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Let us consider a nonlinear differential equation of the 

fifth order of the form 

xV(t) + ax I V(t) + bx'"(t) + cx"(t) + dx'(t) + 

+ h[x(t)] = p(t) , (1) 

where a,b,c,d€R are the given constants satisfying the Routh-

-Hurwitz conditions, necessary and sufficient for negativity of 

the real parts of all roots of the algebraic equation (6) -

see below - and where the functions h[x(t)J, p(t) with the 

continuous first derivatives are oscillatory with simple zeros 

tk, k = 0,-1,-2,... [with respect to the function p(t)] and 

xm(t), m = 0,-1,-2,... [with respect to the function h[x(t)]} 

on the interval I = (-GD,+ CO). At the same time all roots 

x (t) of the function h[x(t)] are isolated. 

We assume the existence of positive constants H and P 
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such that for all values xeR of the functions x(t) and for 

all t € 1^ = <0. + co) the inequalities 

|h[x(t)]| = H (2) 

and 

Ip(t)i = P (3) 

hold. 

At first, we show that the boundedness of the functions 

h[x(t)] and p(t) on the interval I* implies the existence of 

the constant D^> 0 such that 

lim sup j x'(t) [ = D± , 
t->oo 

H + P 
where D,, = — g — 

Substituting x'(t) = y(t) into (1), we obtain the diffe

rential equation 

yIV(t) + ay'"(t) + by"(t) + cy'(t) + dy(t) = 

= p(t) - h[x(t)] , (4) 

where X(t) = Jy(t)dt. 

For the general solution y(t) of the fourth-order linear 

homogeneous differential equation 

yIV(t) + ay"'(t) + b7"(t) + cy'(t) + dy (t) = 0 , (5) 

whose characteristic equation 

X 4 + a % 3 + b ? ? + c3i + d = 0 (6 ) 

has the roots A = «L + i/S , where C l f i R , oC. 4.0 (j«l,..-,4), 

we will distinguish - with respect to their multiplicities -

nine following possible cases. 

I. Let equation (6) have four real different roots o£.€R~, 

^j / <*k U A = 1 4; j/k), fl = 0 (>!,...,4)« 
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Then applying the Lagrange's method of variation of con-

s (hereafter referr 

in the general solution 

stants (hereafter referred to as L.m.v.c.) C ^ R , j"!* • • * #4, 

У( t) - 2_Lciyi(t 
3-1

 J J 
(7) 

*t..t 
of the differential equation (5), where y ^ t ) . e ** (j.l,... 

...,4) and the wronskian 

wfy^t) y
4
(t)] « Ve

 x * 5 4 

where V i s the Vandermond's d e t e r m i n a n t : 

1 1 1 1 

*1 *2 *3 4 4 

,2 .2 ,2 .2 
*1 2 *3 *4 

cti 4 *| <j 

yields for the Lagrange's functions 

Cj(t) = (-1) j + 4 -f J e" j t [p(t) - h[x(t)]]dt + Cj . 

where V. is the subdeterminant belonging to the element ^ . 

(J.1-....4) of V. So that the solution y(t) of the different

ial equation (4) on the interval I- • <0,+ OD) may be written 

as 

y ( t ) = y ( t ) + y D ( t ) , ( 8 ) 

t).^-l)-* £.*-*/, 

4 t 
. i l l t - i j J ' V , f .^ ( t*T)[p(t) -h[x(r)]]dr 

where 

y (t) - 2_(-l)3+4 Џ e *- J " d t[p(t) - h[x(t)]]dt 
J = l V Ł 
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Since 

IV*)!* П7Г j . i_т> 

= н + p|_> •___£ 

- ІVI I fй *. 

( - 1 ) J + 4

V , e ^ ( t " Г ) | d t = 

Д- c-i )-
+V *v ( 1 - • - ) . 

then f o r t —* + a> 

y ( t ) = ____! C H » ~ 
*Ci* 

_--
0 h o l d s f o r a l l C . € R , j = l , . . . , 4 

and 

I , / M I < H + P I > * L i \ 3 + 4 V H + P 

l y p ( t ) - = — ll_r;( } ij W 
I- V2V4+ ViV^ - w____+ V1V3I _ 

IVaS*. 
I H + P 

«tx«tг<i3<4 
H + P 
— 3 — 

Thus 

l i m sup | x ' ( t ) | * H t p 

t-»oo d 

II. Let equation (6) have two real simple different roots 

ot
lf
 o(

2
4R- (0^ / «C

2
) and two simple complex conjugate 

roots li i i/S , cC € R", cC /- rf., j=l,2, /J 7- 0. 

Then applying L.m.v.c. C.IR (3 • 1,...,4) in the general 

solution 

y(t) • ̂ e + C2e + (C3cosyJt + C4sin/Jt)e 

of the differential equation (5), where 

Yl(t) . e
 X , y2(t) = e

 2 , y3(t) = e^cos/Jt, y4(t) - e^sin/Jt 
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and the wronskian 

(«..+»<0+2iL)t , 

"[y^*) y4(t)J ~fiuz -ix)e. x 2 J[*c«-^ - rf2) • 
+ * i * 2 l 2 + A2[W- ^ I ) 2 + (* - o C

2 ) 2 + /32]] • 

yields for the Lagrange's functions 

C_(t) = 

_____ (^-/2)
2.+ fiZ 

Vzr^ilm-*!-^ + V 2 J 2 • A2[W-^)2 + U-4>2 +/52J}' 

• j [ P ( t ) - h[x(t)]]e ". dt 

C „ ( t ) = 

(«Ć-.C_)2 + / 4 2 

(*2-<i>{[<«-<!-*2>
 + di *гf + /S2^"^)2 + «"^)2 + ӯпj 

j [P(t) - h[x(t)]]e 2 dt 

C , ( t ) = 

/J^g--:!)}^-"!-^) + *i*2f * /Í2lU-<i)Z + W-^)2 + fl\ 

']{t'Cí«~'C2) -^IW-^) + UZ-f)Uz-*1) sin/Jt + 

• | i [ U - ^ ) 2 - W-X2)2]cos/Jt][p(t) - h[x(t)]]e_ , C t dt 

c , ( t ) = 

/S«2-«<i){[*«-<i-<2> + *i<<2]
 + / f t«-"<iY + «-^2>

 +/S ]} 
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f {[*l&-*2) -*t«-*0 + («< 2-/)(- ť2- , íl)] c 0 8A t " 

/J[U-^) 2 - «-^)2Jsln/JtJ [p(t) - h[x(t)]].-rft dt 

So that the solution y(t) of the differential equation (4) on 

the Interval I- • <0,+oo) may be written in the form of (8), 

where 

y p 
(t) = Z J y1(t)C1(t) -

j - l J J 

1  

M*z-<i)[Hl*-*x-*z) +*i*zf * /S2[(<-rfi)Z+W-,
2)

Z+/fJJj 

• {-y3[(«:-<2)
2+/-23 J ••1 * r [p(t) - h[x(n]Jdt + 

+ /W*-*!)2* /*21 • f • 2 " [ P U ) - h[x(I)Jldt -
"o 

t 

- J í[«ífw-«.2)-4W-*i) + W2-jř)V2-*l>le-n/-reo,^ t -

- /i[(«'--i)2-(«í-«f2)
2Jco8/Jrco8/.t]e^t-r)[p(r)-h[x(I)]Jdr 

+ f {[«l2^-'<2)-4W-'íl) + (,t2-/»2)(«t2-, íl)lC0S/ lr8Ín/Jt + 

o 
/J[(-t-i(1)

2-(^-ií2)
2]sin/jTsin/ít| ©*(*-* }[p(X)-h[x(t )JJ út\ 

1 

A W 2 ^ l ) { [ ^ ^ l " < 2 ) + V 2 ] 2 + / ř [ U - ^ ) 2 + W ^ 2 ) 2 + / I 2 ] 

{- /Uw-<2>
2+ /s2]/®*1 * n [ p ( l ) - hlx<*>Hd* + 

o 
t 

Í
J ( t«- T\ 

• 2 [p(t) - h[x(t)]]dr • 

+ 
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t 

+ [ 4 « - * V ^ ^ - ^ ï + < * 2 - Ѓ H V Ч > l f •rf(t"ï)»in/l(t-Г)[p{C)-

t. 
- h[x(t)]]dr + fiЏл-Лxŕ-џ-ЛгЃ e<(t-Г)cos/S(t-r)[p(Г) -

O 

- h[x(г))J<it | . 

y„«>| » 

Since 

H + P 

l/IW2-<i>l {[«tW--ci-«í
2)+'íi,(2]2+fl2ÍW-«ţL)2+W-^2)2+ Ѓì] 

4. J II II I II I •••,11 I ' 1..I III  

- 9 rf,(t-T) 

*ÍW-^)-^-.ЧИ{.<z-Дz>W2-«<1)r, 
> 2 đ 2 [»<sin/S(t-Г) oГ + /S' 

- ^cos/ î ( t -Г)]e , l í t - Г > 

+ «{cos/S(t-Г) e ^ * " 1 ) 

1 /S[(«<-«<1)
2-(«<-«.2)

2] r l t + Z Í ' *- t/Ssin/S(t-r) 
o * + A 

н + P 

I AWг-^iH {[Д.<-^-it2)+«<i<2]
2+A2[W-«ťi)2+(«c-''2)

2+/.231 

(1-e * ) - 7 : (-" e ) 
AC»-*i>a+A2

 f l á,t AtW-<2)2+/t23 / j t 
1 ' ( i - e ) - •' i'" •" ~ ' ( 1 - e 

t < 2 . < ! 

+ - i - šjj i-, í I . _ ± _ [- /J - (rfsin/.t-<3cos/.t)e,ltt + 

+ fltw-^-w-«<2)2j [ o C _ ( / j s i n / j t + Ácosfit) / t , 

93 



t h a n f o r t —> + co 

- 1 * «<2t 
y ( t ) = C^e + C 2 e + ( C 3 c o s / i t + C 4 s i n / î t ) e 

= j € R (3 = 

Iv p ( t ) | * 

<t 0 f o r a l l 

C , 6 R ( j = 1 , . . . , 4 ) and 

H + P 

\i*2-*l)\[[*(*-*l-*2)+ *l*zf+^[U-\)Z+^-<iZ)2^] j 

2. „2 (<*-•<! ) 2 + / f (cC-i<2)2+^ 

77? { ^ " ^ 

(rf-^)2J-[i<i«-t<2)-i<|«-.fl)+(.<2-/Ѓ)(.<2-.<1)]J 

н + p 

K V l )I { l<«*-*l-*2)+*l*2l2+l? 1<*-*X )Z+^-^2)
2+ř] J 

[«-*x)
z+fU1&

z+f)-l«-^)2+f\*'z^
z+čL) 

H + P 
, 2 . л 2 2 . л 2 -

[<rt(*-Vl(

2)+ ^ i ^ ï + Л [W-^i) + W"^) + Л I 

ÖC^ c<2(Л + ^ ) 

*±dz + (? + ß^L^Ì + 2^(04-^-1(2) + tX2) 

<<! •(2(iC2 • Уî2) 

H + P H + P 
/2 . đ2 \*bU * Ä ) d 
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Thus 

1 • f '/ _.N / < H + P 

lim sup (x (t)| = — - — 
t-»co d 

III. Let equation (6) have a four simple complex (in pairs 

conjugate) roots d. *- i & , j=l,2, <t± j- rf2, fl. j- 0. 

Then applying the L.m.v.c. C . 6 R (j-=l. . . . ,4). in the general 

solution 

y(t) = e (C1cos^1t + CgSin^t) + e (C-jCos^t + C4s±nfi2t) 

of the differential equation (5), where 

dlt *1* rfot 
y1(t) = e cos^t, y2^t) = e sin^t, y3(t) = e * cos/J2t, 

•c2t 
y4(t) = e sin^t 

and the wronskian 

2(«C +«c )t 
w[Yl(t) y4(t)] = /^/L, e * {(^2-^) + 

+ 2^2^l)2(A^l) + (/12-'ll)2l = 

2(.C1+e< )t 2 

- M 2
 e L(V*1> + 

+ (/52-^i)2][cc
2-«ti)2+(/12+/li)23 

yields for the Lagrange s functions 

x2 *2 «2-f {[(^2-t<1)2
+<.|-).23sin<?1t-2(a(2-»1)/.1ooS/i1t ^ t 

' l ( t ) = "J !3il(«'2-
rfi)4+2(c<2-

o£i)2(/Jl+tí) + (í il-/ il)2l 

h[x( t ) ] ]dt 

, 2 я 2 я 2 . r ,,. f iE-dí i +ftÍ-PiIc°^it+2(^2-^1)/?13in^1t - V r o m 
2 l ' = jTTiZ TT^TZ . \2,/|2_/|2. ,.2 .2,2, e l ^ ' 

<M(oí2",ci) + - C W (Ai+/>2)
+(/52-^i) 5 

- h [x ( t ) ] ]d t 
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ч2.л-- _ 2 

c з ( 

f Щl í l lg .^Aî -Д 2 ] S iп^ t -2( .< 1 -* 2 )/ . 2 oos/ . 2 t ш-*гx

 [ p ( t ) . 
0 = "J lî2K«(

2--l)
4+2(«<2-^)2(/.^/i2) + (P|-/l^2l 

h[x(t)]]dt 

4 2 . i 2 . 2 

C 4( 

f j t^ l-^г) +Ai-A2]cos^2t
+2(ot1-^2)/J2sin/.2t -_2t 

° = Ь2l(V*i)4+2(V<i)2(/î^jФ+(/^A^2j L D ) -

- h [ X ( t ) ] ] d t . 

So that the s o l u t i o n y ( t ) of the d i f f e r e n t i a l equation ( 4 ) on 

the i n t e r v a l I * • <0.+ ao) may be w r i t t e n i n the form ( 8 ) , where 

У ( t ) = - ~ - ү Л t ) C ( t ) 
r P j=i J 3 

JiM<*2-*i> *г&г-\) Щ*Ѓг)+Цï-Ŕ) \ 

(-/\Ł(V ti)2+'1І-/ ïilJcos/Jit •ir^1т«,dl(t"Г][p(ř)-h[x(t)Й« 
O 

l ЛЛt-T) r _-
* ^ßxҺ^г^lҶ00^!1 cosßite [p(Г)-h[x(Г)]]dt + 

o 

" ҺiЪ.-^)Z*ñrßlЦ ínҺt oos/J^e l ( t"T )[p(Г)-h[x(г)ЦdГ + 
o 

+ 2 / , ^ ( Л ^ - ^ f s i n ^ t sin^Te г [p(t)-h[x(T)]]dГ " 
o 

- / J i t(- ' 2 -«' i ) 2 ^i-ДІ] joos/î2t •in/l2T-,t2(t"'\p(Г)-hlX(t)lldt 
o 

- 2/5ll3
2(«'2-««i)fcos/î2

t oos/»2te
 2 [p(t)-h[x(X)]]dt + 
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/ ! l " . V , ( l > 2 + Й - ' í 2 ~ / в i n r V C 0 S / У e 2 [p(D-h[x(Г)]]dГ 
o 

2fiifiгlÁг-*iЦ s i r yV 8 i n/V e
 [P(Г)-Һ[X(Г)]J dt j . 

S i n c e 

H + P 

| y p ( t ) ' " l/íi^lí^2-< ll)4 + 2('<2- (l)2(AÍ+/S2) + (/32-/3l) 

• k 2 Cí^a-^i )2+/s|-/-f l f s i n /-a (f-ö e 1 d" +/-_[(«c

2-* 
1 J o 

+ /Sf-/t|jř,in/í2(t-ř)e,"-(t"r)dT +2/íi/J2(«*2-<*i)Jcosr'i( 
o ° 

f i(t-r) S rf,(t-r) 
-r)e d% -Zß1ßz{<2-*.1)\cQBßz{t-X)e d 

H + P 

l/Jl/J2lí('(2-'(l)4+2('l2-«*l)2(/5l+/J2)+(iJ2-/Sl)2j 
/J2[(<<2-X1)

2+/l2-^] ^ ( t - r ) 
,2 .2 -[VinfVt-D-fVosfVt-Oje 

*1 + P l 

A i [ ( V < < l ) 2 ^ l - A 2 Í r a -'.í ••-•-•; 

* 2 + /*2 

2/3i/s 2(W 

. [ c C 2 s i n ^ 2 ( t - ? ) - / 1 2 c o s / l 2 ( t - . r ) ] e 

[/î̂  sinfa ( t - Г) + d± c o s ^ ( t - r)J 

2r-i.VWr_ . « -, «{2( t-r) 
,2 2 f/*2sin/*2(t-r)+ •<2c o s/?2( t- i r)]e 

<<o + /î 2 ' ' 2 

H + P 

ІM2Ң(V<i) +2<V*i) (/sľ+/Ф+(/Фøľ)2} 
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feŁ^2-*i)2*^-ќз 

*î + A_ 
[- / ^ - ( ^ в i n / ^ t S^coв/S^tJe J + 

Я « t . Д, [(*«•-*« ) 2 + /î?-A9І 

+

 / l L V ;2
1Í2J[-/S2-(d2sin/î2t-./S2cos/l2t)e j 

°̂ 2 + ' 2 

• 2 . 2 K-C/SiSІn^t + ^cos^t je l -

*1 + ' S l 

ЏлßoWo-бл ) r ^2* 
. 2 д2 Ł ^ 2 - ( / ^ 2 з i n / l 2 t + c < 2 c o s / J 2 t ) e 1 

c t 2 + /S2 

then f o r t —* + oo 

y ( t ) • (C 1 COs/J 1 t+C 2 s in/J 1 t )e X + ( C 3 c o s / l 2 t + C 4 s i n / ^ t ) e —> 0 
•Цt l t 2 t 

for a l l C . € R ( j = 1 . . . . . 4 ) h o l d s and 

H + P 

P ( = lAl/-2 í i( '*2-*l)4 + 2 t ' l2-*l)2Qil+ l-í) + ^ 2 - | l l ) Z l 

* 1 + Al <*2 + ^ 2 

2/51(i2^1(cC2- t..1) 2/J1/?2-.2(«(2-(<1) 

J 2 _, Ä 2 

вCl + Л i 4 + д| 
н + p 

(c< 2 -o( 1 ) 4

+ 2(< 2 -ot 1 ) 2 ^ 2

+ p |) + (/l|-(lf)2 

2 д2 „2 - • C 1 ( d 2 - ł < 1 ) - ( o i 2 - * 1 ) - + / i 2 l 2 2 « c 2 ( * 2 - л 1 ) + (y.2-«í.1) +/Î{ І 2 

, 2 . 2 
*i + Ai <*І + /Й 

H + P 

(V^O4+2l*2-*->2tøl+AІ) + <P2І»l-2 

(< г - .« 1 ) 4 +г(i i г -i t 1 ) 2 (/l |* j l | )+(/. |-( l | ) 2

 н + P 

( л 2 + A i ) ( . ф / ф 
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so that 

lim sup|x'(t)| = < H + P 

t-t- OD 

IV. Let equation (6) have two simple different real roots 

<-(.€R"\ 3=1,2, <A1 jt *<2, and one double real root <* , 

(k / oC., <A € R"". 

Then applying L.m.v.c. C £ R (j = 1.....4) in the general 

solution 

^lt -Лpt ,
t 

y(t) = C^e + C
2
e + (C + C^Oe*

4 

of the differential equation (5), where 

<*it £0t ^ t ~*t 
Yi(t) = e 1 , y2(t) = e

 2 , y3(t) = e**. y4(t) = te 

and the wronskian 

(ot1+oC + 2 * ) t _2 
w[y1(t) y 4 ( t ) J = e * 2 (^2-^1)[«C^-oC1-oC2)+oC1^2] . 

yields for the Lagrange's functions 

cлt) 
{*г-*)*m 

[ P ( t ) - h [ x ( t ) ] ] d t 
- (•.2-л1)[«C(*.-»<1--l2)+«.1«í2]2 

-•Cг* 
( t ) = ^ 1 } * --, [ p ( t ) - h [ x ( t ) ] ] d t 

J ( V l Э f ^ - W * ! ^ ] 

C , ( t ) = 

(V^І Ї r fW-V-г ï+ï i -У' 

•j([Я2(0(-íí2) + 4(«<1-A)+^(«<2-^1)]t+2^2-<<1)+4-4| 2 ,2 î e -Л t 
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. [p(t) - h [ x ( t ) ] ] d t 

( t ) = \ / e * ; • -2 ( p ( t ) - h [ x ( t ) ] ] dt , where 

V • 

1 1 1 

<i <2 < 

4 ą č 
( - 2 - - i ) ( - г - - ) ( - i - ' . ) - *!<•*-*г) + 

+ Kgí^-Лj+dřííCg-^l) • 

So that the s o l u t i o n y ( t ) of the d i f f e r e n t i a l equation ( 4 ) on 
the i n t e r v a l 1^ = <0,+oo) may be w r i t t e n i n the form of ( 8 ) , 
where 

4_, 
y n ( t ) - ZZyAt)C ( t ) = — - - • 

p d-i J J ( V i >[•«•<-W î̂ -

• [- (V*) J e lP(T) " hl x(n]ldf + 
o 

• ("I"")2 f - 2 tP(T) - h[x(t)]]dt -
Jo 

t 
- | [ v t +2*(.t2-t..1)-(4-4)]e , l ( t"Z )[p(r)-h[x(r)]]dr + 

o 
t 

+ J1 v te < ( t - r >[ P ( i ) - h[x(t)]]dr J . 

Since 

y„(*)l -
H + P 

-(*2-*) Г Є 
2 1. / - ( t " Г )

 + 

*2 _ *1. [*(< -*l-*2)+*i«í2.l 

+ v ( t - y - i e*(t-r) 2 1 Ҝ 2 ( t " Г ) 
+ ( o C l - Л )

2 ^ e 
Л 

1 0 0 



_____*_____) - (*_-«_). «,(t-г) 
_ в 

H + P 

1<<2-«Í_I [•<(*-*_-*_)+«<_-_] 

2 • ( 1 - e X ) + 

(<_-*)' „ , t 
(1 - Л 2 L ) - - * _ . [ - ' • ( U . i ) . * * ] 

-*(*_-•_) - (*_-*_) 
__ž _ 2 1_ (_ _ .rУ 

then f o r t —» co 

oC_t ^pt .. 
y ( t ) =- C 1e + C 2 e + ( C 3 + C 4 t ) e 

( j a l , . . . , 4 ) h o l d s and 

0 foг a l l C, É R 

( * _ - c í ) 2 ( < 2 - < ) 2 

I ( 0 | < ________ ľ_g___ 
> V ' !<<2-Л_l [вt.(^-cC1-Ы2)+в.1«t2l

2 I o(2 *_ 

2<(o l 2 -o£_ ) - (o ( | -„ 2 ) V | 

|-.2-.._l [«t«-*_-^) + ^ 2 ] 

— _ {(^_-<)2<<_*2-(«<2-o!.)2o( ot2-[2d(e<2-o<_) -
oC o( «C 1 2 

(^|-4)]<'<1VC'Cl^-'t2)-*2(,,C-'(l) + '< ' 2 ( ' , t2- , < l )] , < l e <2l " 

H + P t ,*_-«_. [*(<-._-«_)+v_r 
U2-*_| [»(-i-__-^_) + *_»í_l2 l * l *2U2 

н + P , so t h a t 

l im sup j x ' ( t ) l Š t_-±-_ 
t+oo - a 
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V. Let equat ion (6) have one double r e a l root c<« € R ~ and 

two s imple complex con jugate roo ts o( - i/S ; o( # /I & R* 

^ < 0, cX ̂  ( X . , /? /- 0. Then app l y i ng L .m .v . c . C . 6 R ( j = l , . . . 

. . . , 4 ) i n the genera l s o l u t i o n 

- ^ l * *tt 

y ( t ) = (C 1 + C 2 t ) e + (C 3 cos / J t + C 4 s i n / 3 t ) e 

of the d i f f e r e n t i a l equa t ion ( 5 ) , where 

Y l ( t ) = e 1 , y 2 ( t ) = t e 1 , y 3 ( t ) = e ^ c o s / J t , y 4 ( t ) = e ^ s i n / J t 

and the wronskian 

2(o( + <*)t 

wfv^t) y4(t)J = e /!.[(*!-*)->£] 
1. 

yields for the Lagrange's functions 

( {2(^1-A)+[(c<1-0<.)2
+/.2]tJ -,. t 

"<*„ t 

(t) . f—2 5—- [p(t) - h[x(t)]]dt 
J ( * „ - i l Г + / Г L 

C , ( t ) 
Г [ (* i-*-) -Д ]sinДt-2Д(<Л 1 -<X)cosДt ... 

-J JJ -4r Jгil '— e-^[p(t)-h[x(t)]]dt 
/S[(*i-i ) 2 +/i 2 ] 2 

c

4 ( 
f f [ ( c X 1 - ^ 2 - / l 2 ] c o s / S t + 2/J(oC 1 - l < ) s i n / J t ] , 

t) -ji-_i -LJ i 2 J2 -§ —L-i e

 , C t[p(t)-h[x(t)]Jdt . 
/,[(*!-*)

 +
 Г ] 

So that the solution y(t) of the differential equation (4) on 

the interval I
1
 = {0,+ OD) may be written in the form of (8). 

where 

\ 

t 

+ B-*i-*)
2+
/-

2
-t

c
|-
 e
 * * [P(r)-h[x(t)]]dr

 +
 flJ [(<<!-*)

2 

102 



/ l 2 ] t e 1 ' [ P ( D - h [ x ( r ) J ] d r - J { [ ( ^ 1 - « < ) 2 - / f ] s i n / 3 r -
o 

2/5(^1-iC)cos/5r]cos/Jt e o C ( t - r ) [ p ( r ) - h [ x ( r ) ] ] d f + 

t 

Í { [ ( ° ( l - ^ ) 2 - / - 2 ] c o s / 3 r + 2 ^ ( o 4 1 - p C ) s i n / 3 r j s i n / í t e ^ t - r ) [ p ( r ) -
o 

2 , ř < * i ( t - t ) 
A 31 (t-t)e [ P (r) - h[x(r)]]d. ir -

2 / î ^ - Л ) f e * [ p ( t ) - h [ x ( Г ) ] ] d Г + 

o 

t 

[(V*) 2 -tř I J в^^^вin^t-Dfp í r ) -h[x(Г)]]dr 
0 

t -J 

Щ*!-*) J e ^ ( t - Г ) c o s / l ( t - Г ) [ p ( Г ) - h [ x ( Г ) ] ] d Г j . 
0 J 

Since 

I t t - ^ l - H + P 
l У p ' = i/Ш(-i-*>V]г 

г/JícC -̂вC) л ^ t - r ) 
- e 

2 , 2 / l t 1 ^ - 1 ^ l ( t " r ) 

t (ov*)2-/.2

 r + , 2 .2 ' [•CsinyKt-r) -
O os. + p 

- /5cos/ i ( t -Г)]- e 

+ o (cos / î ( t - Г ) ] e 

^ ( t - D 2/!(X1-*) 
+ P ,2 [ / 5 s i n / J ( t - r ) + 

o * + Z 5 

< * l ( t - r ) 
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, 2 ñŁл 
H + P 

2 ; i 2 т 2 ^Г^Łi.^).^] 
|/i| ^ t-AГ+jť] 

-/.(•«!-*) rft (^!-*)2-^2

 p „ 
" / • (-"• ) + -jg Д2 [-/.-(*вinДt -

'Л^ <k + ß 

4лt 2 / 3 0 * . - * ) Л i t . I 
- / З c o s / î t )e x J + o л 2 U " ( / î s i n A t + c<cos/Jt )e J . 

<Ѓ+ ß ' 
t h e n f o r t —* + oo 

< i t 
y ( t ) = ( C 1 + C 2 t ) e 1 + (C 3 cos /S t + C s±nfit)e^t —-> 0 f o r a l l 

C . € R ( j = l , . . . , 4 ) h o l d s and 

H + P 
| y p ( t ) l š -

|/S| [ ( .v*) 2 +/* 2 ] 2 

v 2 . 2 
Д£(*i-*) +A 3 2 / S ^ І - Л ) 

<v 
/.[(•t-!-*)2-/*2] гrf/Jtк^--;) 

+ 
* 2 + Д 2 

H + P 

л 2 + / S 2 

2<<( I < 1 - l l . ) - ( 0 ( 1 -*) 2 +/î 2 

[(••!- Л)2+A2]2 л 2 + /îг 

/!,2+(.<1-Л)2+2<«(.1 (Л^-iЛ) 
H + P 

ЦЛ^Ѓ+fřf 

2Ц*1-*.)-(Ы.1-*)2+fi2 d 2 + ( < 1 - t < ) Z + 2 [ . 1 ( c ( 1 - ( C ) 

« 2 + д 2 

н + p í| 

[(* i-*) 2 +/ŕ] 2 l l 

2 . „ 2 1 / 2 
[2/к.c1-*)-(*1-.cг+/Гj.-.i 

4(c<2 + /î2) 

[ ^ + ^ - ^ ^ + г ^ ^ - ю ] u2+fi2) 

o.2U2 + A2) 

ч2. „ 2 . 2 
H + P [(V> +Я H + p 

[ ( V Ч +A J л U + Д ) 
, so t h a t 
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lim sup |x'(t)| i H-_±_E. 
t-»oo d 

VI. Let equation (6) have two double real different roots 

^ 1 ' ^ 2 * R • *1 ? °^2 * 

Then applying L.m.v.c. C . € R (j=-l,...,4) in the general 

solution 

y(t) = (C1 + C2t)e
 x + (C3 + C4t)e * 

of the differential equation (5), where 

((^ #Ut ,<pt * 
Yl(t) = e , y2(t)-« te * , y3(t) = e * , y4(t) = te 

and the wronskian 

w [ y 1 ( t ) . . . . , y 4 ( t ) ] - e 2 (^2-^)4 

y i e l d s f o r the Lagrange's functions 

C t( t) = - [ [ ( ^ - " ' l ) 1 - 2 l e * [P(*> - h [ x ( t ) ] ] d t 

(*2~*i> 

C 2 ( t ) = ,3 I ,2 f e [P(l> " h[x(t)]]dt 
(*2-'

tl) •! 

C 3 ( t ) = " 77^3- fl^Z-^)* + 2 l e " 2t[P<l> " h[ X(*)]] d t 

(*2"*1> 

C4(t) - e ̂ 2t[p(t) - h[x(t)J]dt . 
4 (*2-<<i)

2J 

So that the solution y(t) of the differential equation (4) on 

the interval I- • ̂ 0,+ OD) may be written in the form of (8), 

where 
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«... 
y D ( t ) = _____ y , ( t ) c ( t ) = 

P ' J = l J J _V_) 

•Mt-r) 

t 

JW«_ ) 2 Î 

- 2(.<2-<<_)]e x ' ' • [ P ( r ) - h [x(Г)] ]dT + 

4 (c<2-<<_)2 e * [p(Г) - h [ X ( Г ) ] ] d Г 

j'[(<<2-<<1)
2т+2(<<2-<<_) 

o 

2 < < 2 ( t - Г ) 

í + t ( e < - - « l 1 Г e 2 1 ' 

_ ^ 2 ( t - т ) ^ p ( r ) _ h [ x ( r ) j ] d r 

Гp(г) - h[x(Г)] ]dT 

Since 

І y D ( t ) I -
_ H + P 

(__-.._) 

t 

(K, Л)2[J 
< < _ ( t - r ) 

( t - r ) e dГ + 

* 2 ( t - Ғ ) , f t _ ( t - г ) 
+ J (t-Г)e " dГj + 2(K2-<<_)[ j e 1 d r 

< < 9 ( t - г ) 

/•"*'" ' p г _ < . - _ > г 

C.Ч) 

( _ _1 1 f_l 

2 **__< 

^ t - i кc^t * 2 t - 1 i c 2 t 

f - 1 в. * t л ° ^ 9 ^ . I 
+ -(•'г-fiJ í -І/ ( 1 " e ) " •_" ( 1 " e )] • 

1 °̂ 2 

then f o r t —• + oo 

y(t) a (C
1
 + C

2
t)e + (C

3
 + C

4
t)e —» O for all C.éR 

(i~l$ •••#4) holds and 
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| y D ( t ) l ś < н + p 

(Vi) 

-н 
2 

H + P 

* 1 * 2 

v
2 1̂> •{*?~^)2( -Ц"

 +
 -Пř ) + 2(^2^i)( ^ 

^ 1 * 2 

, ,2 | ^lVS " *2 
^ 2 ^ 1 ) 

H + P . 

^ 2 r*2 

*1 *2 

so that 

lim sup |x'(t)| Š H + ? 
t-юo

 d 

VII. Let equation (6) have two double different complex con

jugate roots d - ±/i , tA € R", A ft 0 . 

Then applying L.m.v.c. C.€R (j=l,...,4) in the general so

lution 

y(t) = [(c! + C2t)cos/St + (C3 + C4t) sin/It ]e*t 

of the differential equation (5), where 

y 1 ( t ) = e ^ c o s / J t , y 2 ( t ) = eo C tsin/Jt , y 3 ( t ) = t e ^ c o s / l t , 

y 4 ( t ) = t e ^ s i n / J t 

and the wronskian 

w [ y j , ( t ) . . . . . y 4 ( t ) ] = 4 / i 4 e 4 s t t 

y i e l d s f o r the Lagrange s f u n c t i o n s 

C, ( t ) = - —-. • [ s i n f l t - / î t c o s / î t ] e - o a [ p ( t ) - h [ x ( t ) ] ] d t 

, ( t ) = 1 f - c o в / ł t + / i t s l п ^ t j в - ^ Ҷ p í t ) - h [ X ( t ) ] ] d t 

C.ІЇ J 
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°Z^ = " "72 J c o s ^ t [ p ( t ) - h [ x ( t ) ] ] e " ^ d t 

C 4 ( t ) = - -K J sin/it [ p ( t ) - h [ x ( t ) ] ] e " ° C t d t . 

So that the solution y(t) of the differential equation (4) on 

the interval 1^ = <0. +00) may be written in the form of (8), 

where 

4 t 

y p ( t ) = Yly.(t)C.{t) = J ~ J - f (sin/Sr-/ircos/1r)cos/lt[p(r) -

t 

- h [ x ( r ) ] ] . e ^ t " r ' d r + f (cos/Jr+/3rsin/Jr)sin/1t[p(r) -

t 

- h [ x ( r ) ] ] e " ; ( t ~ r ) d r - ( /kcos/lrcos/Jt[p(r) -
J o 

t 

- h [ x ( r ) ] ] e o C ( t " r ) d T - f /Jtsin/3rsin/Jt[p(r) -

i 
- h [ x ( r ) ] ] e ^ t " r ) d t J = 

t 

• ^ 3 J [ s i n / l ( t - r ) - / 3 ( t - r ) c o s l 3 ( t - r ) ] e ^ t " r ) [ p ( r ) -

' o 

- h[x(T)]]dt . 

S i n c e 

У n ( t 
< H + P 

p W " 2 | / 5 | 
_ i - _ [ j t s in/Kt-r) - c o s ^ ( t - T ) ] e ( t - T ) 
<*. + /* 

4----J j > i n 4 ( t - 0 + ̂ c o s í t - r í j e^ t - 1 " ) 
< * + fl> 
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+ 2 2. 2 lU2-f)cosfi(t-T) + 2 e 4 /Js in /3 ( t - r ) ] e ' C ( t " r : 
(*> +fi ) 

= 7ff\\j^ {-/»-^Wt.;oo.^.«j. 

- T T Z [ - / i t ( s i n / 1 t + cCcos/St)]e^ + / f / -

< +^ u +/rr l 

- /S2 - [(cC2-^)cos^t + 2^/!sin/}t]e f lCt] J , 

then for t —* + OD 

7( t ) =• [(C1 + C2t)cos/Jt + (C3 + C4t)sin/Jt]e jCt ~>0 for a l l C . <S R 

( j = l , . . . , 4 ) holds and 

2 
lv f t . I * H - P I - l3 + / ^ 2 - f l 2 ) I _ H + P 2 /3 
|yp( )] " 2|/i

3i I .^v (A/i2)21 " 7V T^Tff -
H + P 

so that 

lln sup Jx'(t)| = ä_±_P 
t+oo d 

VIII. Let equation (6) have one simple real root d 1& R" and 

one triple real root ci € R~f ok / d , 

Then applying L.m.v.c. C.6R (j=l,...,4) in the general 

solution 

y ( t ) m C 1 e ^ 1 + ( C 2 + C 3 t + C 4 t 2 ) e f l C t 

of the d i f fe ren t ia l equation (5), where 

aCj[t 
У _ < t ) , y_(t) = e л t . y ( t ) = t e Ä t , y ( t ) = t 2 в * * 

1 0 9 



and the wronskian 

(K +3K)t 
'&_(*) y 4 ( t ) J = 2(K-KL)^e 

y i e l d s f o r the Lagrange's functions 

1 Ґ -cĹ t 
c l ( t ) = —T [P(t) - h[x( t ) ] ]e X dt 

(K-^i ) J 

c ( t ) = — [ ( „ - к , ) 2 t 2 + 2(к-к,)t + гJe-^^Гp^t) -
zџ-j^y J L 

- h[x(t)]Jdt 

C,(t) = І--5- | [(K--A)t + l ] e - Л t [ p ( t ) - h[x( t ) ] ]dt 
0 (*-<<!) J 

Cд(t) = — (t 
2(K-K. ) J 

p(t) - hCx(t)] ]e- Л t dt 

So t h a t the s o l u t i o n y ( t ) of the d i f f e r e n t i a l e q u a t i o n ( 4 ) on 

the i n t e r v a l I 1 = ^ 0 , + co) may be w r i t t e n i n the form ( 8 ) , 

where 

y ft) = ____ y ( t ) c ( t ) = • - - f [ P ( r ) -
.1=1 

_. , , ( î ( t - г ) i ř P P 

- h [ x ( г ) ] ] e Ł dr + | J [(oc-i^) i г + гu- ic^JГ + 
o 

t 
+ 2][p(T) - h [ x ( Г ) ] ] e Л ( t - Г ) dT - J ^ - ^ t Г + 

o 

+ ( к - к ^ t j f p t ґ ) - Һ ^ X Í D J J Є ^ 1 - ^ dr + 

+ | | ( к - к , ) 2 ^ [ P ( r ) - htxíГíІje"*^-1") dr j . 
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S i n c e 

£ H + P 
lv><,)1 - i < ^ P i " J dr + -" J C(*-« li) (*~T) 

г í в C - в C ^ J ţ t - Г ) + 2 ] . e ^ ^ ^ d Г V 
H + P 

1(<-IЧ>3I 

i Яi t i 

-7- (1 - e ) + -Ц-
* 1 2 ^ 

2 [ Л 2 + (oC-^JoC + 

+ ( O C - ^ ) ] - [ U - ^ ) ( f t r - 2 - < ( C C - ^ ) ( 2 ^ - ( ^ ) t + 2 [ ( C + 

+ ( o C - в l , ) * + (oC-e^)' 
:]].« j 

t h e n f o r t —* + 00 

y ( t ) = C 1 e 1 + ( C 2 + C 3 t + C 4 t 2 ) e < < t : -—» 0 f o r a l l C e R 

( j = 1 » . . . , 4 ) h o l d s and 

|yp(t)l * T̂ Ti" I " t + "̂  ["2 + (""lM +(*"v2] 

= H + P 1*1 - W l * + 3 V 2 - ^ i 
" IW-t^)3! U 3 rfj 

н + P 1 ( ^ - 0 ^ ) 1 H + P 

K o C - ^ ) 3 ! <*3 tĄ± 

so t h a t 

l i m sup | x * ( t ) | 
t-»co 

4. H + P 
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IX. Let equation (6) have one quadruple real root & 6 R~. 
Then applying L.m.v.c. C. € R (j=-l,...,4) in the general 

solution 

y(t) = (C1 + C2t + C3t
2 + C4t

3)e<Kt 

of the differential equation (5), where 

yx(t) = e
At. y2(t) = teKt. y3(t) = t2eKt, y4(t) = t V * 

and the wronskian > 

w[y1(t).....y4(t)I = i2e
4,l1: . 

y ie lds for the Lagrange's funct ions 

C l ( t ) = - | J t 3 e _ , l t [p ( t ) - h [x( t ) ] ]d t 

C2(t) = | j t2e_ , < t [p(t) - h [x ( t ) ] ]d t 

C3(t) = - | j t e ^ r p t t ) - h [x( t ) ] ]d t 

C4(t) = | j e - ^ f p t t ) - h [x( t ) ] ]d t . 

So that the solution y(t) of the differential equation (4) on 

the interval I- • ̂ 0,+oo) may be written in the form (8), when 

L 

yp ( t ) = Ç y.jítJCjít) = | f [- t3 + Зtr 2 - з t 2 ! + 
J = o 

• t ^ e ^ - ^ p í r ) - h[x(r)]]dr = 

t 
= ! j ( t - r j V ^ - ^ f p í г ) - h[x(r)]]dr . 
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Since 

|y_(t)| i ----зf I [(t-r)
3
Л - 3(t-г)

2

(
<

2
 + б(t-r)<* -

P 6 <k I 

б j . * ^ - ^ H + P 

бot
4 

6 - [t «T - 3t i*/
1
 + 6t* 

6] *t 

then for t —* + co 

y(t) = (C^+Cgt+Cзt^+Cдt
3
)^** -+ 0 for all C € R (J-1.....4) 

holds and 

i /4.x l < H + P 

lyp ( t )1 " T ^ 
H + P .. 4 6 s | s o that 

lim sup |x'(t)| * y-i-E. 
t* co 

Thus, we have proved not only the boundedness of the first 

derivative x'(t) of an arbitrary solution x(t) of the diffe

rential equation (1), but moreover: it became to appear that 

lim sup|x"(t)| for t — P + co can be bounded by the same constant 

D1 = -T (H + P) in all nine possible cases regarding the occurence 

of the roots of equation (6). 

Now, after the substitution z(t) = y*(t) [ = x"(t)] into 

the differential equation (4), we obtain the diff.equation 

z'"(t) + az"(t) + bz'(t) + cz(t) . p(t) - h[x(t)] - dy(t) , 

(9) 

where x(t) =fy(t)dtf y(t) = x'(t). 

The author discussed in [2] the boundedness of all so

lutions Z(t) of the differential equation 
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Z*"(t) + aZ"(t) + bz'(t) + cZ(t) = p(t) - h[x(t)] , 

(10) 

where A + a A + b^ + c = 0 is a characteristic equation of 

the linear homogeneous diff.equation 

Z'"(t) + aZ"(t) • bz'(t) + cZ(t) - 0 . (11) 

It became apparent that in all four possible qualitati

vely different cases concerning the roots of the characteristic 

equation (in view of the Routh-Hurwitz condition a > 0, b > 0. 

ab > c > 0 for its coefficients a.b.cfiR ) the inequality 

lim sup | x " ( t ) | = %-LJL 
t->co c 

holds. 

Let us take the solution z(t) of the differential equation 

(9) in the form z(t) = z(t) + z (t), where z(t) is the general 

solution of the linear homogeneous diff.equation (11) and z (t) 
r 

is a particular solution of the same nonhomogeneous equation 

(9). Then, after the integration throughly the bounds T and t, 

where T = t is an admissible number from the interval I* = 

= <0,+co) depending on the solution x(t) of the diff.equation 

(1), we obtain [in view of the preceeding result on the bounded-

ness of x'(t)] that for t —• + co 

z-(t) — 0 and |zD(t)| i 2 < H + P) 
P c 

holds. Then the inequality 

lim sup |x"(t)| i 21H_1_P1 
t-»oo c 

always holds on the interval <T , +oo). 

We shown that the third derivative x*"(t) of all solutions 

x(t) of the differential equation (1) is bounded on correspond

ing intervals ^T ,+ co) as well. After substitution u(t) = 

11-+ 



= z'(t) [= y"(t) = x'"(t)] into the diff. equation (9), we 

obtain the equation 

u"(t) + au'(t) + bu(t) = p(t) - h[x(t)] - dy(t) - cz(t). (12) 

The solutions of (12) may be written in the form u(t) • 7J( t) + 

+ u (t) again, where the general solution u"( t) of the linear 

homogeneous diff.equation 

u"(t) + au'(t) + bu(t) = 0 (13) 

is modificated with respect to three possible cases of occuren

ce of the roots r.,r2 of the corresponding characteristic equ-

tion r + a r + b = 0 . 

Also this research have been treated in [l] and [3] in 

detail, where the boundedness of the 3th derivative x"*(t) 

has been explicitely introduced as 

lim sup |x'"(t)| = 3 ( H * P ) 
t+oo b 

[by virtue of the estimate |p(t) - h[x(t)] - dy(t) - cz(t)| = 

= 3(H+P) for t —-» + co at the right side of (12)]. 

Finally, it remains to show, that the fourth derivative 

x (t) of all solutions x(t) of the differential equation (1) 

is bounded. Substituting v(t) = u'(t) [= y"'(t) = xIV(t)] in 

the diff.equation (12), we obtain the diff.equation 

v'(t) + av(t) = p(t) - h[x(t)] - dy(t) - cz(t) - bu(t), (14) 

where x(t) = Ju(t)dt, y(t) = x'(t), z(t) = x"(t), u(t) = 

= x " ' 

where 

= x"'(t). Its Solutions can be written as v(t) = v(t) + v (t), 

— —at 
v(t) = Ce (C€R is an arbitrary constant) 

is the form of a general solution of the associated linear ho

mogeneous (separable) diff.equation 
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v'(t) + av(t) = 0 

and 

v
p
(t) = | e

_ a
(

t - r )
 { p(r) - h[x(r)J - dy(r) - cz(r) - bu(r)jdr 

T
x 

In view of the assumptions (2), (3) and by means of the 

foregoing results attained for the boundedness of x^'(t), 

j = 1,2,3, on the intervals <T , + co), we have that v( t) = 

0 for t —> + co (and CeR arbitrary) and 

t 

|v
p
(t)I =|J e-

a
(

w
){p(r) - h[x(r)J - dy(r) - cz(r) -

JU(Г)] dг| ś 1 (н + p) , 

so that 

lim sup |x
IV
(t)I *

 4
(

H + p
: 

t-> co 

holds. 

So, we can summarize the above investigations in the 

following 

L e m m a 1.: Under the assumptions ( 2 ) , (3) and the Routh-

-Hurwitz conditions for oositive constants a* = a, a
?
 = b, 

c, a. = d in (1) assummed that the inequalities 

lim sup|x
( : i )

(t)| = -H
H
 *

 P
) (j=l,2,3,4) 

t->co
 a

5-j 

hold. 

Further we can proceed quite analogously, when using a 

method from [l]. Hence, the statements given in this article 

are analogous (under appropriate modifications of the assump

tions and assertions) to those for the third order differential 

equation of the type (1) (cf.Il]). 
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L e m m a 2. : Let (2), (3) be fulfilled and moreover let 

OD 

Ih'(x)| = H± , |J p(t)dt|<+ co , (15) 
0 

hold for all x = x(t)«X = (-oo, + co) and t € I1 = <0,+ co). 

Then for every bounded solution x(t) of the differential equa

tion (1) either 

lim x(t) = x , where h(x) = 0 
t-t co 

and limlx^J'(t)| = 0, j = 1,2,3,4, on the interval I. = ̂ 0,+ oo), 
t* co 

or x(t) - x oscillates. 

L e m m a 3.: In addition to the assumptions (2), (3), (15), 

let there exist a real positive constant P. such that the ine

qualities 

I P ' C ^ I ^ - PI and lim sup|p(t)| > 0 
t + co 

on the interval I- = ^ 0 , + oo) hold. Then to every bounded so

lution x(t) of the differential equation (1) such a root x of 

the function h[x(t)] exists that x(t) - x oscillates on the 

interval I* = ^0,+ co). 

T h e o r e m : Let there exist real positive constants H, P, 
Hl' pl» Po ancJ R sucn tnat tne inequalities 

lh(x)l = H , lp(t)l = P 

lh'(x)|= Hlf lp'(t)|= P± 

t 

if P(t)dr| = P. , lim sup|p(t)| > 0 
Jo t*oo 

hold for |x(t)|>R on the interval I. = ^ 0 , + oo). Let 
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"*" [?<*-,-.,*->' f(xm.xm+1)]>-f (j • £ • f • f) t f • 
where x 4,x . x ^ . i R (m = 0,-2,-4,...) are three consecutive m-1 m m+l v ' 
roots of the function h[x(t)] , 0 denotes the distance between 

roots, whereby h'(x) > 0. 

Then all solutions x(t) of the differential equation (1) 

are bounded on the interval I* = <0,+ oo) and to each of them 

there such a root x of the function h£x(t)] exists that x(t) -

- x oscillates. 

Summary 

Consider the fifth-order nonlinear differential equation 

xV(t) + axIV(t) + bx'"(t) + cx"(t) + dx'(t) + h[x(t)] = p(t) 

(1) 

with constants a,b,c,d€R satisfying the Routh-Hurwitz condi

tions (necessary and sufficient for negativity of the real 

parts of the roots to the fourth-degree algebraic equation (6) 

- see the text of our paper). It is shown that in all nine 

cases of qualitatively different roots of equation (6) the 1st 

derivatives x*(t) of solutions x(t) of (1) can be bounded by 

the same constant D = -j (H+P), where lh[x(t)][-i H, [p(t)| £ P 

on the interval I = (-co,+ co). Analogously it is proved that 

for j = 2,3,4 the inequalities 

lim sup |x")(t)| = - i ^ ^ 
t->co a5-j 

(a- = a, a2 = b, a3 = c, a. = d) hold on the interval I.. = 

= <0,+ co). As a consequence, lemmas and theorem on oscilla-

toricity of a bounded solution x(t) of (1) are introduced with 

respect to the roots x of the function h(x). 
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Souhrn 

OHRANIČENOST ŘEŠENÍ OISTÉ NELINEÁRNÍ DIFERENCIÁLNÍ ROVNICE 
PÁTÉHO ŘÁDU 

Uvažuje se nelineární diferenciální rovnice 5.řádu tvaru 

xV(t) + axIV(t) + bx*"(t) + cx"(t) + dx'(t) + h[x(t)J = p(t), 

(1) 

kde konstanty a,b,c,d€R splňují Routh-Hurwitzovy podmínky 
(nutné a postačující k tomu, aby reálné části všech kořenů al
gebraické rovnice (6) - viz v textu - byly záporné), 

Oe ukázáno, že ve všech 9-ti případech kvalitativní odliš
nosti kořenů rovnice (6) (i s ohledem na jejich násobnosti) lze 
1.derivaci x'(t) řešení x(t) rovnice (1) odhadnout vždy toutéž 
konstantou D * -]• (H+P). kde |h[x(t)]|á H, |p(t)| i P na inter
valu I = (-co.+ co). Analogicky se ukazuje, že též pro derivace 
x (t)i 3 = 2*3,4, řešení x(t) platí na intervalu I,, = ^0,+ oo) 
nerovnosti 

lim suP |x^(t)| = líi^i 
t-*co a5-j 

(a. = a, a 2 = b, a T = c, a. = d). Na závěr je uvedeno několik 

lemat a věta o oscilatorických vlastnostech ohraničeného řeše

ní x(t) rovnice (1) s ohledem na kořeny x funkce h(x). 
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P Є 8 Ю M Є 

ОВ ОГРАНИЧЕННОСТИ РЕШЕНИЙ 

ДИФФЕРЕНЦИАЛЬНОГО УРАВНЕНИЯ ПЯТОГО НЕЛИНЕЙНОГО ПОРЯДКА 
ОПРЕДЕЛЕННОГО ТИПА 

Рассматривается нелинейное дифференциальное уравнение 

5-го порядка 

хЧ (Ъ)^х14 (Ъ) +Ъх''' (Ъ) +сх' ' (Ъ)+д.х" (Ъ) +&С х(1)3 =- р(т,) (1) 

с постоянными а,ъ,с,<1 € К +
 исполняющими условия Рауса» 

Гурвица (необходимые и достаточные для отрицательности ве

щественных частей всех корней алгебраического уравнения (6) 

- см. в работе). 

Пок&эано, что для всех девяти случаев (по качеству) кор

ней уравнения 4-ой степени (6) вовможно первую проиэвод-

ную х'(-Ь) решений х(т,) дифференциального уравнения (х) огра

ничить той же самой постоянной в • —** •*--*— (здесь 

|ЬСх(1;Я2Н, 1р(*)|*Р на интервале I « (-«*>,+°°)> 

Аналогически показывается, что также производные х^'(г,), 

3 = 2,3,4 совершают неравенства П т аир [х*
3
^ {1)М*г

' *_ ' 

(а̂ г-а, ъ^-Ъ > а
з

= с
»

а
4

=
 ^

 н а И н т е
Р

в а л е
 -Ц

 = (0,+ оо )• 

В конце работы выведены некоторые лемы и теорема о 

свойствах колеблющегося ограниченного решения х (±) уравнения 

(1)в зависимости от корней х функции ь. (х). 
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