Acta Universitatis Palackianae Olomucensis. Facultas Rerum
Naturalium. Mathematica

Jitka Laitochova

On two-dimensional linear spaces of continuous functions of the same character

Acta Universitatis Palackianae Olomucensis. Facultas Rerum Naturalium. Mathematica, Vol. 28 (1989), No.
1,151--163

Persistent URL: http://dml.cz/dmlcz/120228

Terms of use:

© Palacky University Olomouc, Faculty of Science, 1989

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz



http://dml.cz/dmlcz/120228
http://project.dml.cz

ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS
FACULTAS RERUM NATURALIUM
1989 MATHEMATICA XXVIII VOL. 94

Katedra matematiky
pedagogické fakulty Univerzity Palackého v Olomouci
Vedouci katedry: Doc.RNDr. Frantidek Zapletal

ON TWO-DIMENSIONAL LINEAR SPACES
OF CONTINUOUS FUNCTIONS
OF THE SAME CHARACTER

JITKA LAITOCHOVA

(Received February 22, 1988)

This paper presents a necessary and sufficient condition
for the existence of a global transformation of a strongly
regular space of continuous functions onto a strongly regular
space of continuous functions. The results obtained are then
applied to spaces of solutions of second order linear differ-
ential equations of a general form .

y" + a(t)y” + b(t)y = 0, (ab)
where a,b e C(O)(j) and of the Sturm form

(p(t)y")" + q(t)y = 0, (pa)
where p,qe€ C(O)(j), py € C(l)(j), p(t) # 0 in j, whereby
C(O)(j) and(C(l)(j)) respectively denote a set of all con-

tinuous functions and a set of all functions with a conti-
nuous first derivate, on the interval j.
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1. Global transformation and a two-dimensional canonical
space of continuous functions

In this section we shall follow the discussion of [3] from
which we recall some definitions:

Let R be a field of real numbers and j be an open interval
in R. Further let Yi1Yo eC(O)(j). We say that the functions
Y1:1Yp are dependent on the interval j if there exist such num-

2 2 . :
bers kl,kziR, ky + k5 >0 that the identity kyyq () + kzyz(t) &

= 0 holds for every t &j. If for any two numbers kl,kzc R,
kf + k§.>0 and for any subinterval Jqp03q€ 34 the relation

kyy (t) + k2y2(t) # O holds on j, we say that the functions
Yq:1Yp are independent on j.

Suppose y,.,Y, € C(O)(j) are independent functions on j.
A linear space of functions with a basis (yq:Yp) over the field
R will be called a two-dimensional space of continuous func-
tions or also a two-dimensional space of continuous functions
generated by the functions Y11Yo with the definition interval
J.
Definition 1. Let j, J be open intervals in R. Let S, and
S, be the spaces of continuous functions generated by the func-
tions y,,Y, with the definition interval j, and by the func-
tions Yl'YZ with the definition interval J, respectively. We
say, the space S, globally transforms itself onto the space
§, if there exist
a) a bijection h : j—3J, h GC(O)(j),
b) a function f €c(®)(j), f(t) # 0 for taj,
c) a matrix A = Haikﬂ , i,k =1,2, a; 6R, det A#O
T
to the vectors y = (yl'y2) , Y = (Y1,Y2)T such that the equa-
lity ’

y(t) = A £(f) Y[h(t)] (1)

holds for every teg j, where (.,.)T denotes a transposed vector
to the vector (.,.).
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The mapping of the column vector Y on the column vector y
defined by (1) will be denoted by T and written as TY =y,
7 = <Af,h> . The mapping % will be called the global trans-

formation of the space 52 onto the space Sy -

In [2] the global transformation is shown as an equivalen-
ce relation on the set of the two-dimensional spaces of conti-

nuous functions.

Definition 2. The two-dimensional space of continuous
. functions S™ generated by the functions cos s, sin s, s€J
will be called the two-dimensional canonical space of conti-

nuous functions with the definition interval J.

Theorem 1. Suppose s® is a two-dimensional canonical space
of continuous functions with a definition interval J and that
Y1,Y26 s*. 1If To'Tl are two neighbouring zeros of the function
Yy, i.e. Y (T ) = Y;(T;) = 0 and Y (T) # O for any T e(T,,T,),
then the function Y, has exactly one zero in the interval
(To'Tl) provided the functions Yy.Y, are independent. If the
functions Y:'_,Y2 are dependent, then both functions have all
their zeros in common.

Proof. Since the functions cos s, sin s€S™ form a basis
of the space Sx, there exist numbers kl'kzeR such that

Yy = k; cos s + k;, sin s (2)
and numbers 4,4éR such that
&
Y, = [1 cos s + lzsins, (3)

s&€J. The functions vY,, Y, defined by equations (1) and (2)

may be written as

Yy = Ky €0s (s - K;), s&3, (4)

Y, = L; sin (s - L,), se3, (5)

where K1,K2, L1.L2 are constants given by the formulas
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2 2
K, = k1 + k2 and for K2 we have cosK2 ki/Kl'

sink, = ky/Ky,

1 V‘lf + fg and for L2 we have cosL2 l;/Ll'

sinL, = -/,

-
n

It follows from (4) and (5) that the distance of any two
neighbouring zeros of any function of the space s¥ is equal
to . Thus, if T, and T, are two neighbouring zeros of the
function Yoo then their distance is equal to % . Since the
distance of the neighbouring zeros of the function Y, is also
e

equal to there may occur two cases:

1, If the function Y2 has a zero with the function Y1 in
then all their zeros are in common
and Y, are dependent functions.

?

common in the interval J,
which occurs exactly when Yq

2. If the functions Yl'Y2 are independent and To'Tl are

two neighbouring zeros of the function Yo then the function

Y, has exactly one zero in the interval (To'Tl)'

Indeed, if there were lying no zero of the function Y, in
(To'Tl)' then the neighbouring zeros of the function Yy would
have a distance greater than %, which is impossible. There
must therefore lie at least one zero of the function Y, in
(To'Tl)' However, two zeros of the function Y2 cannot lie in
(To'Tl) because the distance between the neighbouring zeros of

the function Y, would be less than # ., Hence, between any two
neighbouring zeros of the function Y, there lies exactly one
zero of the function Y,. Similarly may be shown that there

lies exactly one zero of the function Y, between any two neigh-

bouring zeros of the function Y2.

Definition 3. The fact observed above may be expressed by
saying that the zeros of independent functions of a canonical

space s™® of continuous functions separate.
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2. Two-dimensional spaces of continuous functions of the

same character

Definition 4. Suppose s* is a two-dimensional canonical
space of continuous functions with the definition interval J.
We denote by M a set of all two-dimensional spaces of continuous
functions such that the following expression holds: If S¢M,
then there exists a global transformation of the canonical

spaces s* onto s.

Lemma 1. Suppose j = (a,b), J = (A,B) are open intervals,
h is a bijection h:j —» 3, and that he C(O)(j). Then h = h(t),
t€j is a strictly monotonic function in j.

Proof. Let t,,t, € (a,b) be arbitrary points. Then either
h(ty) < h(ty) or h(t,)< h(ty), for h is a bijection.

Let h(ty)< h(ty). If it were true that h(tg)> h(ty) for
any point t, € (a,ty), then, with respect to Darboux’s property
of the continuous function, the intervals of functional values
<h(ty), h(ty)> and <h(ty), h(ty)> would be incident and h
would not be a bijection. From this it also follows that

lim h(t) = A. Similarly may be shown that lim h(t) = B. The
t9a+ tob-

function h is thus increasing in the interval j.

In case of h(t2< h(tl) we then have, by similar reasoning

to that above, lim h(t) = B, lim h(t) = A, and therefore the
toa+ tab-

function h is decreasing in the interval j.

Theorem 2. Suppose s* is a two-dimensional canonical
space of continuous functions with the definition interval J
generated by the functions cos s, sin s, and SeM is a two-di-
mensional space of continuous functions generated by the func-

tions y,,y, with the definition interval j. Moreover, let the

space S™ be globally transformed onto the space S so that the
basis (cos s, sin s)e& 8" is transformed onto the basis (y1(t),
y2(t))e S by the formula

y(t) = A f(t) Y[h(t)] , (6)
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where y = (yl.yz)T, Y = (cos s, sin s)T, h:j — 3, he C(O)(j).
Let kl,kze R be arbitrary numbers.

Then, by (6) the zeros of the function Kyyq(t) + k2y2(t)e
€S and those of the function kl (agq cos s + 2y, sin s) +
+ k2(a21 cos s + a,, sin s)e 8, where s = h(t), te j, are
schlicht mapped onto themselves by the function h,

Proof. Multiplying out (6) by the vector k = (kyrks)s
kl,kze R we obtain

kyyg (t) + Koy (t) = f(t)[ky(agq cos h(t) + a,, sin h(t)) +

+

ky(ayy c€os h(t) + a,, sin h(t))]

or with respect to (4)

kyya (t) + koy,(t) = K, () cos[h(t) - K, , (7)

where

2 2
K1 = V(kla11 + k2a21) + (k1a12 + k2a22)
cos K, = (k1a11 + kzazi)/Kl' sin K2 = (k1a12 + kzazz)/Kl‘

We see that at the points t,€3, at which the expression h(t) -
- K, takes the values - %F + i®, i being an integer, the right
hand side of equation (7) equals to zero, and thus also the
left hand side of equation (7) equals to zero. So the points

t; are just only common zeros of the function kyy (t) +

+ kyy,(t) and of the function cos[h(t) - KZ]' because h is a

strictly monotonic function and Ky #0, f(t) # 0 for t&@j.

Definition 5. Suppose S M is a two-dimensional space of
continuous functions generated by the functions Yi: Yo With a
definition interval j. We call the space S of finite (infinite)
type on j, according as the functions of S have finite (infi=-
nite) many zeros in j.

The space S is called of finite type (m), m being positive
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integer, on j, according as at least one function of the space
S has m zeros in j and no function of S has more than m zeros
in j.

The space S of finite type (m) is called general if there

exist functions in S having m zeros in j, and two independent
functions having (m-1) zeros in j.

The space S of finite type (m) is called special if there
exists a function in S having (m-1) zeros in j and any other
function independent of this function has exactly m zeros in j.

The spaces S of infinite type are split up into onesided,
resp. bothsided oscillatory on j according as at least one
function of the space S has infinitely many zeros in j for
which exactly one of the endpoints a, b of j, resp. exactly

both endpoints a, b of j are the cluster points of zeros of
that function,

We thus distinquish two-dimensional spaces of continuous
functions from the set M according to the type: finite, infi-
nite and according to the kind: general, special, onesided
oscillatory, (bothsided) oscillatory.

Spaces of the same kind and type are called of the same
character. (see [1], [4].)

We consider a two-dimensional canonical space s" of con-
tinuous functions with the definition interval J, where J is
an open interval (A,B).

To simplify the situation and considerations we study
the following four basic cases of the definition interval
(A,B). (Conf., [1], Canonical forms of the differential equa-
tion (q).)

I a) A=0, B= -%—1" +md, m21, integral,
by A=0,B=nmn&, m21, integral,

I1 a) A=0,B=+wm, resp. A= -m, B =0,
by A=-m, B=+wm,
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In the cases denoted by I the functions of the space s
have a finite number of zeros as it follows from the separation
theorem of zeros of the functions of the space s, and from the
following consideration.

In the case a) there exist two independent functions
sin s, sin (s - g) in g™ having exactly (m-1) zeros in J and
besides the functions sin(s - c), where O<c<-2-$', have then
exactly m zeros.

In the case b) besides the function sin s and on it de-
pendent functions, having exactly (m-1) zeros in J, all other
functions have exactly m zeros in s*,

Taking, for instance, the function sin s€S™ into consider-
ation for which sin A = sin O = O it can be easily seen from
the Separation theorem of zeros that in the cases under II the
functions of the space s* have infinitely many of zeros.

In the case a) the zeros of each function of s” have one
and only one cluster point + o, resp. - in the interval con-
sidered.

In the case b) the zeros of each function of s* have
exactly two cluster points, namely, - and +oo in the interval
conisidered.

So we are able, concurrently with Definition 5, to express
the following

Theorem 3. The spaces S€ M with the definition interval j
which globally transform themselves onto a canonical space of
continuous functions Sx, are in the cases

I. of finite type (m), ad a) general
ad b) special
II. of infinite type, ad a) onesided oscillatory
(to the right or to the left)
ad b) bothsided oscillatory.

Main result:

Theorem 4. Suppose S1 and 82 are spaces of continuous
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functions belonging to the set M, with the definition intervals
Jq and Jos respectively. A necessary and sufficient condition

of the global transformation of the space S, onto the space S,

2
is that the spaces be of the same character.

Proof. Let the space S, be globally transformed onto the
space S, . Then there exist to the bases (yl, y2)€ Sy
(24, 25) € 52

a bijection h: Jg =2 Jo he C(O)(jl),

a function fecl9(3,), f(t) # 0 for tej,,

a matrix A = lla; I, 1,k = 1,2, det A # 0
such that

y(t) = A f(t) z[h(t)]

for t€j,, where y = (yl,yz)T

T

, Z = (21,22) e

Denoting Z = (84,2, + @452 Q5424 + 855Z )T then
92z =817 12%2+ %21%1 22%2) ¢

y(t) = f(t) 2[h(o)] . (8)

If we set k (kg ko), k1',kze R, we get from (8)
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k y(t) = f(t) k Z[h(n)]

or

klyl(t)+k2y2(t) = f(t)[k1(allzl+ a552,) + k2(a2121+a2222)].

It follows from this that the roots of the corresponding func-
tions in the mapping T = {Af,h> map schlicht on themselves,
5.

are of the same cha-

which gives the same character of the spaces Sy and S

Suppose conversely the spaces S;, S

2
racter, (yl,yz)é 51, (21,22)6 82 are bases, j1 is a definition
interval of S, and 32 is a definition interval of 82. It then

follows from Definition 4 and from Theorem 3 that the spaces
§, and S, globally transform themselves onto the canonical
space of continuous functions 8™ with the definition interval
J with takes one of the four cases given in Ia - IIb.
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So, there exist

a bijection h: Jl — 3, h"c(O)(Jl)'

a function f(C(O)(jl), f(t) # 0 for t6 .,

a matrix A = “aik“ , i,k = 1,2, det A £ 0
such that

y(t) = A f(t) Y[h(t)] (9)
where Y = (Y1,Y2)T, Y1 = cos s, Y2 = sin s, s€J
and also

. ; ) (0), .
a bijection H: 32 —» J, HEC (32),
a function FeclO)(4.), F(T) # O for T 3y,

a matrix B = ubik“ , i,k = 1,2, det B # 0

such that
z(T) = B F(T) Y[a(M)] , (10)

where Y = (Yl,Yz)T. Y1 = cos s, Y2 = sin s, s€J.
From (9) and (10) we obtain
y(t) = A B2 —Jii-t-l— cz[n o]
FlHth(e)]

-1 . . -
where H is an inverse function to H, B : is an inverse matrix
to the matrix B.
Since

H—l[h(t)] is a bijection : j; — j,, H'l[h(t)]e C(O)(Ji)'
fe)/Ftne] € c®(3,), f(t)/F[H ()] # 0 for te igs
A B'1 is a second order regular matrix,

so the space S, globally transforms itself onto the space S,.

Remark 1. In [3] the spaces belonging to the set M are
named two-dimensional strongly regular spaces of continuous

functions.
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3. Spaces of solutions of differential equations (ab), (pq)

As special cases of strongly regular spaces of continuous
functions we introduced in [3] the spaces of solutions of se-

cond order linear differential equations (ab) and (pq).

The spaces of solutions of the differential solutions (ab)
and (pq) are denoted by Sab! and by Spq' respectively,

If we apply Theorem 3 and 4 to the cases of spaces Sab
and S__, we may express assertions analogous to those proved
for the spaces of solutions of the Jacobian second order linear

differential equation in [1].

Theorem 5. The spaces S_, (Spq) with the definition inter-
val j which globally transform themselves onto the canonical

space $X with the definition interval J = (A,B), are in the
case I a) A =0, B= - %-W + m%, m & 1 integral, of finite

type (m) and this general,
b) A=0, B=mn&, m& 1 integral, of finite type (m)
and this special,

II a) A =0, B= +0 of infinite type, and this onesided
right oscillatory,
resp. A = -, B = 0 of infinite type, and this
onesided left oscillatory,
b) A= -w, B=+0 of infinite type, and this both-
sided oscillatory.

Theorem 6. Suppose Sab' SAB (Spq'
solutions of differential equations (ab),_(AB), ((pa).(PQ))
with the definition intervals:j resp. J. A necessary and suf-

SPO) are the spaces of

ficient condition of the global transformation of the space

SAB onto the space Sab (SPQ onto Spq) is that the spaces sab'

SaB (Spq'sPQ) be of the same character.

Summary
In the present paper there is shown that a necessary and

sufficient condition for the existence of a global transforma-
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tion of two-dimensional strongly regular spaces of continuous
functions onto themselves is that the spaces must be of the
same character. ’

The result is applied to spaces of solutions of second
order linear differential equations of general and Sturm forms.

Souhrn

LINEARNT PROSTORY SPOJITYCH FUNKCE DIMENZE 2
TEHOZ CHARAKTERU

V praci je dokazano, Ze nutnd a postalujici podminka glo-
balni transformace dvou silné regulérnich prostord spojitych
funkci dimenze 2 na sebe je, aby prostory byly téhoZ charakte-
ru. Vysledek je aplikovan na prostory #eSeni linearnich dife-
rencidlnich rovnic 2.radu obecného a Sturmova tvaru.

Pespoue

JMHERHHE IBYMEPHHE NPOCTPAHCTBA HENPEPHBHHX @YHKIMRA
TOMO XE XAPAKTEPA

B necroame#t pabore noxeseHo, YTO HeOOXOZMMOEe M JZOCTATOY=
Hoe ycxoBue raofespHo?t TpaRchOpMEIME ABYX CHJABHO peryASpHHX
ABYMEPHHX NPOCTPEHCTB HenpepHBHHNX $yHKuu# Ha cebs ecTs, UTOOH
NMPOCTPEHCTBE OHJAM TOrO Xe C8MOT0 XepaKTepf.

PesyabTaT npuMeHseTCE K NpocTpeHCcTBeM pemeHult amHelHHX
mpdepeRunasbHEx ypeeMeHu#t 2-oro nopsaaxke obmeft u MrypmoBo}
dopume
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