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Abstract: The present paper investigates the position of
nodes of the first kind of the associated equations of constant
bases to a given nonhomogeneous linear second order different-
ial equation and this on the ground of the properties of the

zeros of solutions of the respective oscillatory homogeneous
equations.
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1. Introduction
We consider a differential equation of the second order
y " - q(t)y = r(t), q,reC%(3), (r)

where j = (a,b)(-m £ a < b 2m). The respective homogeneous
differential equation of Jacobian form will be always understood
to be oscillatory on j, i.e. both end points of the interval j
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are cluster points of any solution of equation (g). Trivial so-
lutions of (q) will not be considered.

Let R denote the set of all real numbers, and (r), (g)
stand conveniently for either a given equation or a set of so-
lutions of that equation.

By means of the n-th central dispersion of the 1lst kind
V%(t) of (g), introduced by 0. Bordvka [1], M.Laitoch [5] de-
fined a node system of the lst kind belonging to (r) and to an
initial condition. The node system of the lst kind enables to
modify some theorems concerning the solutions of (g) and also
those of (r) (see [6], [7]).

2. Node systems of the lst kind of (r)

Convention 1. Let toe j,zo,z'elR be arbitrary numbers and

)

z e (r) throughout be a solution, for which z(to) =z, z'(to) =
= zé. Let y% denote the n-th central dispersion of the 1lst

kind of (g), where n = 0, £1,%2,... . Further let S(r;to,z(to))

or briefly S always denote a node system of the lst kind be-
longing to the differential equation (r) and to the initial
condition [to,zo], i.e. the set of all points [:Vn(to),
Z(Vn(to))] for n being an integer (see [5]).

Remark 1. We know from [5] that the node system of the
1st kind S(r;to,z(to)) is uniquely determined by anyone of its
points. Here it would be well to recall the definition of the
bundle of solutions of the lst kind and the concept of the
neighbouring nodes of the 1lst kind:

By a bundle of solutions of the 1lst kind belonging to (r)
and to the initial condition [to,zo] (see [5]) we mean all so-
lutions ye(r) satisfying the condition y(to) = z_ which we
write as S(r;to,z(to)), i.e. like the node system which all

solutions are passing through. We write ye S(r;to,z(to)).

Suppose t_,t;e€ j, ze(r). The points [to,z(to)],
[tl,z(tl)]es(r;to,z(to)) will be called the neighbouring nodes
of the 1lst kind belonging to (r) and to the initial condition
[to,z(to)J if the numbers t  and t; are neighbouring conjugate
numbers of the 1lst kind belonging to (q) (i.e. with t < t; and
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ty = %(to), where {/ denotes the fundamental dispersion of the
1st kind belonging to (g)).

Theorem 1. Given a node system of the 1lst kind
S(r;to,z(to)) (belonging to (r) and to the initial condition
[to,z(to)]). If ye(r) is a solution not passing through these
nodes, then in the set of nodes S(r;x,z(x)), where xe(to,y(to)),
there exists exactly one node system of the 1lst kind
§(r;x0,z(x0))(xoe(to,Y(to))) so that Veg(r;xo,z(xo)).

Proof. This will be performed using the method of [5].
Let us consider two neighbouring nodes of S. From our assumption
it then follows that z(to) # y(to) and ?Ey(to)) # y(V(to)).
Consequently the function v(t):= z(t) - y(t), ve(g) is such that
v(to) # 0 and V(V(to)) # 0. By appealing to Sturm’s theorem
(see [8] p.276) the solution v possesses exactly one zero in the
interval (iO,V(tD)), which we wEEte as x,. Thus 0 = v(xo) =
= z(xo) - y(xo), whence z(xo) = y(xo). Therefore the point
[xo,z(xo)] = [xo,y(xo)] is the only common point of solutions
z,y on the interval (tO,VKtO)) and the node system of the 1lst
kind §(r;xo,z(xo))(xoe(to,%(to))) (i.e. the common bundle of
solutions of the 1lst kind with the solution z,y too) is uniquely
determined by this point.

Remark 2. From the above proof it becomes obvious that on
the basis of the properties of the function V we may also write

toe(yﬂl(xo),xo).

Definition 1. Suppose that we are given the node systems
of the 1st kind S(rj;t_,z(t )) and §(r;x0,z(x0)) , where
t, < Xy & V(to) treated in the foregoing Theorem 1. We say that

the nodes of the node systems of the lst kind S and S become
separated on the curve z(t)e (r).

3. Node systems of the lst kind of the associated equation
of a constand basis

M.Laitoch [4] defined the associated equation

y = Q;(t)y @p
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of the basis (&, B) to a linear second order differential
equation

y " = q(t)y, qe_Cz(j),q(t)<U for tej, (@)

where j = (a,b) (-m £ a<b fw), &, BeR, A2+82>0

According to [4] the carrier Q; (t) relatlve to (Q ) of the basis
(X, B) has the form

Ql=q+ﬂ—— Vo2 - p2q (——L—H " . (1)
ﬂ“Bq _qu

Then between the solutions ue(q) and Ue(Ql) there exists a
one-to-one mapping given by

U=0(_U+_§LJ; . (2)

ba(z —82q

Theorem 1 in [3] states that associated equation (Ql) of the
basis (&, B) to equation (q) is oscillatory exactly if (q) is
oscillatory.

In [2] there is defined the associated equation

y" - 0 (t)y = Ry(D) [r,]
of the basis (o, 8), okz + !327 0 to the differential equation
y"-a(y = £(t), qeC4(3),q(t) <0 for te 3, reCl(y), [r]

where the function Ql(t) is defined by formula (1) and

R. = A +Br v 28 ¢ 1

— ) . (3)
1
V2 _ qu Ve 2 - qu

Then from Lemmas 1 and 2 [2] there follows the existence of the
one-to-one mapping between the solutions y € [r] and Y€ [Rl}
given by

y - Ly+oy' )

Vo(z - qu

The aim of this paper is to investigate the position of the
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nodes of solutions of the associated equation [r] of the bases
(£, B) or ( ,d), and this on the basis of the properties of
zeros of solutlons of the corresponding oscillatory homogeneous

equations.

. Convention 2. Let «, B, X ,é~€ R, &2+ 82> o, L 525>0

and toé j,zo,zé < R be arbitrary numbers. From now on ze [r] will
be assumed to denote a solution of [r] satisfying the initial

conditions z(to) =z, 2 (to) =z, . We set

le=——i-£+—82—, e (5)
VaZ - o%q V7~ 2

Obviously Z1 and Z, are the solutions of the associated equations
[Rl] and [RZJ to [r] of the bases (£, B8 ) and (r J), respecti-
vely, i.e. 7€ [R ] and Z,e [RZ]’ where

Q —l*—q— 2_ 5% (—L—»H",
’ J’* §'a t ’ H"z-o‘zq

R, = __¢1L14££; . 25(___~;L__.) r

Let the functions gn(t), 14>n(t), 2¢)n(t) denote the n-th
central dispersion of the lst kind relative to the oscillatory
equation (q), to its associated equation (Q ) of the basis (K,
B), to its associated equation (Q ) of the basls (y é.) res-
pectively.

Definition 2. We say that the node [?";%] from the node
system of the lst kind Sl relative to a nonhomogeneous linear
second order differential equation [rl] lies between two neigh-
bouring nodes [tl,yl], [tz,yz] from the node system of the 1lst
kind S, relative to [r2], if ?ve(tl,tz). We say also that the
nodes of the node systems S1 and 52 become separated if there
lies exactly one node from the system S5,(S,) between any two
neighbouring nodes from the system 51(82).

Theorem 2. Let S(r;to,z(to)) be a node system of the lst
kind relative to [r] and Z,e [Rl] be defined by (5). Then there
exists a node system of the 1st kind S (Rl’ ,Z (?‘)) ?b =
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€ (to,(ﬁ(to)) relative to [Rl]’ which is the associated equation
of the basis (£ ,/f) to [r], such that the nodes of the node
systems S and S1 become separated.

Proof.

(I). Suppose B # 0. We have [to,z(to)], [(/(to),z((/(to))]
two neighbouring nodes of the 1lst kind from the node system S.
Let ye[r] be such a solution that yeS, y # z. Setting u:=z-y,
then u is a solution of the oscillatory equation (g) satisfying
uCP () = uly (£ M =0, u(t) # 0 for te(l/n(to),sﬂml(t?))
and for every n = 0, *1,%2,... . We set U:= (Lu+Bu (K" -
- GZQ)—I/Z' Then U€(Ql). We know from Theorem 3 [3] that the
zeros of solutions of (qg) and(Ql) with 8 # 0 become separated.
Thus, there exists exactly one number ?‘Os(to,‘/(to)) so that
u( T'O) = 0. From this it immediately follows that the node system
of the 1st kind §,(R,; ’Z‘;J,Zl('z"o)), where Z; is given by (5),
possesses such a property that the nodes of the system S and Sl

become separated.

(II) Suppose B = 0. 1In this special case we have Ql = q
by (1), Ry = sgn&.r by (3), U = sgnd.u by (2), and z, =
= sgn K.z by (5).

(a) If sgn & = 1, then every node system of the lst kind
Sl - possessing the properties stated in the above Theorem -
may be defined as a node system of the lst kind relative to [r],
whose nodes become separated with the nodes of the original node
system S on the curve (Zl(t) =)z(t)e [r]. By Theorem 1 it is
sufficient here to take such a solution y e [r], where y & S.
Thus we may define

S):= §(r;x0,z(x0)), where (7_:=)x e (t ,¢(t))). (6)

(b) If sgno( = -1, then every node system of the 1lst kind
Sl possessing the properties stated in the above Theorem may be
defined as a node system of the lst kind relative to [-r], whose
nodes become separated with the nodes of the original node system
S and lie on the curve (Zl(t),:) -z(t) e [-r]. By Theorem 1 it is
sufficient here to take the solution ):/ of equation [—r] such
that y := -y, where ye [r], y ¢ S is exactly that solution con-
sidered in the first part (Ia) of the proof. Hence we may define
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S):= §(—r;x0,-z(x0)), where (7;:=)x06(to,y(to» . (7)

Definition 3. Let S(r;to,z(to» be a node system of the
lst kind relative to [r]. Every node system of the lst kind
51(R1;7b'21(Tb))’ T;e(to,thO» from the foregoing Theorem re-
lative to [R1] will be called the associated node system of the

basis (&, B) to the node system S .

Remark 3. From formulas (6) or (7) it becomes apparent
what we mean by an associated node system to the given node
system of the 1st kind of special bases (d~,0), if sgn G( =

=ty

Corollary 1. Let S;(R; T,2(F)) be a node system of the
1st kind relative to [Rl]’ which is an associated equation to
[r] of the basis (£, 8), Ze[Rl] and T e j be an arbitrary
number. Let Z = (KE+B'Z’)(¢(2—BZQ)-1/2
priate solution of [r]. Then there exists a node system of the
1st kind S(r;%,7(¥) relative to [r], where ?45(16b_1(?9,2ﬁ such
that the nodes of the node systems Sl and S become separated.

, where 7 is the appro-

Proof. This immediately follows from the relation
between the solutions Z€[Rl] and Z € [r] (see [2]) given by
formula (5) and will be carried out completely analogous to that
of the foregoing Theorem.

Remark 4. We will now examine more closely the associated
equations [Rl] and [RZ] of the bases (K, B) and (Y ,d), res-
pectively, to equation [r] in the case when for the weight
constants

dé-eg:o
holds.

Then Ql(t) = Uz(t) and there arise two fundamental alternatives.

(1) 1f B #0and O #0,

then
_ B 4q 7 1 .
Qﬁt)-Q%t)—q+—7j—+]m -g( > ),
#-q I’ -q
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where p:= &/ B = g‘/cr , HER;

(i) if sgnd = -sgn B,
then
R (1) = R, (1) s ar )
= - = -sgn +
1 2 -2 (@2
or
(ii) if sgn g = sgn B,
then 3 )
) - R(8) Hr+T qr
R,(t) = t) = +
1 2 W2-V? G
(ID) If B8 =38 =0 (K#0, -#0),
then
Ql(t) = Qz(t) = q(t);
(1) sgng = -sgnk == R;(t) = -R,(1)=-sgng.r(t)

(ii) sgn y = sgnd = Rl(t) = R2(t) = r(t).

Definition 4. Let S1 and 52 be the node systems of the
1st kind relative to some nonhomogeneous linear second order
differential equations [rl] and [rz], respectively. If for any
node [ 77, ?}6 S, holds that [Tg-—y]e 52, we say that the nodes

of the node systems S1 and 52 are symmetric.

Theorem 3. Suppose that we are given a node system of the
1st kind S(r;to,z(tOD relative to [r]. Then there exist to S
s o~ o~ ~
the_assoc1ated node systems Sl(Rl;LO,Zl(LO» and SZ(RZ; Ty
22(2‘0» of the bases (X, B ) and (X-,éd, respectively, having
the following properties:

If &d - Gkb # 0, then the nodes of the node systems S, and
82 become separated.

If dd- 8y #0, then
1. when the conditions (Ii) or (IIi) from Remark 4 are

fulfilled then the nodes of the associated node
systems S1 and S2 are symmetric and

- .o~ - Lo ~ - oo,
s2 - S('Rl’ Cos Zl( Lo))’ “o bos

2. when the conditions (Iii) or (IIii) are fulfilled,
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then both associated node systems are identical and

S, = 8§

2 1
Proof. It follows from Definition 3 of the associated
node systems S; and S, that 'Z' s ’f e(t ,g(t .

Suppose now that £ 4 - B¢ # 0 and we have [A ,Z TO)],
[ P (T ) z ( Cb ('Z" »] two neighbouring nodes from Sl. Let
Y € [R ] be such that Y€5,, Y, £ 7, Settmg Zy-Yy =2 U,
then Ul is such a solution of (Q ) that U, ( d) ('2' )N =

su e () =0, U £ 0 for te<1c1> NG ,1¢n+l<%»
and for every n = 0, tl, t2,... . According to Theorem 4 [3]
there exists exactly one number f’ (7' ICP( )) and a so-
lution U, € (Q,) such that UZ(T'O) = 0. From thls there imme-
diately follows the existence of exactly one node

['f‘o, 22(’?0)16 S, lying on the curve Z, e [Rz} between two

neighbouring nodes from Sl’ that were chosen.

Let {d - B f = 0. Then, by Remark 4, Q, = Q,. To prove
the existence of nodes having the properties required, it is
sufficient to find such a solution Ul of (Ql) - and thus also
of (Qz) - satisfying the condition Ul(?'o) = 0, where ?05
E(tO,Q(tO)), whose zeros become separated with the zeros of
any solution ue (g) satisfying the condition u(to) = 0. The
solution Ul will be obtained as follows.

In case (I) introduced in Remark 4 (where Ql = Q # q) we
may set with respect to Theorem 3 [3] U = (Ku+Bu’ )(0( 82 )~ 1/2
Then for U, := (Xkuara’u )(k ézq) 1/2 we have U, = ha U, so that
the zeros of solutions U e(Ql) are U e \Ql) are identical and
T'Z;O = T‘O holds, too.

In case (II) introduced in Remark 4 (where Q, - 02 = q)
we may set U1:= v, U2:= v, where v is an arbitrary solution of
(g) being linearly independent of u.

1. If the conditions (Ii) or (IIi) are fulfilled, then
the right sides of the associated equations [Rl] or [RZ] differ

in sign only, i.e. R, = -R; and according to (5) Z, = -Z,.

2. If the conditions (Iii) or (IIii) are fulfilled, then
R2 = R1 and 22 = Zl‘ From this there immediately follows the
statement of the Theorem.
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Corollary 2. Given a node system of the lst kind
S(r;to,z(to» and Ld - B4 = 0. Using the notation introduced
in Theorem 3, then there exist to S associated node systems Sl
and 52 having the following properties.

1. If (IIi): B =4 = 0, sgn {* = -sgn« holds, then
(a) with sgn®k = 1 (on taking account of (6) and (7))
there holds
8) = S(r3xg,z(x 0,5, =S(-r3x,-2(x N, (¥, =T xge (g, ¢t ));

(b) with sgn& = -1 there holds
S, =5 (—r;xo,—z(xo)),S2 =S (r;xo,z(xo)), xg€ (t, vt ) .

2. If (ITii): B =4 =0, sgn g~ = sgn « holds, then S, and
52 are identical and
S, =S, = §(r;x0’z(x0» , xoe(to,y(tOD.

Theorem 4. Suppose the nodes of the node system of the
1st kind S(r;to,z(to» and S(r;xo,z(xo» become separated on the
curve z(t) € [r]. Then there exist to S and S5 the associated
node systems 51(R1;75’21(?b” and §2(R2;§0,22(f0» of the bases
(L, B8) and ( ¢ d ), respectively, having the following pro-
perties.

If 5-— B f # 0, then there are at most two nodes from
§2(Sl) between any two neighbouring nodes from Sl(gz).
If £J - B =0, then
1. when the conditions (Ii) or (IIi) from Remark 4 are
fulfilled, then the nodes become separated so that
between any two neighbouring nodes from'Sl(gz) lying

on the curve Z; = Z(t) (Z2 = -7(t)) there is exactly
one node from §2(Sl) lying on the curve - Z(t) (Z(t);

2. when the conditions (Iii) or (IIii) are fulfilled,
then the nodes of the associated systems Si and §2
become separated on the curve Zl(t) = Zz(t).

Proof . From the definition of the node systems S and S
there follows (according to the proof of Theorem 1) the existence
of such linear independent solutions u,v € (q) that their zeros
become separated. Suppose u(fn(to» = V(Wn(XO» = 0, where
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xje (to, Yt ) for n =0, T1, T2,... . Setting
Us= (Lu+Bu (L2 —quyd/z, V:=(yv-+JV')(yz- quf4/2yields
U e (Q) and Ve(Qz).

If £4 - B4 # 0, then with respect to Theorem 6 [3] there
lie between any two neighbouring zeros of solutions U e (Ql) or
V e (02) at most two zeros of solutions V or U, respectively.
Let us have [TO,Z]_(’Z“O)], [143 (?‘0), Zl(1 4>(?0))],
Toe(to,w(to)) two neighbouring nodes from S,. Let Y e [Rl] be
such that Y,€S,, Y, # Z,. If we set Z, - Y, =: U, then U is

1 1 1 1 1 1 1 1
such a solution of (Ql) that UC"P_ () = U("D 1(Ty) =0,
1 L* 1 n ) n+ 0
UCt) # 0 for te CP (7)), “&P,
f2, ... . Thus, by Theorem 6 [3] there exist at most two numbers

fo’ 2d> (fo)é(T‘o,ldD(T'o)) and a solution VE(QZ) such that

+1(’1.\'0)) and for any n = 0, *1,

V(go) = V(ZCID(EO)) = 0. From this there immediately follows the
existence of at most two neighbouring nodes [fO,ZZ( fo)]’
[zcb(fo),lz(zd?(f_o))]e §2 lying on the curve Z,« [R2] between
two neighbouring nodes S, that were chosen.

Let £ & - B = 0. Then, by Remark 4, Q; = Q,. To prove
the existence of nodes having the properties required, it is
sufficient to a solution ue (q), u(to) = 0 to find such a so-
lution U/ of (Ql) - and thus also of (02) - satisfying the
condition Uo( A"O) = 0, where 't‘oé(to,'t-"(to)), whose zeros become
separated with the zeros of the solution u and besides to a
solution v € (q), v(xo) =0 (xoe(to,(/(to))) to find a solution

vV, of (QZ) - and thus also of (Q;) - satisfying the condition

VO(EO) = 0, where fo E(xo,‘/(xoD, whose .eros become separated
with the zeros of the solution v, whereby U0 and V0 are linearly
independent solutions. These solutions will be obtained as fol-
lows.

In case (I) introduced in Remark 4 (where Q, = 0Q, # q) we
may set with respect to lheorem 6 [3]

U, o= (husBu(? 822,y s (pve v (p2 - d2) 2
In case (II) (where Q, = Q, = q) we may set Uy = v,
\I0 := u. From this and on the basis of the forms of solutions

Zl e[Rl] and ZZE[RZ] in (5) corresponding to cases 1 and 2 of
this Theorem we obtain the statement of the Theorem.
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Corollary 3. Let the nodes of the node system of the 1lst
kind S(r;t ,z(t ) and S(r;x_,z(x ) become separated on the
curve z(t) e [r] and «~ 4 - ﬂlb = 0. Then, using the notation
introduced in Theorem 4, there exist associated node systems S1

and §2 having the following properties.
1. If (IIi): B =4 = 0, sgn (- = -sgn& holds, then
(a) with sgnd = 1 (on taking account of (6)) there holds
S, = S(r;xo,z(xOD, (lo =)XO€ (to,y(tDD
and likewise
52[= S(—r;V(tO),—z(Q(tO»] = S(—r;to,—z(tq»,
where fo = V(to) € (xo, V(xo)), meaning as well that

the nodes from §2 and S are symmetric.

(b) with sgnxX = -1 there holds
S, = S(—r;xo,—z(xo», S, = S(r:to,z(to»
2. If (IIii): B = 4 = 0, sgn (- = sgn{ holds, then

S; = §(r;x0,z(x0», §é = S(r;tO,Z(to» .
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