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Abstract

Some inequalities, related to Jensen’s discrete inequality, are given for
self-adjoint operators in Hilbert space.
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Preliminaries

Let X be a linear space and C' a convex subset in X. If f : C' — R is convex
on C, then the following inequality is well known in the literature as Jensen’s
‘discrete inequality: ;

1 1 &
f (P—"Z;Pi-’ci) < P—n'Z:;Pif(wi)

where z; are n-elementsin C, p; >0fori=1,...,nand P, =3, p; > 0.
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For some refinements of this classical result as well as certain applications
in the theory of inequalities connected with the arithmetic-geometric mean in-
equality, generalized triangle inequality, Ky Fan’s and other inequalities, we
refer to the recent papers [1-7] and [11-12].

Now, let (H;(,)) be a Hilbert space and A : H — H a self-adjoint operator
on H satisfying the inequality .

mlI <A< MI, ie. mz|]?><(Az,z) < M|z||® forallzin H.

To the real valued function g : [m, M] — R, there is associated in a natural way
a self-adjoint operator on H denoted by g(A) (see e.g. [13, pp. 265-273]).
We shall make use of the following [13, p. 271].

Lemma 1 Suppose that g1,92 : [m, M] — R are continvous and that g2()) >
g1(X) for all X € [m, M), then also g2(A) > g1(A).

By the use of this lemma we shall give some analogues of Jensen’s inequality
for self-adjoint operators in Hilbert space. Some natural applications for convex
functions are also given.

Results

First we shall note that the following result is a simple consequence of Lemma
1 and the definition of convex functions.

Theorem 1 Let f : [a,b) C R — R be a continuous convez function, z,y €
[a,b] and A a self-adjoint operator in Hilbert space H with 0 < A < 1. Then

f(zA+y(I-A) < Af(z)+ (I - A)f(y)

in the order of A(H), (A(H) denotes the linear subspace of self-adjoint operators
on H).

Theorem 2 Suppose that f : [a,b] C R — R is continuous convez on [a,b],
pi >0,z €[a,b] i =1,...,n) with P, > 0, and A is a self-adjoint operator
on a Hilbert space H with 0 < A< I. Then :

i=1

< (;}— Zpaf(wi)) I 1)
" =1

1 ¢ 1< i :
f (Fﬂ;lh‘:ﬁ) I< F:Zpif{m,-/l%- (Ti:j;pj$j) (I—A)} <

in the order of A(H).
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Proof Consider the mappings g1, 92,93 : [0,1] — R given by

ant)=7f (%— ZPM{) o g2(t) = %Zpif {t‘”i +(1_1)%Zpﬂ'mﬁ]
n -1 n =1 " Jj=1

and n
05(t) = 3 D pif(zs).
n =1

Since f is continuous convex on [a,b], g2 is also convex and continuous on
[0,1]. The mapping g, is continuous on [0, 1] (being constant on [0,1]) and by
Jensen’s inequality one has

g92(t) 2 f (]—i’ Y pilta +(1- t)“}—i— ijxj]) = g1(1)
=1 noj=1

for all t € [0,1].
Using Lemma 1 for g5 and g; defined above, we get the first inequality in (1).
To prove the second inequality, we observe that

g(t) <t }'% ;p;f(:ci) +(1-t)f (P% ;mn) < gs(t)

for all t € [0, 1]. Applying Lemma 1 for g and g3 we deduce the desired result.

Corollary 1.1 Suppose that z; > 0, p; > 0 with P, > 0 (i = 1,...,n) and
p > 1. Then for a self-adjoint operator A on Hilbert space H with 0 < A< 1,
we have

(Zpi-’ﬂi) ISPty p; {l‘iA+ (PL ijxj) (I-A)} <
i=1 7 =1

i=1

<Pt (prf) I
i=1
in the order of A(H).

‘Corollary 1.2 Suppose that ; >0, p; > 0 with P, >0 (i=1,...,n) and A
s as above. Then one has the inequality:

n \UPr [n Lo & R
(],—lef,) I1< |:I]1: [:B,'A+ (P_n 'L:pj:cj) (I—A):| ] < (E z;p,':c;) I,
i= i= j= i=

in the order of A(H).
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Proof By a similar argument as in Theorem 2 for the convex mapping f(z) =

—Inz (z > 0) we get the following refinement of the arithmetic—geometric mean
inequality:

no \YP[n P
(Z :clz?-') {H[tx, +(1 ——t) E:p,ar:J ] < FZP;’:&'
i=1

i=1

forallz; >0, p; >0(i=1,...,n) with P, > 0 and ¢ € [0,1]. Now, applying
Lemma 1, we get the desired inequality.

Theorem 3 Let f,z;,p; (i=1,..
the inequalities

" ogi=1 n =1

1 n
< (Fn ;Pif(mi)) I (2)

.,n), A be as in Theorem 2. Thus, one has

in the order of A(H).

Proof We consider the mappings g1, 92,93 : [0,1] — R given by

ai(t) = % S pinsf (:c-;%) L n)= P2 S pis e + (1= )ay)

ij=1 m =1

and .
galt) = izpif(m

Now, let us observe that gi(i = 1,2,3) are continuous on [0, 1] (note that g»
is also convex on [0,1]). By the convex1ty of f one has

i+ ;
E{f(txi + (1 =t)z) + f((1 - )z +tz)] > f <_TL)
for all t € [0,1] and 4,5 € {1,...,n}. By multiplying this inequality with

pip; > 0 and summing over ¢ and j from 1 to n, we deduce that

i,j=1 5,j=1

i+ z
_Pz ZP:pJ ( I)

1,j=1

2p2 {Z pip; f(tzi + (1 —t)z;) + Z pip; F((1 — t)z; + tm])}



On Jensen’s Inequality for Self-Adjoint Operators in Hilbert Space 11
and since

n n

> pipi f(tzi + (L=t)zj) = Y pips (1 — t)z; + ta)
byt ij=1
we get go(t) > g1(t) for all £ € [0, 1].

Now, applying Lemma 1 for g; and g we deduce the first inequality in (2).
For the second part of (2), we have, by the convexity of f, that

92(t) <t - > i) + (1 t)— 3 pinsf(a3) = galt)
"‘ i,j=1 ni=1
for all ¢ € [0,1]. By Lemma 1, applied to g2 and g3, we get the desired result.

Remark 1 Jensen’s inequality for double sums gives that

; 1 ¢
321”"” (572 (Pz .Z"”(x;m)>:f('ﬁlzf’m)
1,)= 1=

nji=1
which shows that inequality (2) is also an improvement of Jensen’s inequality.

Corollary 2.1 Suppose that z; > 0, p; > 0 (i = 1,
p> 1. Then, for all A as above, we have

(Z Pip; (I‘ +m’> ) 1< pipjleiA+a;(I- AP <P, (Zmﬁ) I
i,j=1 i,J

.,n) with P, > 0 and

i,j=1 i=1
Corollary 2.2 Letz; >0, p; >0(i=1

) Z =1,...,n) with P, >0 and A as above.
Then
PR s/ 1/p?
i z; + T PiP;j n . 1 n
[igl (—2 ) } I< (iljll[xiA+ z;j (I — A)PP ) < (P_niz_;p"x" I

Another result connected with Jensen’s inequality is embodied in the next
theorem.

Theorem 4 Let f : [a,b] — R be continuous convez on [a,b]

€ [a,b] and
p;i >0(G=1,...,n) with P, >0 and A as above. Then

> pif [eiA+ (& 3 pyz)(1 - 4)]
-5 Z piPj f[-’l!,A + z](I A)] ';1 3=t n
ii=1 _E:‘Pif[‘ci(l_A) +(7; _Elpﬂ‘j)A]
i= i=
in the order of A(H).

®3)
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Proof It is sufficient to prove the first inequality in (3). We have, by Jensen’s
inequality, that

g2(t) = Z pipj fltz; 4+ (1 - t).'l:]) =

n 1,j=1

:Zpi —P}—ijf(tx,' + (1 - t)xj):l > Zp,f(—g— ij(t:l,‘,~ + (1 - t).’l:j)) =
i=1 nj=1 i=1 " =1
=Y nf (t:c,+(1—t) ZPJ"’J) =91(?)
i=1

for all t € [0,1].

Since the above mappings g; and g, are continuous convex on [0,1] and
g2(t) > g1(t) for all ¢t € [0, 1], hence by Lemma 1, we get g2(A4) > g1(A). This
completes the proof.

Corollary 3.1 Suppose that x; > 0, p; > 03 = 1,...,n) with P, > 0 and
p> 1. Then for all A as above one has:

n P
DI

pipj(ziA+z;(I - A))P > [ n
p [(I A)+ ﬁl“jzzjll’jmj)A]pV

i,j=1

!I[\’J:s TIM:

Corollary 3.2 Ifz; >0 and p; >0 (i=1,...,n) and A as above. Then

n 1/P. ﬁ [z,-A—{-(PLn ipjmj)(I—A)]pi
H (ziA + (I - A)Pri| < {0 = §
ii=1 il;[l [xi(I— A)+ (,}—njglpjxj)/l] )

For other inequalities for self-adjoint operators in Hilbert space, see [8-9)
and [10] where further references are given.
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