1) + ... + an(t)x • p(t) (17) 

having the property (BD) has the property (BAD) as well. 

The 2T2PL follows immediately from Theorem 1. 

38 



Remark 2. If aifap.»«*.a
n
 a r e £-periodic and continuous 

(on R) functions and p is an almost periodic function, then 

(as is well-known form [l] p.423, [5j p.128) every^bounded so

lution of (17) is almost periodic. 

From Corollary 3 now immediately follows 

Corollary 5. Let a • colfa^,a2,...,a ):R 

almost periodic vector function and assumptions (i*) - (iii') 

be satisfied. Let -ft be the BD-ISBS of (16). If equation (17) 

has for an almost periodic function (0,...0,p):R — * Rn not 

lying in XI a solution with the property (BD), then every so

lution of (16) with the property (BD) has the property (BAD) 

as well. 

Corollary 6. Let a • col(a.« , a2, ..., a ) :R —* R
n be an 

almost periodic vector function and assumptions (i*) - (iii') 

be satisfied. If there exists a solution of the differential 

equation 

x ( n ) + a1(t)x
(n"1) + ... + a

n(t)x • 1 (18) 

having the property (BD), then every solution of (16) having 

the property (BD) has the property (BAD) as well. 

Proof. Let x- be a solution of (18) having the property 

(BD). Then Xp-^cx^ is a solution of the differential equation 

x(n> + a^tjx^""1) + ... + an(t)x = c 

having the property (BD) for all ccR. Therefore every solution 

of (16) having the property (BD) has also the property (BAD) 

as follows from Corollary 4. 

Summary 

Let A:R —* Rn*n be an almost periodic matrix function and 

f:R —-> Rn be an almost periodic vector function. In the paper 

are present sufficient conditions for every bounded solution 

of the system 
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y* = A(t)y + f(t) 

to be almost periodic. One in conditions required that f is 

not lying in the integral set of bounded solutions of the 

system y* = A(t)y. The results are applied to a derivation of 

an almost periodicity criterion of solutions for a nonhomoge-

neous n-th.order linear differential equation. 

Souhrn 

KRITERIUM SKOROPERIODIČNOSTI ŘEŠENÍ NEHOMOGENNÍHO JSYSTÉMU 
LINEÁRNÍCH DIFERENCIÁLNÍCH ROVNIC 
SE SKORCJPERIODICKÝMI KOEFICIENTY 

Necht A:R —- °n*n 

f:R —-> Rn skoroperiodická vektorová funkce. V práci jsou uve

deny podmínky, které jsou postačující k tomu, aby každé ohra

ničené řešení systému 

y' - A(t)y + f(t) 

byla skoroperiodická funkce. Oeden z předpokladů je, aby funk

ce f neležela v integrální množině ohraničených řešení systému 

y* • A(t)y. Výsledky jsou použity k odvození kriteria skoro-

periodičnosti řešení nehomogenní lineární diferenciální rovni

ce n-tého řádu. 

P Є 8 Ю M Є 

ПРИЗНАК ПОЧТИ-ПЕРИОЛИЧНОСТИ РЕШЕНИЙ 
НЕОДНОРОДНОЙ СИСТЕМЫ ЛИНЕЙНЫХ ДИФФЖРЖНЦИАЛЬННХ УРАВНЕНИЙ 

С ПОЧТИ-ПЕРИОДИЧЕСКИМИ КОЭФФИЦИЕНТАМИ 
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Пзгсть Аг К -* К03
"

1
 - почти - периодическая матричная 

функция
 9
 Г* К - * Н

П
 - почти - периодическая векторная функ

ция. В работе приводятся условия» которне достеточине для то

го
 9
 чтобн все ограниченнее решения системн 

у'« А(*)у + *(*) 

бмли почти - периодическими функциями. Одно нв условий пред-

пологает что Г нелехнт в интегральном множестве ограниченных 

решений системн У
#
* А(*)у • Рееультатн нспольеованн при 

внводу признака почти - периоднчеяостн решений неоднородного 

линейного дифференциального уравнения в-го порядка. 
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