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DIFFERENTIAL EQUATIONS 

WtADYSLAW K I E R A T 

(Received May 20, 1992) 

Abs t r ac t 

Ln this note by means of Mikusinski operational calculus the diffe­
rential equations with linear coefficients are investigated. 
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differential equations 

M S Classification: 34A25 

1 Introduction 
K. Yosida in [4] solved the Laplace differential equation 

a2tx"(t) + (ait + h)x'(t) + (ant + b0)x(t) = 0 (1) 

where a;,b2- G C, i = 0, 1,2 and t £ [0,oo) by means of Mikusinski operational 
calculus assuming that the algebraic equations 

a2z" + a,\z + a0 = 0 

has two distinct roots z\ and z2. 
The purpose of this note is to show that Yosida method presented in [4] may 

be used to determining particular solutions of the differential equations with 
linear coefficients. 

antx^t) + (a ,_! l + 6n_1)* ( n-1>(0 + . .. + (a0/ + b{))x(t) = 0 (2) 
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a,-,6| G C, t = 0 , l , 2 , . . . , n , t G [0,oo) and without the restriction that the 
polynomial 

anz
n -f an„izn-1 -f . . . -f a0 

has distinct roots. 
We shall use in this note notations introduced by J. Mikusinski ([2],[3]). 
Let C be the ring of continuous complex-valued functions in [0,oo) with 

ordinary addition and convolution as multiplication. The formal quotiens p/q> p 
and q are in C will be called Mikusinski operators. By M, we shall denote the field 
of Mikusinski operators. The basic idea of our considerations is connected with 
the concept of an algebraic derivative D ([1],[2] p.294). The algebraic derivative 
D is defined as follows 

Df = D{f(t)} = {-tf(t)} for fee, 
D(p/q) = (Dpq-pDq)/q2 for p, q £ 6, q # 0. 

For the positive integers n we have 

Dsn =nsn-\ (3) 

s denotes the differential operator. 
This equation suggests that the operation D may be considered as derivation 

with respect to the differential operator s. 

2 Operational differential equations 

K. Yosida in his paper has shown the more general formula 

D(s-ay = j(s-ay~\^ a , T G C . (4) 

Moreover, we shall need a formula of differentiation of the exponential ope­
rational functions 

exp[y(s - a )"*] , a, 7 G C, k G N. ([2],p.202). 

Obviously, the operator (s — a)~k> k G N is in C. The above exponential 
operational function can be defined by means of the power series 

exp[7(S - a)"*] = 1 + ? ( ' - « > " * + T i t Z ^ l + . . . . ([2], p.206) 

Now, differentiating this power series term by term with respect to s we 
obtain 

L>exp[7(5 - a)~k] = exp[7(B - a)~k]y(-k)(s - a ) " * " 1 . (5) 

The formulas (4) and (5) allow to solve the operational differential equation 

Dx _ Q(s) 

~~p(7y (6) 
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where P and Q are polynomials with complex coefficients and 
deg. Q < deg. P. 

The equation (6) can be written as follows 

n r ki 

— = SZ)? T?i M-> a « » 7 i i € C (7) 
.r f—' f—' (5 — aiV v 7 

The complex numbers ai are the roots of the polynomial 

anz
n + a n _ i z n _ 1 + . .. + a0l ^ G N, ki + . . . + kr = deg. P. 

Let v\,..., vn, Vi ^ 0 for i = 1 , . . . , n be arbitrary elements of 3Vt. It can 
easily be observed that 

D(viV2...Vn) _ Dvi_ DV2_ Dvn 

ViV2...Vn Vi V2 ' " Vn 

This indicates that each equation 

Dx jij 
x (s - a,-)i 

may be solved separately. 
Let Vij be solution of the differential equation (8). Then the element 

r kt 

v=niivij 
i=ij=i 

is a solution of the differential equation (7). 
From (4) it follows that the operator 

c(s~aiy
i\ cec 

is a solution of the operational equation 

___. - ________ 
x (s - ai)1 

According to (5) the operator 

cexp[-^-j(s - a)-**1], ceC 

is a solution of the operational equation 

__ - Hi i-2 k x (a-aiy
 J -*>•••>*>• 
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Finally, we conclude that the element 

r 

v = c JJ(s -
1 = 1 

~<*г)
7* 

ki 
l Дexp[-

j = 2 

Jij 

-i + i 

satisfies the equation (7). 

(9) 

Naturally, if 

1° there exists an operator v such that Dv = w and 

2° there exists the exponential function ev(') ([2] p.203), 

then according to ([1]) ev is a solution of the operator equation 

Dx 
— = w. 

X 

It is known, if w — P(s)/Q(s), where P and Q are polynomials, then there 
exists an operator v such that Dv = w. If deg. P > deg. <3, then the exponential 
function ev^ does not exist ([3] p.217). If deg. P < deg. Q and j n = 721 = 
= . . . = 7 r l = 0 in the equation (7), then the exponential function ev^ exists. 
Generally, the existence of an exponential function is an open problem. For 
example, there exists the exponential function e"8^ for real arguments but the 
exponential function ei8('\ i = v^-T does not exist. In the both cases the series 

1 + ir + L 2 T + ---

1 + i£ + (if)! + ... 
1! 2! 

are divergent ([3] p.160,168). 
The operator 

v = {-teatlnt}/{teat} 

is a solution of the operator equation Dx = (s — a ) - 1 . Now, the existence of 
the exponential function ev(') is an open problem. Finally, the formula (9) can 
be expended in a power series. 

3 Applications 

We know that if a function x G 6 has a n-th derivative {xn(t)}, which is conti­
nuous in the interval [0,oo), then 

xn = snx - sn~lx(0) sxn~2(0) - xn~l(i)). ([2] p.51) 
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Assuming that x ^ 0 and it is n-time continously differentiable we can rewrite 
the equation (2) as follows 

-anD[snx - sn~lx(0) sxn~2(0) - xn~l(0)} + (an^D + &„.,) 

[sn~lx - sn~2x(0) sxn~3(0) - xn~'2(0)} + • • • + (-a0D + b0)x = 0 

This equation can be written in the compact form 

-P(s)Dx + Q(s)x = R(s), (10) 

where P(s) = ans
n + an-is

n~l -f • • • -f ao and deg. Q and deg. R are less n. 
For some initials dates the right hand side of the equation (10) vanishes. We 
shall consider in this note only such situation. Finally, we conclude that if the 
element 

r ki 

x = cU(s - a{y- H exp[-?^-(5 - a,)^' + 1] (11) 
i = l j = 2 3 + 

is in C, then it is a solution of the differential equation (2). 

4 Example 

Let us consider the differential equation 

tx^\t) + (-2at + l)xW(t) + (a2t -f f3)x(t) = 0 

Further we have 
Dx _ - 1 Ov + /3 
x s — a (s — a)2 

From (9) it follows that 

x = (s- a)'1 exp[-(a -f /3)(s - cv'""1]. 

The solution x can be represented by the power series 

- > +zfe±4+iT±«li + .. 
s-a V.(s-a)2 2\(s-a)3 

Finally we obtain 

I ( i , = e«,l + =^±«i+fci±^^ + . . . ) . 
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