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ASSOCIATED DIFERENTIAL EQUATION
TO A SELFADJOINT THIRD-ORDER
LINEAR DIFFERENTIAL EQUATION

MIROSLAV LAITOCH
(Received April 30, 1989)

In the theory of the second-order linear differential
equations in theJacobian form

"

y" = q(t)y, (o)

where q # 0, qei:z(-oo,oo), there is of an importance the asso-
ciated differential equation (see [1])

z" = q;(D)z, (ap)

where

a; = a(t) + | [ao)].a/V [acoe.

The functions z(t) = y (t)/V |aq(t)|, where y is a solution of
(q), are the solutions of the associated equation (ql). The idea
of the associated equation can be extended to the associated
selfadjoint third-order linear differential equation.
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1. Let us consider the third-order linear differential
equations

()y™ + 20(t)y '+ w (t)y = 0, (Y™ + 2Q(t)Y " + Q°()Y = 0,
where w , Qec?(3), w’ = d/dtw(t)), Q = d/dt@Qt)).

Let Y denotes the function
Y o= Q). [Hult) +« Bu’(H) + fu"(D)]

where u is a solution of the differential equation (w). We are
concerned with the question if it is possible to find (0 such
that the function Y be a solution of ().

Let

v=o(u+[3u'+8”u",

then we have

v'o= -fau e (L - Zg'w)u/ +/§u" ,

Vs (pwt - fwdu v (3w -2flwdu’e (A - 2pwiut

v o= (_x.wm —fSOJ" ‘dw’+ Zrmw')u . (-_ay.wn _ 3&"(’0, _
- 2dw+ 4&’-w2)u' + (SY'U“’, - 2fw)u”

Inserting now the function Y = q)(t).v(t) and its derivatives
into(£l) we obtain
e'" v o+ 39"v'+ BQ’V" +@vv'I + Z.Q(q)'v + ?v') +Q§)V -0
Inserting v, v’, v", v"" we obtain after arrangements
(x?|..+3ﬂ?'v+3¢(§>'—6x,w?'-Sg-au'q -2(5a,q+2rﬂg'+2ﬁng+rﬂ‘9)un .
+((sgn| +3‘?"'68“"9""9I‘“"§"—6ﬂw9'-4r’w'9 —3/5“)‘? _2\,(we +4g.u?? +
+280¢'+ 2400 4w AR Iu "+ @ Q™ -Ipuwlp" -3 3wy’ -
- -fu's dw'p +2puwp +2400"- 20w QP L Q0 = 0
This equality is satisfied for every u if the coefficients of
u, u’, u" are equal to zero. We have
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FO" = 38934 Q +hpw@ 5wy +20wg 24 Q02400 N,

BOm = 340" +opu@+9f w P 46w +hp w'p +30w'0 +24wp -
-4p wzg -28 007 -240¢ +4pule - fuw'p

d‘@"' = 3¢ w'?"+3r-ou"9 ’+3ﬂ w'y%xw"‘g) +fwn¢ +o(ﬁ)’? -
~2pww’e -2¢Qq'+2y-w'ﬂq - L@

Multiplying the first equality by A and the second one by f s
resp. the first one by & and the third one by y' resp. the
second one by ﬂ and the third one by £ and subtracting them
after arrangements we obtain:
2 2 _ 2 2 "
2742 -4 WP - w) = (6p 7w 4347 -3 P)p" +
. (9r2w« A )?. +(4{2w”‘2ﬂfuf)?.

resp.

n

2P0 +24 839 (- w) = (-3plw’-34pIQ" +
3plwn-3ppw vedpu-342)9 " +

(_X?wlu_ﬂx_wn+a&x_w'>§) ,

+

+

resp.
(247 bdfw -2 pa) @ (h-w) = Ca’-bdpw+3fpa’) " -
(kg s6dfuw =3B w30 g - (24w bl fo” -

_ﬂg_wm _ ﬂzw")P .
W t
e ge L 92‘&2“,6&/3 ¢ 43»2w"-2/sx..w’
Q"*’*?qT:_azzz LI RYY: ’ L
fro-2ptrady Gplw-2["+24
resp.
Vsl 3fpa ved g -3¢ @
PR S ¢ ¢ 9.
ze 20%° + 244 f
Spw™ - et + A&gw’
+ 5 , (2)
th + 24P
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resp.
0ow.38 Wy w +6d fuw -3fpw"-3p%w’ [
z¢ 242-4dpw +2fp w’ !

sl puw+2dfw Ay w"‘-{!zcu"
247 bdpw +2pp

+

(3

The equality of the left sides of (1) and (2) implies the
equality of the right sides and we obtain

. . 3 . 3 m L b u
Q7Q =(2w Fpuw's Suppt” ~2Pf W e it “»’w'+°‘&’“3"'“r‘w'—lrk>° -
- mﬁwm“ -0 \«)\—Ol—fbmx‘l;..)“- . 3(_“)11)/(_3&&, KU -3“3{ . ('!‘“«)W"v
* epfon v -napot PRI s Pl Gafia-tsap -9y,
The derivative of the denominator is equal to
_3*}3(“'" -12 g-4m'w"+6!~aw U"*‘épx}wl 2+6{Sg}ww"+l2yt2 zw’ _
_leoLg}ww'+3,$23-2w"‘ +3ﬁ3[-w"—6&fszrw'—15&/(w"

and we set that is (-3) multiple of the numerator. From here
we get

? = ky/ 3{|(-3Y}+3[S2{2)w"+63-4ww"+6/5x-3ww'-Sraw'zq»
%154 fpDom 124 e 120726k pow 30 L

(4)

The equality of the left sides of (1) and (3) implies the
equality of the right sides and we obtain:

e/e = (—lsflrza,w'm/!r}ww"' +4/12r2ww"-—10£/324»w" -
-0 % "+ 2f7p wia2 gt "8k fp w24 B2 pwm
—B/Sx}w&"m/gztzw'z)/(eo(}/l»Zlutzﬂg'w+18/31.3w'2 +
+30-(A21~w'+24J~/$t2w2-12/Sx}ww"-npzrzwwu
1124 P -6pp w6 o weu f gf).
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The derivative of the denominator is equal to
2 ‘ 30y 2 " 2 4 3
_24,L/3!.w +24(4!uww +3l 3 I +aaip&~ww _lzﬂrwwm -
_12/$2y'2w'2-12{52¥.2ww"+120(ﬂ3&)'-GABX-w"'—s/!aw'wél./lfwm
and we see that it is (-3) multiple of the numerator. From here

we get
P = ky/ \3/’{](—6/4}+5.LA&3)4.,"-12/533.M.,"_12ﬂ2r2uw'+laﬂr3w-2+
+(0upp-6pt w20k f e+ 20k B 124730 w6k 381, (59

We see that the expressions for @ in (4) and (5) differ by
a multiplicative constant.
We arrive to a similar conclusion if we calculate 9'/9

from (2) and (3) too.

Let

a = 9r2w'+}.(/3 , b= Arzu"-Z/S&;w', d = -akxzw '2{‘2*'2“8"’

2 B 2 2 (6)
R e I LR G L I PN vP
D = 2x~2w’+2|(/$ .
Then from (1) and (2) we obtain
3?'_39' b_AP' B
Q-wr75 49 a 09 ' D

and from here we have P/f = (dB-Ad)/(aD-dA).

From (7) we obtain

3 9" aB - bA
Q-w+ze--a

: / " -2 2 .
Since d/dt(@/@ ) = Q"¢ - ¢ )/ =¢"/¢ - ©® /Q)2 we have

cw 31 &y, Y2 B-bA
Q-w 7[<?> SRS = ()

where @'/9 = (dB-bD)/(aD-dA).
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The following theorem yields from the above mentioned in-

vestigations.

Theorem. There are given the third-order linear diffe-
rential equations (w ) and (L1). Let u = u(t) be a solution of
(w). Let «, ﬂ, x € R, dz + ﬂz + 32 > 0. Then the function

U= Qfdutt) « fu’(t) + fu (1]
is a solution of (1), where
0t = R/ 1Capteptpure(optas ppww -
- 9w 2GRtk fpow 124 gl (124564 D)0 -
- 3800, /‘:1 = K,/ 3 !

The coefficient L) in (11) is given by the formula (8), where
the letters a, b, d, A, B, D stand for the expressions that
they are given by the formulas (6).

Definition. The equation (£1), in which the coeffi-
cient {0 is given by (8) and L = d/dt (LL(t)), is called
the associated differential equation to a selfadjoint third-
-order linear differential equation (w ) at a basis (K.,ﬂ ,jk).

2. Example. In a special case with & = g‘: 0, /3= 1, we
get

? = k/ 13007 . (9

The solution U of the differential equation ({l) is given by

the formula

U = u'/ % 307

where u is a solution of (W), and the coefficient £ by the
formula

‘Q:‘*"%(@"/Q) . (10)
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If AL = w we say that the equation (w) is associated to
itself at the basis (0,1,0).

(10) yields that it occurs in the case @" = 0. According
to (9) we get

«/ J 1300 D" = 0
hence
w = ((-1/2)). (1ot + C2)2) vy,

where c.€R , i = 1,2,3.
i
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SOUHRN

PROVODNT DIFERENCIALNT ROVNICE K SAMOADJUNGOVANE LINEARNI
DIFERENCIALNT ROVNICI 3.RADU

MIROSLAV LAITOCH

V €lédnku se definuje prtvodni diferencidlni rovnice pfi
dané bdzi k samoadjungované linedrni diferencidlni rovnici
3.fddu. Jde o rozSifeni pojmu privodni rovnice k linedrni di-
ferencidlni rovnici 2.#&du Jacobiho typu [1].
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PESOME

CONPCBOJUTENEHOE LVi¢PEPEHLMAJIBHOE YPABHEHKE
K_CAMOCONPHEKEHHOMY JMHEJHOMY LV¢SEPEHIMAJBHOMY
YPABHEHVD 3-EBETO MOPALKA

M. JIAUTOX

B pafGoTe onpenexasercs conpoBoAuTeabHoe IullepeHunenn-
HOe ypsBHEeHMEe C NeHHHM 688MCOM K caMoconpsxeHHOMy xauHeliHo-
my nuddepeHnuaIpHOMYy ypPeBHEHKK 3-Lero nopsaake.

Crenyer, peup WLeT O DacmMPEHWM MOHATHS CONPOBOAKTENb-
HOTC yp&BHEH¥S K JuHeliHoOMy AuddepeHnuespHOMy yPe@BHEBKD 2-0r0
nopsfke Qopmu fAxobu /1/.
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