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A USE OF THE LAPLACE METHOD 
IN DIFFERENTIAL EQUATIONS 

JAROSLAV HANCL 

(Received September 1, 1989) 

This paper is practically the continuation of paper |3|. 

The Laplace method and the Kummer transformation are applied on 

the certain class of linear partial differential equations of 

the n-order, which is greater then that one in the above in

troduced paper. 

Introduction 

We will study the equation 

п 

- a k ( t > y } - ^ = ^ ~ V y ) - ^ r + q( t ,y) ( i ) 
k = 0 K D t k p = o p D y P 

in interval (t,y)€j, x J~, where J, = <0,oo) and J« =^y o,<«) ) 

y is a real number, with initial and boundary conditions 
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A/here m and n are natural numbers. 

Notation and assumptions 

c
(n,m) (j j )

 w i
ii

 D e t n e s e t 0
f
 a
ii continues functions 

f(x,y) with their continues derivatives up to the order n re

garding x and up to the order m regarding y. Analogically 

-(n) (J) will be the set of all continues functions with their 

,(0), continues derivatives up to the order n; C(J) = C (J). 

L e t us suppose B . ( y ) e C ( J 2 ) , B R ( y ) a n ( t ? y ) > 0 j a n ( t , y ) € 

€ C ( n > 0 ) ( J 1 , J 2 ) , a n _ 1 ( t , y ) G C ( n " 1 , ° ) ( J 1 , J 2 ) f o r eve ry ( t , y ) e 

6 J x J ? . Denote 

x ( t , y ) 
- Í У ) .7Ѓ 

a n ( s , y ) 
) П ds , ( 4 ) 

and t(x,y) is an inverse function of the function x(t,y) for 

every y £ j ? . Further, let us denote 

P(x,y) = J (-
0 

V i ( ^ (y) -£ 
(y) + ҖJÏ) ^„(t.y)5 

•( ~ ̂ ŕ ~łt a n ( t ' ^ + v i ( t ' У ) } ) d x (5) 

and 

c
(x,y) = ^\-^_ T k . ( t ( x , y ) ) a i ( t ( x , y ) , y ) 

i = k 
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where 

• ( t ( x , y ) ) = - Ц - í ( x ( t ( x , y ) + г ,y) - x ( t ( x , y ) ) ) k l <x Dт1 L J г = 

f o r k = 0 , 1 , . . . , n . 

Lut us suppose, that 

lim t(x,y) =«*o 
X-*o-

for every y e J
?
 and there exist Laplace images of functions 

e
P ( x

'
y )
q(t(x,y),y), e

P(x
'

y}
g

p
(t(x,y),y) 

f o r e v e r y y e J ? , p = 0 , l , . . . , m - l . L e t us d e n o t e them 

Q( * , y ) , G p ( A , y ) . 

Denote a l s o 

SU,y) i l f X [ eP<».y)-^ Ak(x,y)] (-1)J+ 1 

k=o i = o L *öxJ 

k- j -1 

i = 0 
- І C У ) ŢŢ ? ќ-j-1 [^(x + г ^ - U x . y ) ) 1 ] ] ^ - Q(Ä,y) 

í г г = 0 

We will require that 

a
k
(t,y) = dєt H

k 
(6) 

,.k ,n-k+l 
where H

R
 = ( h ^ i , ^ ! 
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_п-j+1 
(x(t

 +
 г,y)-x(t,y))

n
"'

 : ) П - J + І Г( 
r = 0 

(n-Ы)l (ÌX-j(ł'ү)
) 
п-i + 1 

i ž j, j í п-k+1 

h ľ r - 0 i <• Л, j ć n-k+1 

(n-s + DB (eP(x'y)) 
s=n-i+l s 

(s-n+i-1) 

aP(x,y) ( Dx(t,y) ) 

"D t 

n-i + 1 j = n-k+1 

As in paper [3] we can assure, that these assumptions agree 

with (4) and ( 5 ) . 

Equivalent equation 

Let the equation 

(2- в.(y) Ał)vU,y) + s(A,y) = 2 - ь
n
(y) 

i = 0 " =
n p
 "^'

p 

(7) 
p=0 ** D y 

is defined in intervals ^ £ j\ , ye J? with boundary conditions 

Dpv 

Ì)У 
p
 (я,y

0
) = G

p
(л,У

Q
) (P - 0,l,...,m-l) (8) 

Definition: u(t,y) is a solution of equation (1) if and 

only if u(t,y) satisfies equation (1) everywhere and u(t,y)€ 

€ C ^ n ' m ) ( J J ) . Analogically v(A,y) is a solution of equation 

(7) if and only if v(A,y) satisfies equation (7) everywhere and 

v(A,y)c C ( 0» m^(0,«^),J 2). 
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Let u(t,y) is the function such that 

u(t,y)€C ( n' m )(J 1,J 2) . 

Let us suppose, that 

i i - - f i (.«-.y)-*« Ak(x)y)) ^ ^ . 0 

x*~ Dx3 K DxK J l 

fo r every k = 0 , 1 , . . . , n , j = 0 , 1 , . . . , n , k > j and 

m k *° 
YL b.(y) -Xr- e

p ( x ^ ) - ^ u ( t (x) , y )dx = 
k = 0 Dy J

0 r m 

2 Z b. (y) e
P ( x » y ) ^ x JL— u ( t ( x ) , y ) d x (9) 

0 k = 0 k Dy k 

hold for every ?. €. R . Further, let us suppose, that there 

exist Laplace images of functions 

A ( x y ) ePCx.y) - 2 ^ . 
AkCx,y; ^ 

for every k = 0,1,...,n, y€J"2. 

Let the function u(t,y) satisfies condition (3). 

Lemma : Let us suppose above introduced assumptions. Then 

for every k = 0,1,...,n hold 

n чi-k 
A
k
(x,y) =e-

P ( x
'V)ZI(

k
)B

i
(y)^

r k
(e

P
^'y)). 

K
 i = k

 K x
 Dx

1 

The proof of this lemma is analogous to the proof of the 

lemma in paper [3], We leave it out. 

Main resultes 

To fulfilled condition (9) it is sufficient e.g. that 
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P(x,y) = P(x) and t(x,y) = t(x). We can carry out it in several 

ways as we will see in following theorems. 

Theorem 1 : We will suppose all introduced assumptions from 

the chapter "Equivalent equation" and "Notation and assumptions" 

and let v(A,y) is for every y£ J? the Laplace image of the 

function 

e P ( x ' y ) u(t(x),y) 

and also the solution of the linear differential equation (7) 

with boundary conditions (8). Let for functions a (t,y) and 

a _,(t,y) hold 

aR(t,y) = F(t)Bn(y) 

an_1(t,y) = R(t)Bn(y) 

where F (t) e: C ( n } ( 3l ), R( t) e C ( n _ 1 } (J} ). 

Further let there is positive real number K such that for 

every y ̂  J ~ is right B , ( y ) = K . B ( y ) . Then u(t,y) is a so

lution of partial differential equation (1) with initial and 

boundary conditions (2) and (3). 

The proof of this theorem is analogous to the proof of the 

theorem in paper [3]. We leave it out and only prove the inde-

pendance of functions P(x,y) and t(x,y) on y. 

ţ B (y) - î B (y) І 
( t ' y ) ^J ( i ^ 7 T ) П ds (ГШГЫ'П 

n 11 °n П 

ds = 

ч
F(s)' 

It implies t(x,y) = t(x). 

Further 

P(x,y) 

x 

J -
0 

B
п-l

(
У> 

nB
n
(y) 

, ( y ) 
n-1 

N П . 

nB
n
(y)

 ч
a

п
(t,y)' 
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^TГ -үт a
п
(t,y) + a

n-1
(t,y))) dx 

n-1 
Ч
' "

K B
n

( y )
 1

 B (
У> n 

(
 nB

n
(y)"

 +
 nB

R
(y)

 (
F(t)B

n
(y)

} 

n-1 
,. F (t)B

n
(y) + R(t)B

n
(y))) dx = 

n-1 

<-i. 1/ 1 1 

H
(
FTtT

} 
(- ^~ F'(t) + R(t)))dx = P(x). 

0 

Theorem 2 : We will suppose all introduced assumptions from 

the chapter "Equivalent equation" and "Notation and assumptions" 

and let v(A,y) is for every y€ J? the Laplace image of the 

function 

e P ( x' y ) u(t(x),y) 

and also the solution of linear differential equation (7) with 

boundary conditions (8). Let for the functions a (t,y) and 

a .(t, y) hold 
n-1 

aR(t,y) = F(t) Bn(y) 

n-1 

a
n - l

( t ' y ) = F ( t ) n n Bn-l ( y ) + B n ( y ) V ( t )' 

whore F(t)« C ( n )(J x), V(t)€ C
( n~ 1 )(J 1). Then uvt,y) is a solution 

of linear partial differential equation (1) with initial and 

boundary conditions (2) and (3). 

The proof of this Theorem is analogous to the proof of the 

Theorem in paper [3]. As in Theorem 1 we leave it out and only 

prove the independence of functions P(x,y) and t(x,y) on y. 

x(t,y) • B
П

( У )
 • 

ч
a

n
(s,y)' 

,(У) 
I 

(y)F(s)' J<ғтЬ>" ds 

it implies t(x,y) -- t(x). 
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Iì_-_1 

ì 
n 

(y) 
i \ n-l 

P ( X
'

У ) ;
 .1 '" nBІ(y)

 + n¥J7T (a „(t.y)* 

¥ "Tt an(t<V) + an-l ( t'V))) dx 

(y) 
f \ n-l 

n ( y ) ,-TT 
j (" nB~(y) + nBn(y)

 (Bn(y)F(t)
} 

n-l 

v- - 1 3n(y)F'(t)+Bn(y)V(t)+F(t)
 n ^B^(y)))dx 

x n-l 

r n C" £L_H" F'(t) + V(t)) (í^} n " m̂т-

Conelusion 

This method is suitable in the cases when coefficients 

a,(t,y) (k = 0,1,...,n) fulfill (6) and when we know the so

lution of equation (7) with boundary conditions (8). Say in 

other way we transfer equation (l),with boundary conditions (2) 

and (3) to equation (7) with boundary conditions (8) using the 
P(x) 

Laplace method and Kummer transformation in the form e 

.u(t(x),x). We can solved equation (7) by any numerical method 

and in some cases we can reached the solution in analytical 

form. 
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SOUHRN 

UŽITÍ LAPLACEOVY METODY V DIFERENCIÁLNÍCH 

ROVNICÍCH 

Článek popisuje možnost řešení lineární parciální diferen

ciální rovnice n-tého rádu typu 

z a.(t,y) 
k = o T)t k 

p = o 
b

p
< У ) ^ Ч < t , y ) 

pomocí kombinace Laplaceovy a Kummerovy transformace. Koefi

cienty a,(t,y), b (y) (k = 0,1,...,n, p = 0,1,...,m) a funkce 
K w P 

g(t,y) musí splňovat ještě další předpoklady. 

Touto kombinací lze lépe řešit některé typy parciálních 

diferenciálních rovnic než klasickou metodou. 

239 



PE3K.ME 

ПРИМЕНЕНИЕ МЕТОДА ЛАПЛАСА В ДИФФЕРЕНЦИАЛЬНЫХ УРАВНЕНИЯХ 

Я. ГАРЧЛ 

В с т а т ь е П О К С - Э Ь Р Э - Т С Я ЕОЯМСЖНССТЬ решать линейные 

д ;г ^ * г р е н и и а л ьн ы е у р *:. в :• г н и к ••? ч и с т н ых п. ро и з во д я ы>. п - т о го 

п о р я д к в т и п е 

(1 О к III ^ р 

У •', '-У) —V = 2 1 Ь п (у) ^ • д ( . . у ) 
k = u 

-Pt k ^ ï ï p I}yp 

при ломоши КСМ.^КНРЦИИ преоорезовяния Лсплесе и Куммера« 

Коэффициенты , 1 ( 1 , у ) , Ь.(у ) (к = 0 , 1 , . . . , п , р = 0,1 , . . . ,т) 

дол жн ы у до з л е т в о ря т ь д а н и ы. ы у ел о в и я н. 

При помощи этой комбинации возможно решит:? некоторые 

типы дифференциальных уравнений в честных производных, 

которые трудно решить клптск^еоккм методом. 
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