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(Received April 30, 1988) 

In this paper we are concerned with the existence of so
lutions of the equation 

u"' = f(t,u',u"), (0.1) 

satisfying the conditions 

u(a) = u(t 1), u(t2) = u(t 3), u(t4) =- u(b), (0.2) 

where - oo < a < t* .1 t p < t 3 = *4 * b < +oo. For similar problems 

for differential equations of the second order, we refer to 

[7. 8j. 

Since the linear operator d /dt subjected to the condi

tion (0.2) has the zero eigenvalue, we cannot use existence 

theorems of the type of C o n t i (see Lemma 4). That is 

why we prove the proposition which guarantees the existence of 
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solutions of (0.1), (0.2) even for operators having the zero 

eigenvalue. By means of it we prove Theorems 1 and 2. 

Throughout the paper we use the fol lowing notat ions: 

R = ( -co , +co) , R • [o, +oo), N i s the set of a l l natura l 

numbers, D • [a ,b]*R , D+ • [ a , b ] x R ^ ; 

c± =» max | l t 2 - a l , | t 4 - t 2 | , I b - t 4 | } , c2 = m a x { l t 3 - a l , l b - t 2 | ] ; 

C ^ ^ a . b ) is the set of all real functions having the 

continuous i-th derivatives on [a,bj ; 

AC' '(a,b) is the set of all real functions having the 

absolutely continuous i - t h der iva t ives on [a ,b] ; 

L (a,b) is the set of all real functions f such that f1 is 

Lebesgue integrable on (a,b) ; 

Car, (D) is the set of all real functions satisfying the 

local Carathdodory conditions on D ; 

a.e. • "almost every" ; 

we say that some property is satisfied on D, if it is satis

fied for a.e. t * [a.b] and for all (x,y,z)cR . 

In the following the function f is supposed to be of 

Carloc(D) and the number X*{-l,l] . 

By a solution to (0.1), (0.2), we mean a function 

u€AC (a,b), verifying (0.1) for a.e. t^-fa.b] and satisfying 

(0.2). 

1. The existence results 

Theorem 1. Let there exist r€(0,+ co) such that on the 

set D there are satisfied the inequalities 

A.f(t,x,y,z).sgn x £ 0 for |x| £ r, (!•!) 

lf(t,x,y,z)| £ a)(t,|xl,iy|,lz|) , (1.2) 

where a) 6 Car-, oc(D ) is a non-negative function non-decreasing 

in its second, third and fourth arguments and 

br 
11m sup J j cu(t, f c^b-a). f ĉ , f )dt 4. 1 .. (1.3) 
fi * a> » / 



Then the problem (0.1), (0.2) has at least one solution. 

Corollary. Let there exist r€(0,+ oo) such that on the 

set D there are satisfied the inequalities (1.1) and 

|f(t,x,y,z)| g h1(t)Jx|+ h2(t)(y/+ h3( t) Jz|+ « (t, |x| + |y| + |z| ), 

(1.4) 

where h.€ L (a,b), i=l,2,3, are non-negative functions ful

filling 

b b b 

( h3(t)dt + Cl f h2(t)dt + Cl(b-a) J h1(t)dt < 1 , 
Ja Ja Ja (1.5) 

and <A)€Carn ([a,bJ*R+) is non-negative, non-decreasing in 

its second argument and 

i br 
lim F w(t,P)dt - 0 . (1.6) 

f *oo r i > 
Then the problem (0.1), (0.2) is solvable. 

Theorem 2. Let there exist r€.(0,+ oo) such that on the 

set D there are satisfied the inequalities (1.1) and 

|f(t,X,y,z)| < a1|x|+ a2|yl+ a3 jz| + o>( t, |x| + |y| + |z| ) , 

(1.7) 

where a.€R +. i=l,2,3, are such that 

i ^Z
CX + a

3 ( 2 / « * * ) c 2 ^ 3 

( 1 . 8 ) 

3 ^ ( 2 / ^ ^ c ^ c ^ b - a ) + a 2 (2 / Í Г ) 2 c 2 C l + a ( 2 / г * ) c 2 < 1 

and CO : [ a » b ] * R + —* R

+

 n a s the p r o p e r t i e s 

o l C , f ) € L 2 ( a , b ) f o r any { € R+ 

( 1 . 9 W 0) ( t , • ) € C(R+) i s non-decreasing f o r a .e . t € [ a , b j 

lim J (fcu2(t,^ Jdt)1 /2 = 0 . 
0 *CD 5 J > 
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Then the problem (0.1), (0.2) is solvable. 

Theorem 3. Let there exist a.€ R+ and h.< L (a,b), i=l, 

2,3, such that 

(b-a)[a1(2/jr)
3c2c1 + a2(b-a)/2 + a3] < 1 , (1.10) 

0<Ah1(t) i a±, |h2(t)| i a2, |h3(t)l < a3 

for a.e. t €[a,b] , (1-11) 

|f(t,x,y,z) - h1(t)x - h2(t)y - h3(t)zli 

= co(t,ix| + lyl + |z|) on D , (1.12) 

where a) is the function from Corollary. 

Then the problem (0.1), (0.2) has at least one solution. 

2. Preliminary results 

Lemma 1. ([3], Theorem 256, p.219). If f«AC(c,d), 

f#€L (c,d) and f(t ) • 0, where - oo < c i t £ d < +co, then 

d d 
Ӯ f

2
(t)dt ă [2(d-c)/î-]2 J f'2(t)dt 

-s 1 

Lemma 2. Let us suppose that a .€ R+ and h.€ L (a,b), 
i»l,2,3, satisfy (1.10) and (1.11). Then the equation 

3 

u'" » S h.ttju^1"1) (2.1) 
i=l X 

has only the trivial solution fulfilling (0.2). 

ProoK Since (1.10), 

a2(b-a)
2/2 + a3(b-a) * 1 . (2.2) 

Therefore, by (1.11), any nontrivial solution of the equation 

v"1 - h2(t)v* + h3(t)v" 
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has not more than 2 zeros on [a,b] (see [ll], p.157 or [5]f 
p.116). Therefore, in accordance to the Frobenius factori

zation (see [4], p.87 or [2], p.91-94), the equation (2.1) can 

be written in the form 

-777 < —777 ( —777 >'>' " M * ) " • P (t) Paí*) Pií*) 
(2.3) 

where p^c AC (a,b), p2,p3 C AC(af b) and p^t) + 0 for a - t i b, 
i-=lf2f3. 

Now, admitting to the contrary that u is a nontrivial so

lution of (2.1), (0.2), we get points ^uf «(2, ^_ such that 

u'Ki) • Of i«lf2f3f •C1«(afti), «C2C(t2ft3)f 

«C3C(t4,b) (2.4) 

and points fi^ /L such that 

u»(/J.) * 0. 1-1.2. /V(*l' *2>' ^2 C<*2' *3>- (2*5) 

Le,t us suppose that u(t) J 0 for a % t I b. In accordance to 

(2.5) the function ^(t) « (VP2( t) )(u
#/Pi( t) ) # has two zeros 

on (afb) and on the other hand from (2.3) it follows that f 
is strictly monotonous on (afb). This contradiction implies 

the existence of t€(afb) such that 

u(T) = 0 . (2.6) 
b 

Put fQm(f u- 2(t)dt)1/2. Since a < fl± < *2 < t3 and 

t2 < d2 < fl2 < b, we get by Lemma 1 

«2 *2 

J u"2(t)dt < [2(-C2-a)/>]
2 f u-2(t)dt and 

a a 

r u"2(t)dt S [2(b- ^ 2)/y]
2 J u" 2(t)dt. Theref 

«60 *o 
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( j U»2(t)dt)1/2 S (2/ty)c2^0 . (2.7) 
a 

Similarly, by (2.4) and Lemma 1, 

J u'2(t)dt S [2(t2-a)/JT]
2 J u»2(t)dt , 

a a 

| u'2(t)dt s [2(t4-t2)/.r J
2 J u»2(t)dt , 

«2 «2 

/ u'2(t)dt S [2(b-t4)ya«]
2 J" u»2(t)dt . Hence 

4 4 

(J u'^Ddt) 1/- t (2/l')
2o2c1» . (2.8) 

a 

Finally, by (2.6) and Lemma 1 , 

( J u 2 ( t ) d t ) V 2 $ ( 2 / r ) 3 . c 2 c 1 ( b - a ) j P 0 . (2.9) 
a 

Thus we can find from (2 .1 ) , (1 .10) , (2 .7 ) , (2 .8 ) , (2 .9 ) , 

fo * p 0 [ a l< 2 /^> 3 c 2 c l ( b - a > + a2(2/«')2c2c:1 + a 3 (2 /y )c 2 ] . 

Consequently, by (1 .8 ) , 0Q m 0. According to (2.9) we obtain 

u(t) = 0 for a - t i b , 

Lemma 3 ( [5], Lemma 2.2, p.12). Let g±, k.eL (a,b), 
i»l,2,3, and for any h^€ L (a,b), i-1,2,3, satisfying 

g±(t) i h..(t) i k.(t), 1-1,2,3, (2.10) 

for a.e. tc[a,b], the problem (2.1), (0*2) have only the tri
vial solution. 
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Then there exists such J"«(0, + oo), that for any 

h iCL
1(a,b) satisfying (2.10), it holds 

-C[^t?-i
,*)li T f o r a * t i b (2.11) 

where G is the Green's function for the problem (2.1), (0.2). 

i 

Lemma 4 (C o n t i). Let hjL«L (a,b), i=l,2,3, 

g€Car l o c(D) and let the problem (2.1), (0.2) have only the 

trivial solution. If there exists g*C L (a,b) such that 

Jg(t,x,y,z)| * g*(t) on D , 

then the equation 

u"4 = 2^ ni( t) u ( i"' 1 ) + g(t'u'u''u") 
i=l 

has a solution satisfying (0.2). 

Proofs See for example [5], Theorem 2.4, p.25. 

3. Existence proposition 

1 
Let there exist r€(0,+ OD) and a function h€L (a,b) such 

tnat on the set D there are satisfied the conditions (1.1) and 

|f(t,x,y,z)| i h(t) . (3.1) 

Then the problem (0.1), (0.2) has at least one solution u such 

'that 
•-'' % 

min(|u(t) I s a - t i b j i r . (3.2) 

Proofs Let us choose mQ€ N such that 

% 2 (2/^)3c2Cl(b-a) (3-3) 
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and consider the equations 

u"' - (-V/m)u (3.4) 

and 

um =- (A/m)u + f(t,u,u',u") , (3.5) 

where m * N, m i rn . o 
Using Lemma 2 for h* = -X/m, h2 • h3 • 0, we can conclude that 

the problem (3.4), (0.2) has only the trivial solution. The

refore, by Lemma 3, there exists J* • If (m) € (0,+ oo) such that 

for the Green's function G of the problem (3.4), (0.2) the 

inequality (2.11) is valid. 

Let us denote by J8 the Banach space of all functions of 
2 
C (a,b) with the norm 

tz 
( 3 

II • m a x j Z T l z ^ ^ í í t ) ! : aát-ib \ , z«C2(a,b) 
1 i=l ' 

and for the fixed number m define a continuous operator 

H : J3 -+ 3 by 

b 
H(z(t)) = J Gm(t,s)f(s,z(s),z*(s),z"(s))ds . 

a 

From (2.10) and (3.1) it follows that H maps 3$ into its com

pact subset. (Really, the functions of H($) are uniformly 

bounded with their first and second derivatives on [a,b] by 

) <f 3G m(t,s) x 
the constant + (m)j h(s)ds. Since -j— = -=-- Gm(tfs) 

a 

for a.e. t,s€ faiDli t n e functions of H($) are also equi-con-

tinuous with their first and second derivatives on [aiD]») 

Consequently, by Schauder fixed-point theorem, there exists 

u m6 3 such that H(um) • u . i.e. um is a solution of the m ,v v m' m' m 
problem (3.5), (0.2). 

According to (0.2), in the same way as in the proof of 
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Lemma 2, we get the points cC^, d iC i.^ 2 satisfying (2.4)f 

(2.5). Now, suppose that Ju (t)| £ r on [a,b]0 Then, in view 

of (1.1), Au"* sgn um = A - um sgn um + If (tf umf u' u") sgn um > 0 v '' ' m a m m m 3 m ^ v ' m * m* m / 0 m 
for a.e. tefa.b], which contradicts to the fact, that u" has 

two zeros fl« ,/!„ c (a, b). Thus there exists t € (a,b) such that 

|um(tm)J < r . (3.6) 

By (30l)f (3.3)f (3.5), 

K ' ( t ) | < h ( t ) + a±luj for a.e. t € [ a f b ] f (3.7) 

where 

a±€(0, | (b- -a)" 3 ) . (3.8) 

b 
Put f m max {lum(t)| : a=t-5b] and hQ « j h(s)ds. Then, by 

a 

integration (3.7) from /Ĵ  to tf we have 

l«m(t)| -* hQ + a ^ b - a ) ^ , (3.9) 

integrating (3.9) from cC^ to tf we get 

K ^ ) ' - h
0(b-a) + ai(b~a)2? • (3-10) 

and integrating (3.10) from t to tf we obtain 

(d * r + hQ(b-a)
2 + a ^ b - a ) ^ . (3.11) 

From (3.8), (3.11) it follows 

(j) * 2(r + hQ(b-a)
2) , 

and hence, by (3.9), (3.10), 

ZIIu( i- 1)(t)| £ J)* for a*t-fb , (3.12) 

where p* = hQ(l+b-a) + (r+hQ(b-a)
2)(2+(b-a)"2 + (b-a)*"1) . 
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Since (3.12), the functions (um) are uniformly bounded and v '' v m 'm=m 1 
o 

equi-continuous with their first and second derivatives on 
[a,bj, we can suppose without loss of generality, by the 

Arzela-Ascoli lemma, that the sequences (um f° , (u*)°° m n v m'm=m v m'm=m o o 
xoo 

• ' . . 

function 

and ( u" m) m_ m
 a r e uniformly converging on [a,bj and a 

u = lim um on Tafbl 
m-» co 

is a solution of the problem (0.1), (0.2). 

Finally, we prove that u satisfies (3.2). Let us suppose 

the contrary and put v = min|(u( t)| : a=t = bj and $ = v - r > 0 . 
Since for any m€N, m = m there exists t 6(a,b) fulfilling 

(3.6), it holds Iu(tm)-um(tm)| i |u(tm) | - | um(tm)|>v0-r = $ , 

which contradicts to the uniform convergence of (u )°° on ° v m'm=m o 
[a,bj. Thus u satisfies (3.2). This completes the proofo 

4o A priori estimates 

Lemma 5. Let <o 6Car-, (D, ) satisfy the conditions of locx + ' ' 
Theorem 1 and r6(0,+ oo). 

Then there exists r*6(r,+co) such that for any function 
p 

u6 AC (a,b) from the conditions (0.2), (3.2) and 

|u,w (t)| & co(t,|u|, |u'i ,|uM| ) for a.e. t*[a,b] (4.1) 

it follows the estimate 

5 ^ lu<i-->(t)| i r* foг ažtšb y |u*~ '(t)| s r" for a=t=b . (4.2) 
i=l 

Proof,. Let u«AC 2(a,b) satisfy (0.2), (3.2) and (4.1). 

According to (0.2), in the same way as in the proof of Lemma 2, 

we get the points oC^t tC #C._, fi^t ft satisfying (2.4), (2c5)o 

In view of (3.2) there exists *t tf(a,b) such that (u('t)l * r. 
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Let us put (0 = max (|u"(t)|: a=t = bj and integrate the 

inequality |u"(t)| i € by sequel from t to cL. , i=l,2,30 We 

get |u'(t)[ % f0
,cl ' I n t e9 r a t i n9 t n e latter from t to ?, we 

have |u(t)l £ r + 0 c1(b-a). 

Now, let t*e[a,b] be such that |uM(t*)| = fQ . Then, in

tegrating (401) from t* to fi±t we obtain 

b 

^o " J W(t.r+ f0
cl(b-a)» focl' f V d t • (4-3) 

a 

According to (1.3), there exists o > 0 such that 
b 

(1 + S) limsup - [ oi (t,©c1 (b-a)f «c 1 ,p)dt < 1 0 Hence there 
@ -> + co \ J ' » 

> a 

exists ^ * > 0 such that for any 0 > 0 * it holds 

(1+ ̂ )Pc1(b-a) £ r+^)c1(b-a) and 

b 

i f U) (t.(l + ̂ fc1(b-a),(l + ̂ )^c1,(l+i')p )dt < 1 . 

) a 

Therefore 

b 

J oi(tfr+-fc1(b-a). f c 1 - f )dt < f . (4.4) 

a 

From (4.3) and (404) it follows that QQ * (j>* . Putting 

r* = r + ^*(l+c1+c1(b-a)) , 

we get the estimate (4.2). 

Lemma 60 Let w : [ a , b ] . * R —+R+ has the properties (1.9), 

a i€R + l i=l,2f3. satisfy (1.8) and r$(0,+ co). 

Then there exists r*c(rS+co) such that for any function 

u€AC2(a,b) the conditions (0.2), (3.2) and 
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3 

|u-(t)| ^J^at\^±mml)l +eu(t,^(u(i^1)|), for (4.5) 
i=sl i = 1 a.e0 t6[a,b] 

imply the estimate (4,2). 

Proof,. Let u£AC2(a,b) satisfy (0.2), (3.2) and (4.5). 

According to (0.2), in the same way as in the proof of Lemma 2. 

we get the points ^ , <*2, <£^> fl^, fl2 satisfying (2.4), (2.5). 

In view of (3.2) there exists tj(a,b) such that |u(t)|= r. 

Let us put 

b 

( J u'"2(t)dt)1/2 = (0Q . (4.6) 
a 

Then, analogously as in the proof of Lemma 2, we obtain 

r b 

( J u"2(t)dt)1/2 < (2/^)c2f0 , (J u'
2(t)dt)1/2 i (2/r)2c2c1^. 

a a 

According to Lemma 1« we get from the latter inequality 
b 

( J [u(t)-u(t)]2dt)1/2 * ( 2 / . ^ )3c2c1(b-a)^o. Now, substituting 

a 

the estimate obtained above into (405), we have 

Po * f0i
aZ^A)c2 + a 2 ( 2 / ^ 2 c 2 c l + a1(2/^)3c2c1(b-a)] + 

+ r ^ a 1 + ( J ^ t . ^ l u C ^ ^ D d t j V 2 . (4.7) 

Let <p± ^ max | |u ( i - - L ) ( t ) | : a=t = b and T. s[a,b] be such that 

(u^1"" ) ( / T i ) | = ffi i = s l , 2 ,3 . Then, by (4.6) and the Schwarz 

i n e q u a l i t y i w e g ^ 

% 
fi - IJ u , , , ( t ) d t ' S J lu'"(t)|dt - fo l^-" • 

Л 
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f2 = | / u»(t)dt| i J .u"(t)|dt š < 2 / У ) c 2 f 0 l C ľ , 
^ i Ә 

^ b 

f i 4 j j u ' ( t ) d t | á j | u ' ( t ) J d t + г i ( 2 / j Г ) 2 c 2 C l ^ o l C ľ + r , 

T h e r e f o r e 

2__, f ± = l f 0 . where 1= J f b ^ ( l + ( 2 / . I r ) c 2 + ( 2 / . f i ' ) 2 c 2 c 1 ) + r. 
i = l 

I n s e r t i n g ( 4 , 8 ) i n t o ( 4 0 7 ) , we have 

(4.8) 

1 í [a^г/Гìc^+a^г/rfc^a^г/Г^c^íЬ-a)] + 

-тr- гVb-a a, + 
fo -

U 

•fcifЉ. +f0)dt: 1/2 
( 4 . 9 ) 

Since (1.8), (1.9), there exists ffl* > 0 such that for any f) > fl* 

the inequality 

I > [a3(2/5r)c2+a2(2/5r)2c2c1 + a1(2/^)3c2c1(b-a)] + 

+ | r)fb^ a± + | ( J ( o 2 ( t , l ^ d t ) 1 / 2 . (4.10) 
' a 

Therefore, by (4.9), (4.10), 0 ti 0*. Thus the estimate (4.2) 

is valid for r = 1 0 , where 1 is determined by (4.8)
0 

Lemma 7
0
 Let us suppose that a.6R and h.€L (a,b), i=-lf 

II x + x 

2,3, satisfy (1.10) and (1.11) and cu be the function from 

Corollary. 
Then there exists r €(r,+ co) such that for any function 
2 

u€ AC (a,b) the conditions (002) and 
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3 3 

| u - - 2 2 h 1 ( t ) u l 1 - 1 > | i ( ^ ( t . ^ I u ^ - 1 ) ! ) (4.11) 
i= l i= l 

fo r a . e . t €[a,b ] 

imply the estimate ( 4 . 2 ) . 

Proof.. Let us put h (t) = u"*(t) - zZ h.(t)u^1"1^(t)-and 
i=l 

consider the equation 

u*"(t) = X 1 hi(t)u(
i"1^(t) + hQ(t) on [a.b]. (4.12) 

Since h., a., i=l,2,3, satisfy the conditions of Lemma 2, the 

problem (2.1), (0.2) has only the trivial solution. Consequent

ly, by Lemma 3, there exists f6(0,+ a>) such that for the 

Green's function G for the problem (2.1), (0.2) the estimate 

(2.11) is valid. Therefore the solution 

b 

u(t) = f G(t,s)hQ(s)ds 
Ja 

of the problem ( 4 . 1 2 ) , ( 0 . 2 ) s a t i s f i e s 

b 

S.,lut1~1)ml = r f co(s, 7 , . l u ^ 1 " 1 ^ )ds for a=t=b . Put t ing 
i=l # J i=l 

a 

€ • max j / . 1 uvX""1^(t)| : a=tib f , we get from the last 

inequality P 0 = JM ^ (
s t f 0 )

d s • F r o m t1*6) ±t follows th 

there exists r*> 0 such that for any q > r*, * I (w(s,«)ds < 0 . 

a 

Therefore 0 -- r* which proves Lemma 7. 
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5. Proofs of Theorems 

Proof of Theorem 1. Let r*€(r,+ 00) be the constant con

structed by Lemma 5. Let us put 

f l for 0=s-4r* 

X(r*.s) - 4 2 - s/Г 

l 0 

for r" < s< 2rл 

for s - 2r
н
 , 

(5.1) 

g(t.x.y,z) - K(r
M
,|xi+|yJ + |z|) f(t,x,y,z) on D, (5.2) 

and consider the equation 

u" « g(t,u,u',u") . (5.3) 

Then |g(t,x,y,z)| £ h(t) on D, where 

h(t) - sup{|f(t,x,y,z)|: |x| + |y| + |z| * 2r KJ«L 1(a,b) . 

Since g satisf ies? (1.1), by the Existence proposition, the 

problem (5.3), (0.2) has a solution u with the property (3.2). 

Further, by (1.2), (5.2), we get lu,M(t)| -t |g( t, u, u', u" )| -I 

* |f(t,u,u',u")| -3 CAj(t,|u|, |u'l , |u"l) for a.e. tc[a,b] and 

so we can conclude, by Lemma 5, that the estimate (4.2) is 

valid. Thus, in view of (5.1) - (5.3), u is a solution of the 

problem (0.1), (0.2). Theorem is proved. 

Proof of Corollary. Let us put 

«o0(t,|x|,|y|,|z|) = h1(t)|x| + h2(t)Iy| + h3(t)Jz| + 

+ CO(t,|xl + ly| + lz|) . 

Then |f(t,x,y,z)l * OJQ( t, lx|, | y I, | zf) on D and 

U 

ü m sup i- J C,up(t, ̂  c^b-aЬÇc^, (9 )dt <. 1 + 

1-im i f tp(t, (p[l+c1+c1(b-a)] dt < 1. Consequently, 
?->co ? J > 

f satisfies all conditions from Theorem 1« 
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Proof of Theorem 2„ Theorem 2 can be proved in the same 

way as Theorem 1, only we use Lemma 6 instead od Lemma 5. 

Proof of Theorem 3o Let r* be the constant found by Lemma 

7, and J be the function defined by (5ol). Let us put 

g(t,x
f
y,z) = X(r*

f
|x|+|y|+|z|)(f(t

f
x

f
y

f
z) -

- h
1
(t)x - h

2
(t)y - h

3
(t)z) <

5
'

4
) 

and consider the equation 

U'" = Z І h (t^u^
1
"

1
) + g(t

f
u,u',u"; ') • (5.5) 

i=l •*• 

Since h.
D
 a., i=l,2,3, satisfy the conditions of Lemma 2, the 

problem (2.1), (0.2) has only the trivial solution. Further 

|g(t,x,y
f
z)l = g*(t) on D, where g

M
(t) = sup ||f (t,x,y,z) -

- h
1
(t)x - h

2
(t)y - h

3
(t)z]:lx|+ly|+Izl i 2r*j€ L1(a,b)0 

Therefore, by Lemma 4, the problem (5.5), (0.2) has a solution 

u. According to (1.12), (5.4) and (5o5), it holds 

|u- - Z J hi(t)u<
i-1)| = ig(t,u,u',u")I = lf(t,ufu',u") -

3 3 

- 1 2 h . t t ^ 1 - 1 ) ! = (^(t.^Zlu^-1)!) for a.e. 
i=l x i=l ' 

tefa.b] and so, by Lemma 7, u satisfies the estimate (4o2). 

Consequently, in view of (5.4), (5.5), u is also.a solution of 

the problem (0.1), (0.2)o This completes the proof. 

Summary 

The paper deals with the question of existence of solutions 

of the equation 

u"' = f(t,u,u',u") 

satisfying the conditions 

u(a) = u(t1), u(t2) = u(t3), u(t4) = u(b), 

where -co < a < t1 = t2 < t3 = t4 < b < + co0 
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Souhrn 

0 JISTÝCH VÍCEBODOVÝCH OKRAJOVÝCH PROBLÉMECH 

V práci je řešena otázka existence řešení rovnice 

u- = f(t,u,u*,u"), 

které splňuje podmínky 

u(a) = u(t 1) # u(t2) - u(t 3), u(t4) = *u(b), 

kde - co < a < t± % t2 < t, -* t . < b < + oo0 

Р • в ю м е 

О МНОГОТОЧЕЧНЫХ КРАЕВЫХ ЗАДАЧАХ 

3 работе решается аадача об отыскании решения уравнения 

и
ш
 » Г (*, и, и

#
, и" ) 

удовлетворяющего условиям 

и(а) « и{*
1
), и(-Ь

2
) = и(-Ь

3
), и(*

4
) =- и(Ь), 

где 

- оо < а < •Ь
1
 < Хг < 1

3
 .5 *

4
 < Ъ < + ею . 
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