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ASSOCIATED DIFERENTIAL EQUATION 
TO A SELFADJOINT THIRD-ORDER 
LINEAR DIFFERENTIAL EQUATION 

MIROSLAV LAITOCH 

(Received A p r i l 30, 1989) 

In the theory of the second-order linear differential 

equations in theJacobian form 

y" = q(t)y, (q) 

2 
where q i 0, q€C (-00,00), there is of an importance the asso­
ciated differential equation (see [l]) 

zM = qx(t)z, (qx) 

where 

q^ = q(t) Ą |q(t)|.(l/lí |q(t)|)" 

The functions z(t) = y'(t)/V |q(t)|, where y is a solution of 

(q), are the solutions of the associated equation (q-). The idea 

of the associated equation can be extended to the associated 

selfadjoint third-order linear differential equation. 
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1. Let us consider the third-order linear differential 

equations 

(w)ym + 2w(t)y'+ w'(t)y = 0, (A)Y"» + 2fl(t)Y' +il'(t)Y = 0, 

where co , £l& C3( j), co' = d/dt(co( t)) , SI' = d / d t ( C l ( t ) ) . 

Let Y denotes the function 

Y = (p(t), [cCu(t) + /Ju'(t) +/u"(t); 

where u is a solution of the differential equation (OJ) • We are 

concerned with the question if it is possible to find @ such 

that the function Y be a solution of ( . f t ) . 

Let 

v = c < u + / 3 u ' + (f u" , 

t h e n we have 

v ' = - f o / u + (oL- 2 ^ ( o ) u ' + / ? u " , 

V" = (-jfcu" - / U ' ) u + ( - 3 ^ w ' - 2 / S u O u ' + (<* - 2jHo)u" , 

v'" = (-fco"» -/Sou" -<?(u/ + 2f(ubJ)u + ( -4 fou" - 3^cu ' -

- 2o(.oJ+ 4 ^ u > 2 ) u ' + ( 5 f <o' - 2/3to)u" . 

Inserting now the function Y = (p(t).v(t) and its derivatives 

into(il) we obtain 

^", v + 30"v'+ 3(t)'v" + p v m + 2H(^'v + ©v') + XI 0 v = 0 . 

Inserting v, v', v", v"1 we obtain after arrangements 

(yc" ,+ 3/3^" + 3oC^'-6jf-ouO'-5f flulj -2 /5«vf+2^G^ + 2 ^ f l f + f - Q , f ) u " + 

+ (/SPM| +3<?C^"-6^£uf , , - 9 / w ' f , - 6 / 3 a / f ' - 4 / - w f - 3 / V f -2<<<*>f + 4y-n?f + 

+ 2/3 i l f ' + 2oCa^ - 4 f w U ^ + / 5 a , p u ' + (oCf"« - 3 f u / f " - 3 ^ " p ' - 3 l V f ' ~ 

-fe»Tip-/lcj"j -<*w'f? +2fww'^ +2<>CCXf , -2^w ,a^+^a^)u = 0 

This equality is satisfied for every u if the coefficients of 

u, u , u" are equal to zero. We have 
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£ f I M = -3/1 <p H-3oC c© ' + 6f>f + 5t"1 +2/S<MtJ - 2 ^ & f ' - 2 / S - i f > - f i l ' f , 

/ I f " ' = -3<?Cf " + 6£U <f " + 9j^ c o ' p ' + 6^coc j ' + 4^ cu »jp + 3/Wj? + 2<Atvf -

- 4 f cu2f -2 / l i I ^ ' -2<7CHf +4^wQ.f - /Jcu'f , 

oCp"1 = 3^ oj'9" + 3f fcJMf ' + 3/3 ft/f ' + <fCu
,,,f + / W ? +eC£V'f -

~2j*tuco'^ -2«cilf' + 2^ OJ'JQ.^ -oC-il'f . 

Multiplying the first equality by /3 and the second one by jA , 

resp. the first one by OC and the third one by j^ resp. the 

second one by fL and the third one by g , and subtracting them 

after arrangements we obtain: 

( - 2 / I 2 + 2oC^~4^2Cu)(1)(a-cu) =(6^ 2cu +3 /1 2 ~3^ ) | ? H + 

+ Of-2*' + 3cC/S)f ' + ( 4 ^ V * ~ 2 / U < u ' ) ^ . 

r e s p . 

( 2 ^ 2 w ' + 2*C/î ) f (ГL-co) = (-Зy.2cu'-З.C/3)Ç' 

+ (-3f 2 cu"-3/2/ '«o' + 6ť7C^cu~30C
2; 

+ ( - ^ 2 c u , , , - / 3 ^ c u " + 40C|«-cu')ií) 

r e s p . 

( ~ 2 Л 2 + 4öCfcu - 2 / î j f c i / ) ţ) ( Л - c o ) = (Зc^ 2 ~6oCjhu+3/ .Ua/) ЃD' 

- ( 9 d ^ t o ' + б«1/]cu ~3/2ÿ- tu и -ЗД 2 бj ' )ø' -(2oC/Зco' + 4cC/Зcuи 

- / t y - J , , ł - / l 2 t o и ) ţ ) . 

We g e t 

•O. - OJ + ~ 
3 f ' 9 í * 2 c o + 3 < ^ P1 4 ^ 2 t u " - 2 / S ^ c o ' 

t - 4 A > - 2 / J 2 + 2cC£ ? ~4^2u,~2/l.2 + 2cC)iA 
( i ) 

r e s p . 

I I 
3 f 1 -3^2cu"-3/Sjucu' + 6oL^tu-3oC2 f 

___ - _ _ _ ^ ^ _____ 

~ f tu"1 - /3/cu" + 4 ^ co'' 
+ ^-__. ? 

2^rco + 2eC /_ 
( 2 ) 
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resp. 

, fi' 9ot^cu' + 6ot/3cu-3^cu"-3/J2cu' f1 

i l - c u + | -=- = ^ : — + 
1 ) 2«r-4«t£cu+2/.ty,uj T 

4«C > to" + 2 o( /I <u' - /3* cu "'- fi2cu" 
+ — 7 ; • ( 3 ) 

24 -fct£a> +2/j£tu 

The equality of the left sides of (1) and (2) implies the 

equality of the right sides and we obtain 

<?7? - - U o c ^ u A S c ^ f V ' -l|*f3ui#1+ H ^ u j ' + o c ^ o ' ^ ^ / ^ c u ' - l ^ c o ^ 

The derivat ive of the denominator is equal to 

-3«tf.3<o", -12^4cu'tu"+6^4Co(U,"+6/i^3-u*2+6|l^3cvtu" + 12oĈ  -

-24oC^3a;u)' + 3/i2^2u, , , , +3/X3f «o"-6oC/32/ OJ'-IWf^u," 

and we set that is (-3) multiple of the numerator. From here 

we get 

Q = k1/ ^(-3f
3+3/52^2)w"+6y.4cucu" + 6 ^ 

+ 0^\-lU/if2)^-n^^<o2^(U^2^2-6^^)^ -M?(-\}. 

(4) 

The equality of the left sides of (1) and (3) implies the 

equality of the right sides and we obtain: 

^Vy = (-16/!^2c.vOj'+4/!^3cucu,M +4/i2j2fccu"-10tt/32^cu" -

-4c-v fi3eo '+2/83^tu»" + 2/a4tu " + 8iC2/S^cu'-2oC/32^cu"» -

-8/3^3«uw"+4/32^V2 ) /U^^ + 

+30«tr52f t^'+24^/i^2w2-12^3wcu"-12^2 | l 2tViU' + 

+12o(./J3cu -6j83£ cu" -6 /3 4 co '+6ot/3 j .2cu") . 
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The derivative of the denominator is equal to 

-24<£2/l^<o' + 24/S^ _ 

-12/32/*/2-12/S2^W^ 

and we see that it is (-3) multiple of the numerator. From here 
we get 

f = V ^ K - 6 / ! 3
r + 6 ^ ^ ^ 

+ (30*/fy-6/ l 4 )uV + 2 ^ +6^
3/S|}. (5) 

We see that the expressions fo r & i n (4) and (5) d i f f e r bv 
a m u l t i p l i c a t i v e constant . 

We a r r i v e to a s i m i l a r c o n c l u s i o n i f we c a l c u l a t e $'/ p 
from (2) and (3 ) t o o . 

Let 

a = 9f2u>' + llfi , b = *f?u"-2fifvJ, d = -4*2w -2/l2+2«C^, 

A = - 3 f 2 t u " - 3 ^ « o ' + 6^w-3«(.2, B = -£2eu«" -(Lp»+id.pf y 

D = 2f 2 t t / + 2«t/J . 

Then from (1) and (2) we obtain 

i i - w + 2 | - - ) j y + J ' 0 f t D (7) 

and from here we have f'/f - (dB-Ad)/(aD-dA). 

From (7) we obtain 

O ,, * 3 £! - aB - bA 11 - to + j -T - aD - dA • 

Since d/dt(f/? ) - (?"? -?' 2)/(f) - f V f - (?'/?)
2 we have 

(6) 

where ^7P = (dB-bD)/(aD-dA) 

B-bA 
~~d~ (8) 
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The following theorem yields from the above mentioned in­

vestigations . 

T h e o r e m . There are given the third-order linear diffe­

rential equations (cu ) and ( .H) , Let u = u(t) be a solution of 

(CO). Let c< , ({, £ €. R, d2 + (I2 + ^2 > 0 . Then the function 

U = (p(t)[oCu(t) + /Ju'(t) + ^u" (t)] 

is a solution of (fl), where 

3/ 
Kt) = k-/ ^ ( - 3 ^ ^

2 + 3/l2f)co,, + (6^3 + 6^2)cu6j' -

- 9^3cw'2 + (3/i3-15oC^)w'-12t^^2Co2+(12(<2^-6^/J2)w -

- 3̂ 3|, k1 = k-/
 3 / 7 ^ i • 

The coefficient SI in (H) is given by the formula (8), where 

the letters a, b, d, A, B, D stand for the expressions that 

they are given by the formulas (6). 

D e f i n i t i o n . The equation (-.CI), in which the coeffi­

cient i l . is given by (8) and AL = d/dt (!l(t)), is called 

the associated differential equation to a selfadjoint third-

-order linear differential equation (cu) at a basis ( o(. , /J , rt), 

2- Example. In a special case with oC = £ = 0, ii = 1, we 

get 

? (9) 

The solution U of the differential equation (H) is given by 

the formula 

U u V f |ЗCü 

where u is a solution of (to), and the coefficient -Q. by the 

formula 

û = W - [(?7? (10) 



If -AL = co we say that the equation (cj) is associated to 
itself at the basis (0,1,0). 

(10) yields that it occurs in the case (0" = 0. According 

to (9) we get 

ÌÍ (k/ </ I 3 60 I)" 

hence 

OJ = ((-Шc^.d/tҷt + c
2
)

Z
) + c

3
 , 

where c.eR , i = 1,2,3. 
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SOUHRN 

PROVODNÍ DIFERENCIÁLNÍ ROVNICE K SAMOADJUNGOVANÉ LINEÁRNÍ 

DIFERENCIÁLNÍ ROVNICI 3.ŘÁDU 

MIROSLAV LAIIOCH 

V článku se definuje průvodní diferenciální rovnice při 

dané bázi k samoadjungované lineární diferenciální rovnici 

3.řádu. Jde o rozšíření pojmu průvodní rovnice k lineární di­

ferenciální rovnici 2.řádu Jacobiho typu [l]. 
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РЕЗЮМЕ 

СОПРОВОДИТЕЛЬНОЕ ДИФФЕРЕНЦИАЛЬНОЕ УРАВНЕНИЕ 

К САМОСОПРЯЖЕННОМУ ЛИНЕЙНОМУ ДИФФЕРЕНЦИАЛЬНОМУ 

УРАВНЕНИЮ 3-ЬЕГО ПОРЯДКА 

М. ЛАИТОХ 

В реботе определяется сопроводительное дифференциаль­

ное уравнение с данным базисом к самосопряженному линейно­

му дифференциальному уравнению 3-ьего порядка. 

Следует, речь идет о расширении понятия сопроводитель-

ноге уравнения к линейному дифференциальному уравнению 2-ого 

порядка формы Якоби /1/. 
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